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Abstract. In this paper, we extend the notion of homogeneous topological spaces to the setting of gener-
alized topological (GT) spaces in the sense of Csaszar [6]. We introduce the notions of homogeneity and
homogeneity components in GT spaces and obtain several results concerning these notions, in particular,
product and sum theorems are obtained.

1. Introduction and preliminaries

A generalized topology (breifly, GT) [6] 1 on a non-empty set X is a collection of subsets of X such that
0 € u and p is closed under arbitrary unions. A set X with a GT p on it is called a generalized topological
space (briefly, GTS) and is denoted by (X, ). Let (X, 1) be a GTS. The elements of y are called p-open sets.
The union of all elements of u will be denoted by M,,. (X, ) is said to be strong if M, = X [7]. (X, u) is
called a quasi-topological space [8] if i is closed under finite intersections. For A ¢ X we denote by i, (A)
the union of all y-open sets contained in A4, i.e., the largest u-open set contained in A (see [6, 9]).

Let f : (X, u) — (Y, A) be a function on GTS’s. f is said to be (u, A)-continuous [6] if B € A implies that
f1(B) € p. fissaid tobe (4, A)-openif A € uimplies that f (A) € A [11]. fis called a (y, A)-homeomorphism
[12] if f is bijective, (4, A)-continuous, and f~! is (A, u)-continuous, equivalently if f is bijective, (u, A)-
continuous, and (u, A)-open. If f : (X, u) = (Y, A) is a (1, A)-homeomorphism, then we say that (X, u) is
homeomorphic to (Y, A). If (X, u) is a GTS, then the set of all (i, y)-homeomorphisms from (X, u) onto itself
will clearly form a group under composition.

Let X be a non-empty set and let B be a collection of subsets of X with @ € 8. Then the collection of all
possible unions of elements of B forms a GT u (B) on X and B is called a base for u (8) [10].

Let K # 0 be an index set, (X, tik) , k € K a family of GTS’s and X = [] X\ be the cartesian product of
keK

the sets Xj. Consider all sets of the form [] Ay, where Ay € uy and with the exception of finite number of
keK

indices k, Ay = M. We denote by B the collection of all these sets. We call the GT u = u (8) having 8 as
a base the product [12] of the GTS’s y; and denote it by Prexpir. The GTS (X, p) is called the product of the
GTS’s (X, ux)- If (X, p) is the product of the GTS’s (Xi, ux) , k € K, (Y, A) is the product of the GTS’s (Y, Ax),
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and fi : (Xi, px) = (Yi, Ak), k € K is a family of functions, then the cartesian product function f : X — Y,

defined by f ((xi)rex) = (fx (Xk))icx, is denoted by [T fi. It is known that the product function is continuous
keK

if fi : (Xk, i) = (Y, Ax) is a continuous function on topological spaces for all k € K.

A topological space (X, 7) is said to be homogeneous [18] if for any two points x, y € X there exists
an autohomeomorphism f on (X, 7) such that f(x) = y. Seven years earlier, L. Brouwer had shown that
if A and B are two countable dense subsets of the n-dimensional Euclidean space R”, then there is an
autohomeomorphism on R”* that takes A to B. He needed this result in his development of dimension
theory. Too many works related to homogeneity were appeared, we consult some of the recent of them [1,9-
18]. One of the main goals of the present work is to show how the definition of homogeneous topological
spaces can be modified in order to define homogeneous GTS's.

In Section 2, we introduce several results related to homeomorphisms in GTS, especially, we focus with
those results that will be used in the proof of the main results in Section 3 such as product, disjoint sum,
and minimality results.

In Section 3, we introduce homogeneity in GTS’s, and we obtain several results regarding this concept.

In Section 4, we define homogeneity components in GTS’s, and we introduce several related results.

2. Homeomorphisms in GTS’s

For simplicity, in this section the product of the GTS’s (X, ) (resp. (Yx, Ax)), k € K will be denoted by
(X, ) (resp. (Y, ).
Proposition 2.1. IfKis finite and fi : (X, p) = (Y, Ak) is (tx, Ax)-continuous for every k € K, then the cartesian
product function f = [] fi : (X, ) = (Y, A) is (u, A)-continuous.
keK

Proof. Let G = [] By, where By € Ay for every k € K, be a basic element of A. Then
keK

L@ =114 ®o.

keK
For every k € K, fi is (ux, Ax)-continuous and so fk’ 1 (By) € k. Therefore, f’1 G eu O
The following example shows that the condition “K is finite” in Proposition 2.1 cannot be dropped:

Example 2.2. Let K = IN, for every k € K, let X = Vi = R,y = {0, R, {k}}, Ax = {0, {k}}, and fi : (Xk, k) —
(Y, Ax) defined by fi (x) = x,x € R. Then it is easy to check that f; is (u, Ax)-continuous for every k € K. On

the other hand, as [] {k} € A and
keK

-1
(H fk) (H {k}) = [ {k} ¢ u, then [] fi is not (u, A)-continuous.
keK

keK keK keK
Lemma 2.3. Let g: (X, 1) = (Y, A) be (u, A)-continuous.
1. If (Y, A) is strong, then g~ (M) = M.
2. If g is (u, A)-open, then g~ (M) = M,.

Proof. (1) Since My =Y, g~ (My) = X C M. Therefore, g~! (M,) = M,
(2) Since M, € A and g is (y, A)-continuous, g~! (M) C M,. Also, since M, € u and g is (u, A)-open,
g (MH) C M,. Therefore,

My g7 (9(My)) € g7 (M) € M,

and hence g~ (M) = M,. O
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Lemma24. If fi : (Xi, px) = (Y, Ak) is (uk, Ax)-continuous and fi LMy = M,, for every k € K, then the
cartesian product function f = [] fi : (X, ) = (Y, A) is (u, A)-continuous.
keK

Proof. Let G = ( I Ak) X ( 1T MAk) be a basic element of A, where Ky C K, Ky is finite, and Ay € A; for
keKy keK-Ky
every k € K. Then

(G

(H £ <Ak>] x

kEKQ

= (H £ (Ak)] X

kEKU

IT # (Mm]

kEK—KU

I )

kEK—KO

and hence f1 (G) e u. O

Proposition 2.5. Let fi : (X, tx) = (Yi, Ak) be (ux, Ax)-continuous for every k € Kand let f = ] fi : (X, u) —
keK
(Y, A) be the cartesian product function.

1. If (Yx, Ag) is strong for for every k € K, then f is (u, A)-continuous.
2. If fy is (ux, Ax)-open for every k € K, then f is (u, A)-continuous.

Proof. (1) This follows from Lemmas 2.3 (1) and 2.4.
(2) This follows from Lemmas 2.3 (2) and 2.4. O

Theorem 2.6. If fi : (Xk, tie) = (Y, Ar) is a (tk, Ax)-homeomorphism for every k € K, then the cartesian product
function f = T] fi: (X, u) = (Y, A) is a (u, A)-homeomorphism.
keK

Proof. Ttis clear that f is a bijection. By Proposition 2.5 (2), f is a (u, A)-continuous. Since f™' = [] f, !, then
keK

again by Proposition 2.5 (2) f~!is a (A, u)-continuous. This shows that f is a (i, A)-homeomorphism. [
Theorem 2.7. Let f: (X, u) = (Y, A) be a (u, A)-homeomorphism. Then

1L f(My)=M,.
2. f(X—MF,) =Y - M,.
3. fMu D (My, 1) = (My, A) is a (u, A)-homeomorphism.

Proof. (1) Since f! : (,A) = (X, ) is (A, p)-continuous and (A, u)-open, by Lemma 2.3 (2), f (My) =

()" (M) = M.

(2) Since f is a bijection, by (1) f (X = M, ) = f (X) - f (M) = Y = M.

() By (1) fjm, : My — M, is well defined. It is obvious that fj,, is a bijection. Since f : (X, u) = (Y, 1) is
a (4, A)-homeomorphism, then for every A C M, f(A) € A if and only if A € u. It follows that for every
AcC M,y f|Mu (A)eAifandonlyif Aecu. O

Definition 2.8. Let K # ) be an index set and {(X, k) : k € K} be a collection of GTS’s such that Xy N X; = 0

for all k # s. The GT on |J X; which has the collection {A : A € u, k € K} as a base will be denoted by B i
keK keK

and the pair (|J Xy, @ wx) will be called the disjoint sum of the GTS’s of (X, k), k € K.
keK keK
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Proposition 2.9. Every GTS is either strong or can be written as a disjoint sum of two GTS’s one of which is strong.

Proof. Let (X, u) be a GTS and suppose (X, u) is not strong. Let X; = M, u1 = 4, Xo = X — X3, and up = {0}.
Then (X3, u1) is a strong GTS and (Xy, p2) is a GTS. Also, X = X3 U Xp, X1 N Xz = 0, and it is clear that
D w=p O

ke(1,2)

Proposition 2.10. Let (X, u) (resp. (Y, A) ) be the disjoint sum of the GTS’s (X, ux), k € K (resp. (Y, Ar), k € K).
If fi : Xk, i) = (Y, Ak) is (ux, Ax) -continuous for every k € K, then the function f = U fi: (X, u) = (Y, A) is
keK

(u, A)-continuous.
Proof. Letk € K and B € Ay be a basic element of A. Then f™' (B) = ' (B) e yy C . O

The following result follows directly from Proposition 2.10.

Theorem 2.11. Let (X, u) (resp. (Y, A)) be the disjoint sum of the GTS’s (X, ux), k € K (resp. (Yi, Ax), k € K). If

fie : (X, i) = (Y, Ax) is a (ux, Ax)-homeomorphism for every k € K, then the function f = fi : (X, u) = (Y, A)
keK

is a (4, A)-homeomorphism.

Theorem 2.12. Let (X, i) be a GTS and f : (X, 1) — (X, u) be a function. If u is finite, then the following are
equivalent:

1. fisa (u, u)-homeomorphism.
2. f is bijective and (u, u)-continuous.

Proof. (1) = (2). Obvious.

(2) = (1). Let G € u. Since f is (u, u)-continuous, then the function W : u — u defined by W (A) =
f1(A),A € pis well defined. Since f is a bijection then W is an injection, and also, since u is finite then ¥
is surjective. So, there exists B € p such that W (B) = G and hence f (G) = B. This shows that f is (¢, u)-open
and hence f is a (¢, u)-homeomorphism. [

Corollary 2.13. Let (X, p) be a GTS and f : (X, p) — (X, 1) be a function. If X is finite, then the following are
equivalent:

1. fisa (u, u)-homeomorphism.
2. fis an injection and (u, u)-continuous.

Definition 2.14. A non-empty u-open subset A of a GTS (X, p) is called a minimal p-open set if the only
non-empty u-open set which is contained in A is A. The collection of all minimal p-open sets in a GTS (X, u)
will be denoted by min(X, p).

Proposition 2.15. Let (X, ) be a quasi-topological space. If A, B € min(X, p), then either A= Bor ANB = 0.

Proof. Suppose AN B # (. Since (X, ) is a quasi-topological space, then A N B € u. Therefore, ANB = A
and ANB=B.Hence A=B. O

The condition ’quasi-topological space’ in Proposition 2.15 cannot be replaced by ‘GTS’ in general, as
the following example shows:

Example 2.16. Let X = R and y = {0,{1,2},{1,3},{1,2,3}}. Then {1,2},{1,3} € min(X, u), but neither
{1,2} ={1,3} nor {1,2} n {1,3} = 0.

Proposition 2.17. Let (X, u) be a GTS with u # {0}. Then

1. For every base B of u we have min(X, u) C B.
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2. min(X, y) = min(M, u).
3. If p is finite, then min(X, ) # 0.
4. If X is finite, then min(X, ) # 0.

Proof. (1) Suppose A € min(X, ). Choose x € A. Then there exists B € 8 such that x € B C A. Since
A € min(X, y), then A = B and hence A € 8.

(2) Obvious.

(3) By assumption M, # 0. If M, is minimal u-open then we are done. If M, is not minimal y-open then
there exists a non-empty A; € u such that A; C M. If A; is minimal py-open then we are done, if not, then
there exists a non-empty A, € u such that A, C A;. Since u is finite, if we go on this way we will reach to
minimal y-open, say Aj.

(4) If X is finite, then y is finite and by (3) we get the result. [

Proposition 2.18. Let f : (X, u) — (Y, A) be injective, (u, A)-continuous and (u, A)-open. If A is a minimal u-open
set, then f (A) is a minimal A-open set.

Proof. Since A is a minimal p-open set, then A #  and so f (A) # 0. Also, since A is -open, f (A) is A-open.
Suppose H C f(A), where H € A — {0}. Then f~'(H) c f'(f(A)). Since f is injective, ™1 (f (4)) = A.
Also, since H C f(A), f~1(H) # 0. Since f is (u, A)-continuous, f~' (H) € u. Since A is minimal p-open,
fU(H) = A. Thus, f(A) = f(f"' (H)) c Hand hence f (A) = H. O

The following result follows directly from Proposition 2.18.

Theorem 2.19. Let f : (X, u) = (Y, A) be a (u, A)-homeomorphism. Then a subset A C X is a minimal u-open set
if and only if f (A) is a minimal A-open set.

3. Homogeneous GTS'’s

Definition 3.1. A GTS (X, ) is said to be homogeneous if for any two points x,y € M, there exists a
(u, p)-homeomorphism f : (X, u) — (X, u) such that f(x) = y.

The following result follows directly:

Proposition 3.2. Let (X, u) be a GTS. Then

1. If u = {0}, then (X, u) is homogeneous.
2. If (X, ) is a topological space, then (X, u) is homogeneous as a GTS if and only if (X, u) is homogeneous as a
topological space.

Example 3.3. Let X = Rand u = {0,{1,2},{1,3},{2,3},{1,2,3}}. Then (X, u) is a homogeneous GTS that is
neither strong nor quasi.

Theorem 3.4. Let (X, 1) be a GTS. Then the following are equivalent:

1. (X, ) is homogeneous.
2. (My, p) is homogeneous.

Proof. (1) = (2). Letx,y € M. Then there exists a (u, u)-homeomorphism f : (X, u) — (X, u) such that
f(x) = y. Theorem 2.7 (3) completes the proof.

(2) = (1). We may assume that M, # X. Let x,y € M,. Then there exists a (u, u)-homeomorphism
f (Mg, ) = (M, u) such that f (x) = y. Define g : (X — M, {0}) — (X - M, {0}) by g(t) = t,t € X - M,.
Then it is clear that g is (u, p)-homeomorphism. By Theorem 2.11, fUg : (X, u) — (X, p) is a (u, y)-
homeomorphism. Moreover, (fUg)(x) = f(x) =y. O
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Theorem 3.5. Let (X, ) be the product of the GTS’s (X, px) , k € K. If every (X, i) is homogeneous, then (X, )
is homogeneous.

Proof. Let (xXi)iek » (Vi)kex € My Thenforeveryk € K, xi, yx € My, and so there exists a (i, 1ix)-homeomorphism
S+ (Xk, ) = (X, ) such that fi (xi) = yx. By Theorem 2.6, it follows that the cartesian product function
f: (X u) = (X, ) is (4, p)-homeomorphism. Moreover, f ((xi)rex) = (f ))iex = Wiex- O

Theorem 3.6. Let (X, u) be the disjoint sum of the GTS’s (Xi, ux), k € K. If every (X, ux) is homogeneous and
(Xk, px) is homeomorphic to (X, us) for all k,s € K, then (X, i) is homogeneous.

Proof. Let x,y € M. Then we have two cases.
Casel. x,y € M, forsomeky € K. Since (X, p) ishomogeneous, there exists a (¢, {1k, )-homeomorphism
fro + Xiys i) = (X, i, ) such that fi (x) = y. For every k € K — {ko}, the function fi : (X, ux) = (X, k)
where fi (f) = t,t € X is a (i, tx)-homeomorphism. By Theorem 2.11, U fi : (X, 1) — (X, p) is a (u, p)-
keK

homeomorphism. Also, (U fk) (x) =y.
keK

Case 2. x € My, and y € M, for k,s € K with k # s. Since (Xj, (i) is homeomorphic to (X, us),
there exists a (g, ts)-homeomorphism g : (X, px) = (X, ys). Since (X, us) is homogeneous, there exists a
(s, 4s)-homeomorphism & : (X, us) — (X, us) such that h(g(x)) = y. Define f : (X, u) — (X, p) by

(hog)t)y  if te Xy
f)y=2 (hog)™(t) if teX,
t if teX-(X,UXy)

Then f is a bijection and f (x) = y. Also, by Theorem 2.11, f is a (u, u)-homeomorphism. [

In Theorem 3.6, the condition on the GTS’s to be homeomorphic cannot be dropped as we will see in
the following example.

Example 3.7. The GTS’s ((—o0,1), 1) and ([1, 00), up) where py = {0, {0}} and u, = {0, {1,2}} are homoge-
neous. The disjoint sum of the GTS’s ((—o0,1), u1) and ([1, 00), p2) is (R, u) , where u = {0, {0}, {1,2},{0, 1, 2}}
is not homogeneous.

A family A of sets is called a regular cover of a non-empty set Y if Y = (J A and for every A,B € A,
|Al = |BI.

Theorem 3.8. Let (X, ) be a homogeneous GTS. If A is a minimal u-open set, then {B € min(X, u) : |B| = |Al} isa
regular cover of M.

Proof. Tt suffices to see that M, C {B € min(X,u): |B| = |A|]}. Let x € M. Picka € A. Since (X, u) is
homogeneous, there exists a (u, y)-homeomorphism f : (X, p) — (X, u) such that f(a) = x. By Theorem
2.19, f (A) is a minimal u-open set. Also, since f is a bijection, |f (A)( = |A|. This completes the proof. [

Corollary 3.9. Let (X, u) be a homogeneous GTS. If for some x € X, {x} is u-open, then  is the discrete topology on
M,.

Question 3.10. Let (X, u) be a homogeneous GTS such that min(X, u) # 0. Is it true that min(X, ) is a regular
cover of M,?

Corollary 3.9 answers Question 3.10 partially.
The authors in [17] had obtained the following result:

Proposition 3.11. Lef (X, 1) be a topological space which contains a minimal open set. Then the following are
equivalent.
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1. (X, 7) is a homogeneous topological space.
2. (X, ) is a disjoint union of indiscrete topological spaces all of which are homeomorphic to one another.

Using Proposition 3.11, the following result follows easily:

Theorem 3.12. Let (X, 7) be a topological space for which min (X, t) # 0. Then the following are equivalent:

1. (X, 7) is a homogeneous space.
2. min(X, 1) forms a regular cover of X and a partition of X, and min(X, t) U {0} forms a base for 7.

Corollary 3.13. Let (X, i) be a quasi-topological space for which min (X, 1) # 0. Then the following are equivalent:

1. (X, 1) is homogeneous.
2. min(X, u) forms a regular cover of M, and a partition of My, and min(X, u) U {0} forms a base for p.

Proof. Since (X, u) is a quasi-topological space, (M,,, i) is a topological space. Also, by Proposition 2.17 (2),
(M,,, u) must contain a minimal open set. Therefore, Theorems 3.4 and 3.12 complete the proof. [

Corollary 3.13 answers Question 3.10 for quasi-topological space’s.

Corollary 3.14. Let (X, u) be a quasi-topological space for which u is finite and u # {0}. Then the following are
equivalent:

1. (X, 1) is homogeneous.
2. min(X, u) forms a regular cover of M, and a partition of My, and min(X, u) U {0} forms a base for p.

Proof. This follows from Proposition 2.17 (3) and Corollary 3.13. O

Corollary 3.15. Let (X, u) be a quasi-topological space for which X is finite. Then the following are equivalent:

1. (X, u) is homogeneous.
2. min(X, u) forms a regular cover of M, and a partition of My, and min(X, u) U {0} forms a base for p.

Proof. This follows from Proposition 2.17 (4) and Corollary 3.13. O

In each of Corollaries 3.13, 3.14, and 3.15, the condition ‘quasi’ cannot be dropped even when (X, p) is
strong as the following example says:

Example 3.16. Let X = {1,2,3} and p = {0, X,{1,2},{1,3},{2,3}}. It is not difficult to see that (X, ) is a
homogeneous GTS. Also, it is clear that min(X; u) is not a partition of M,,.

Question 3.17. Let X be a finite non-empty set with |X| = n. Is there a clear formula to give the number of
homogeneous GTS’s on X (up to homoemorphism)?

The authors in [17] had obtained the following result:

Proposition 3.18. If X is a finite non-empty set with |X| = n, then there are precisely T(n) homogeneous topological
spaces on X (up to homeomorphism), where t(n) is the number of positive divisors of n.

The following result answers Question 3.17 partially.

Theorem 3.19. If X is a finite non-empty set with |X| = n, then there are precisely Z u(i) homogeneous quasi-
topological spaces on X (up to homeomorphism), where (i) is the number of positive dlvzsors of i.
Proof. Let (X, 1) be a homogeneous quasi-topological space for which |X| = n. Then by Theorem 3.4

(M,,, u) is a homogeneous topological space. As |MH| =1,2,..,0or n, and as (M, 1) and (M, yi2) are not
O

homeomorphic for (M Hl| # |My,|,
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4. Homogeneous components

In this section, for a GTS (X, i), we assume i # {0}.
Definition 4.1. Let (X, [J) be a GTS. We define the relation * on X as follows: For x1,x, € M X1 % X2 if there
exists a (y, p)-homeomorphism f : (X, u) — (X, ) such that f (x1) = xo.

Remark 4.2. Relation * in Definition 4.1 is an equivalence relation.

Definition 4.3. Let (X, 1) be a GTS. A subset of M, which has the form p-C (x) = {y EM, :xx y} is called a
homogeneous component determined by x € M,,.

Remark 4.4. A GTS (X, ) is homogeneous iff it has exactly one homogeneous component.
Example 4.5. Let X = Rand p ={0,{1,2},{1,3},{1,2,3}}. Then pu-C (1) = {1} and u-C(2) = u-C (3) = {2,3}.
Theorem 4.6. If f : (X, u) — (X, u) is a (u, pt)-homeomorphism then for x € My, f (u-C (x)) = u-C (x).

Proof. Since f and f~! are (u, u)-homeomorphisms, it is sufficient to see that f (u-C(x)) ¢ u-C(x). Let
y € f (u-C (x)). Then there exists w € u-C (x) such that y = f (w). Thus we have w = x and w * y. Since * is an
equivalence relation, it follows that y * x and hence y € p-C (x). O

Theorem 4.7. Ina GTS (X, u), for every x € M, u-C (x) is y-open or i, (u-C (x)) = 0.

Proof. Suppose for some x € My, i, (u-C (x)) # 0. We are going to show that u-C (x) C i, (u-C (x)). Letw € u-
C(x) and choose y € i, (u-C (x)) € u-C(x). Then y,w € u-C(x) and so there exists a (u, 4)-homeomorphism

f (X, 1) = (X, u) such that w = f (y). Therefore, by Theorem 4.6 w € f (iy (u-C (x))) C f(u-C(x)) = u-C(x)
and hence f (i, (u-C(x))) € iu(u-C(x)). It follows that p-C(x) C iy (u-C(x)). O

Note that in Example 4.5, i, (u-C (x)) = 0 for all x € M, which is compatible with Theorem 4.7.

Definition 4.8. Suppose (X, 1) is a GTS and Y is a non-empty subset of X. The subspace generalized
topology of Y on X is generalized topology py = {Y NU : U € u}on Y. The pair (Y, uy) is called a subspace
GTS of (X, p).

Lemma4.9. If f : (X, u) = (Y, A) is (u, A)-continuous and A is a non-empty subset of X then fia : (A, ua) —
(f A, /\f(A)) is (yA, )\f(A))—continuous.

Proof. LetVNf (A) € Aga), whereV € A. Since f is (u, A)-continuous, f~! (V) € pand hence (fa )" (VN f(A))
fFAV)NAeua. O

Theorem 4.10. If (X, ) is a GTS and u-C(x) is a homogeneous component of (X, u), then the subspace GTS
([J-C (), u ”_C(x)) is homogeneous.

Proof. Let x1,x, € u-C(x). Then there exist two (y, u)-homeomorphisms fi, f> : (X,u) — (X, u) such
that fi (x) = x; and f, (x) = x2. By Theorem 4.6, ( fro fl‘l)(y—C (x)) = p-C(x). Hence the function f :

(y—C (x), Hy-c(x)) - (y—C (x), ,uy_c(x)), where f () = (( fao f1_1)|y-C(x))(t) for all t € u-C(x) is well defined.
Applying Lemma 4.9, we conclude that f is a (,-c(x), ty-cxy))-homeomorphism. Also, f (x1) = x2. Therefore,
(y-C (x), u y_c(x)) is homogeneous. [
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