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A note on dimension-like functions of the type Ind
defined by big bases
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Abstract. This paper introduces new dimension-like functions of the type Ind defined by big bases.
Relations between them are investigated. It is shown that these dimension-like functions satisfy subspace,
partition, and sum theorems.

1. Introduction and preliminaries

The origin of a notion of the classical dimension Ind goes back to L. Brouwer and was formally defined
for normal spaces by E. Cech. Its transfinite extension was introduced by Yu. Smirnov (see, for example,
[1, 2, 10, 14, 15]). First of all, for the purpose of its reasonable usage in the broader than normal classes
of spaces different dimension-like functions appeared. V. Filippov and M. Charalambous introduced
dimension Indg, M. Charalambous uniform dimension p-Ind, A. Chigogidze relative dimension I, S.
Iliadis base-normal dimension I, S. Bogaty! and G. Himsia$vili uniform large dimension (see [3-5, 7, 8, 11]).
The latter is based on the G. Toulmin’s idea in the case of small inductive dimension: to fix a base on a space
and examine dimensions of its closed subsets being equipped with the trace of this fixed base (see [16, 17]).

Another generalized approach to the investigation of inductive dimension-like functions belongs to A.
Lelek (see [12]). It allows, for example, to examine dimension Ind and dimension-like invariant Cmp from
one point of view. This approach is developed in the works of M. Charalambous, V. Chatyrko, Y. Hattory
and others (see, for example, [6]). The paper is devoted to the investigation of dimension-like functions of
the type Ind and generalizes both approaches of G. Toulmin and A. Lelek.

We denote by w the first infinite cardinal, by O the class of all ordinals, and by (+) the natural sum of
Hessenberg (see [13]). We also consider two extra symbols, “~1” and “co” such that -1 < a < oo for every
a €0, -1(+)a = a(+)(-1) = a for every @« € OU {—1, 0o}, and co(+)ax = a(+)oo = oo for every a € O U {oo}. We
recall some properties of natural sum. Let @ and 8 be ordinals. Then,

(1) a(H) = B(Ha,
(2) if 1 < ap, then a1 (+)B < az(+)B, and
B)a(+m=a+nforn < w.

Let U be a subset of a space X. We denote by Clx(U) and Bdx(U) the closure and the boundary of U in

X, respectively.

2010 Mathematics Subject Classification. Primary 54B99; Secondary 54C25

Keywords. Dimension theory, dimension-like function of the type Ind, big base

Received: 29 October 2012; Revised: 17 January 2013; Accepted: 18 January 2013

Communicated by Ljubisa D.R. Ko¢inac

Email addresses: georgiou@math.upatras.gr (D.N. Georgiou), megariti@master.math.upatras.gr (A.C. Megaritis)



D.N. Georgiou, A.C. Megaritis / Filomat 27:6 (2013), 1113-1120 1114

Recall that a family B of open subsets of a space X is called a big base for X if for every pair (F, U) of
subsets of X, where F is closed, U is open, and F C U, there exists V € Bsuch that FC V C U.

The large inductive dimension of a space X (see for example [10] and [15]), denoted by Ind(X), is defined
as follows:

(i) Ind(X) = -1 if and only if X = 0.

(i) Ind(X) < a, where a € O, if and only if there exists a big base B for X such that for every V € B we have
Ind(Bdx(V)) < a.

(iii) Ind(X) = oo if and only if the inequality Ind(X) < a does not hold for every @ € O U {-1}.

By a class of big bases we mean a class consisting of pairs (B, X), where B is a big base for the space X
containing the sets @ and X. Let IB be a class of big bases. A big base B of a space X is said to be a IB-big base
if (B, X) € B.

In [11] base dimension-like functions of the type Ind were introduced. In Section 2 we introduce and
study new dimension-like functions of the type Ind. In Sections 3, 4, and 5 we give for these dimension-like
functions subspace, partition, and sum theorems. Finally, in Section 6 we give some questions concerning
these functions.

2. New dimension-like functions of the type Ind
Definition 2.1. A class IL of big bases is said to be b-rim-hereditary if for every (A, X) € Land U € A we have
({Bdx(U) NV : V e A}, Bdx(U)) € L.

Definition 2.2. Let IL be a b-rim-hereditary class of big bases. We denote by b-Indy, the base dimension-like
function with domain the class of all big bases and range the class O U {—1, oo} satisfying the following
conditions:

(i) b-Indy (A, X) = -1 if and only if (A, X) € IL.

(ii) b-Indr.(A, X) < o, where a € O, if and only if for every U € A we have

b-Indy ({Bdx(U) NV : V € A}, Bdx(U)) < a.
(iii) b-Indy (A, X) = oo if and only if the inequality b-Indy (A, X) < & does not hold for every @ € O U {-1}.

Definition 2.3. Let IB be a class of big bases. A class IL of big bases is said to be IB-bg-rim-hereditary if for
every (A, X) € IL there exists a B-big base B for X such that for every U € B we have

({Bdx(U) NV : V € A}, Bdx(U)) € L.

Definition 2.4. Let IB be a class of big bases and IL a IB-bg-rim-hereditary class of big bases. We denote by
bo-Indp the base dimension-like function with domain the class of all big bases and range the class O U {~1, co}
satisfying the following conditions:
(i) bo-IndP (A, X) = —1 if and only if (4, X) € IL.
(i) bO—IndE (A, X) < a, where a € O, if and only if there exists a B-big base B for X such that for every U € B
we have

bo-Indf ({Bdx(U) NV : V € A}, Bdx(1)) < a.

(iii) bo-Indp (4, X) = oo if and only if the inequality bo-Indy (4, X) < a does not hold for every a € O U {~1}.
Remark 2.5. If IL. = {({0}, 0)}, then the base dimension-like functions b-Indy, and bo—IndE are denoted by

b-Ind and by-Ind®, respectively. Moreover, if the class IB consists of all pairs (B, X), where B is a big base

for the space X containing the sets @ and X, then the base dimension-like function by-Ind® is denoted by
bo-Ind.

The proof of the following theorems are straightforward verifications of the inductive definitions.
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Theorem 2.6. For every big base A of a space X the following relations are true:
(1) Ind(X) < b-Ind(A4, X).
(2) Ind(X) = bo-Ind(A, X).

Theorem 2.7. Let B be a class of big bases. The following propositions are true:
(1) For every big base A of a space X, Ind(X) < bo-Ind®(A, X).
(2) For every B-big base A of a space X, bo-Ind®(4, X) < b-Ind(4, X).

Example 2.8. (1) Let Q be the space of the rational numbers with the natural topology. It is known that
Ind(Q) = 0 (see for example [10] and [15]). We consider the big base

A={U{@a,b)NnQ:n=1,2,...}:a,,b, € Q}
for Q. Then, b-Ind(A, Q) > 1. Indeed, for the element

1 1
— - )N0Q:n=1,2,...}€A
7’l+1’n) Qn 7 <y }G

u = u{(

we have ,
Bdg(U) = {E :n=1,2,...} U{O}

Since Bdg(U) # 0, we have
b-Ind({Bdo(U) NV : V € A}, Bdo(U)) = 0.

Thus, b-Ind(4, Q) > 1 and, therefore, Ind(Q) < b-Ind(4, Q). Also, if we consider as IB the class of all pairs
(B, X), where B is a big base for the space X containing the sets () and X, then by Theorem 2.6(2) we have

bo-Ind®(A, Q) = by-Ind(4, Q) = Ind(Q) = 0.

Thus, bo-Ind®(4, Q) < b-Ind(A, Q).
(2) Let B = {({0}, 0), (B, Q)}, where Q is the space of the rational numbers with the natural topology and

B={U{@,b,)nQ:n=1,2,...}:a,b, € R\ Q}.

For every big base A for Q we have bO—Ind]B(A, Q) > 1. Indeed, the only B-big base for Q is B. For the
element S
u= U{(m,;)ﬂ@:?’lz 1,2,} €B

we have Bdg(U) = {0}. Since Bdg(U) # 0, we have
bo-Ind®({Bdo(U) NV : V € A}, Bdg(U)) = 0.
Thus, bo-Ind®(A4, Q) > 1 and, therefore, Ind(Q) < bo-Ind®(4, Q).

Remark 2.9. The relations between base dimension-like functions of the type Ind are summarized in the
following diagram, where for dimension-like functions df;, df, “dfi — df,” stands for dfy < df, and
“dfy » df,” stands for dfy £ dfs.

b-Ind(4, X)
==
bo-Ind®(4, X) v

S|
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Definition 2.10. Let A; be a big base of a space X; and A, a big base of a space X,. The pairs (43, X;) and
(A2, Xp) are homeomorphic if there exists a homeomorphism h : X; — X such that A, = {h(U) : U € Ay}

Definition 2.11. A class BB of big bases is said to be topological if for every homeomorphism / : X — Y the
condition (B, X) € B implies that ({h(U) : U € B}, Y) € IB.

Theorem 2.12. Let IL be a b-rim-hereditary topological class of big bases. If the pairs (A1, X1) and (A, X3) are
homeomorphic, then b-Indy (A1, X1) = b-Indp.(A2, X5).

Proof. Let (A1, X1) and (A, X») be two homeomorphic pairs. We prove that
b-Indy (A1, X1) < b-Indp (Ay, X3).

Leth : X; — X, be a homeomorphism such that A, = {i(U) : U € A1} and b-Indy (A2, X)) = @ € O U {1, c0}.
The inequality is clear if « = —1 or @ = co. We suppose that @ € O and the inequality is true for every
homeomorphic pairs (A%, X) and (AY, Y) with b-Indy.(AY, Y) < &. Since b-Indy (A2, X2) = @, forevery U € A,
we have

b-Indy. ({Bdx,(U) NV : V € Ay}, Bdx,(U)) < a.

We prove that
b-Indy ({Bdx, (k"' (U)) N h1(V) : V € Ay}, Bdx, (' (L)) <

for every U € Ay. Indeed, let U € A,. Since
Bdx, (h~'(U)) = Cly,(h~ (D) \ k™" (U) = k™ (Clx,(U) \ U) = h™'(Bdx, (L)),

we have h(Bdx, (i~ (1)) = h(h~ (Bdx, (1)) = Bdx,(UD).
Moreover, for V € A, we have

h(Bdx, (™' (D)) N h™H(V)) = h(h™ (Bdx, (L)) N h™ (V) = Bdx, (L) N V.

Thus, the pairs
({(Bdx, () NV : V € Ay}, Bdx, (U))

and
({Bdx, (" (W) N K7 (V) : V € Ay}, Bdx, (™ (L))

are homeomorphic. By inductive assumption, we have

b-Indy ({Bdx, (h"1(U)) N ™1 (V) : V € Az}, Bdx, (k"1 (U))) < b-Indy ({Bdx,(U) NV : V € Ay}, Bdx,(U)) < a.

The following theorem is proved similar to Theorem 2.12.

Theorem 2.13. Let B be a topological class of big bases and 1L a IB-bo-rim-hereditary topological class of big bases.
If the pairs (A1, X1) and (A2, X2) are homeomorphic, then bo—IndE(Al, X1) = bo—IndE(Az, X>).

3. Subspace theorems

Theorem 3.1. (The first subspace theorem) Let IB be a class of bases and A1, Ay two bases of a space X with
A1 C Ajy. Then, we have

(1) b-Ind(A, X) < b-Ind(A;, X),

(2) bo-Ind®B(A;, X) < bp-Ind®(A,, X).
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Proof. (1) Let b-Ind(Az, X) = a € O U {-1, co}. The inequality is clear if « = —1 or a = c0. We suppose
that a € O and the inequality is true if b-Ind(Az, X) < a. Since b-Ind(A,, X) = «, for every U € A, we have

b-Ind({Bdx(U) NV : V € A}, Bdx(U)) < a.
Also, for every U € A; we have
Bdx(U)NV:VeA} C{Bdx(U)NV:V €A
Hence, by inductive assumption, for every U € A; we have
b-Ind({Bdx(U) NV : V € A}, Bdx(U)) < b-Ind({Bdx(U) NV : V € Ay}, Bdx(U)).

Thus, b-Ind(A1, X) < a.
Similar we can prove the relation (2).

Definition 3.2. A class B of big bases is said to be closed with respect to the subspaces if for every (A, X) € B
and for every closed subset X; of X we have (A1, X;) € B, where A; = {X; nU : U € A}.

The following theorem is proved similar to Theorem 3.1.

Theorem 3.3. (The second subspace theorem) Let IB be a class of big bases, closed with respect to the subspaces,
Xj a closed subspace of a space X, A a big base for X, and A1 = (X3 NU : U € A}. Then, we have

(1) b-Ind(A;, X1) < b-Ind(A, X),

(2) bo-Ind®B(A;, X1) < bp-Ind®(A4, X).

4. Partition theorems

Definition 4.1. (See [9]) Let A and B be two disjoint subsets of a space X. A subset L of X is said to be a
partition between A and B if there exist two open subsets O; and O, of X suchthat A € 01, B € O,, 0O1N0O,; =0,
and X\ L = 07 UO.,.

Theorem 4.2. LetIL be ab-rim-hereditary class of big bases and A a big base of a normal space X. Ifb-Indy (A, X) < a,
where a € O, then for every pair (F, K) of disjoint closed subsets of X there exists U € A such that the set Bdx(U) is a
partition between F and K and b-Indp ({Bdx(U) NV : V € A}, Bdx(U)) < a.

Proof. Let b-Indy.(A, X) < a, where a € O, and (F, K) be a pair of disjoint closed subsets of X. Since the
space X is normal, there exists an open subset W of X such that F € W C Clx(W) € X\ K. Therefore, there
exists U € A such that

FCUCWCCIx(W)C X\K

and
b-Indp ({Bdx(U) NV : V € A}, Bdx(U)) < a.

We observe that the set Bdx(U) is the required partition between F and K.

The following theorem is proved similar to Theorem 4.2.

Theorem 4.3. Let IB be a class of big bases, IL a B-bo-rim-hereditary class of big bases, and A a big base of
a normal space X. If bo-Indf (A, X) < a, where a € O, then for every pair (F,K) of disjoint closed subsets
of X there exist a B-base B for X and U € B such that the set Bdx(U) is a partition between F and K and
bo-IndP ({Bdx(U) NV : V € A}, Bdx(U)) < a.
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5. Sum theorems

Definition 5.1. A class B of big bases is said to be closed with respect to the unions if we have (A1 UAz, X) € B
for every (A;, X) € B and (A3, X) € B.

Theorem 5.2. Let B be a class of big bases, closed with respect to the unions and subspaces, and A1, A, two big bases
of a space X. Then, we have

(1) b-Ind(A; U Az, X) < b-Ind(A1, X)(+)b-Ind(A;, X),

(2) bo-Ind®(A; U Az, X) < by-Ind®(A;, X)(+)bo-Ind®(A,, X).

Proof. (1) If b-Ind(A1, X) = o0 or b-Ind(A3, X) = oo, then the inequality holds. Also, if b-Ind(A;,X) = -1
or b-Ind(A,, X) = -1, then X = 0 and, therefore, b-Ind(A; U A, X) = —1. We suppose that the inequality
is true for every pairs (By,Y) and (B,, Y) with b-Ind(B;, Y)(+)b-Ind(B;, Y) < a, where « is a fixed ordinal
and let (41, X) and (A, X) be two pairs with b-Ind(A;, X)(+)b-Ind(A;, X) = a. We need to prove that b-
Ind(A; U Ay, X) < a. Letb-Ind(A1, X) = a1 and b-Ind(A,, X) = a,, where aq, ap € O. Since b-Ind(A1, X) = a4,
for every U € A; we have

b-Ind({Bdx(U) NV : V € A1}, Bdx(U)) < a;.

Since b-ind(Az, X) = a», for every U € A, we have

b-Ind({Bdx(U) NV : V € Ay}, Bdx(U)) < as.
Let U € A; U A,. Without loss of generality we can assume that U € A;. Then,

b-Ind({Bdx(U) NV : V € A}, Bdx(U)) < a1.
Also, by Theorem 3.3(1) we have

b-Ind({Bdx(U) NV : V € Ay}, Bdx(U)) < b-Ind(A,, X) = ay.
Thus,
b-Ind({Bdx(U) NV : V € A;}, Bdx(U))(+)b-Ind({Bdx(U) NV : V € Az}, Bdx(U)) < a1 + ap = a.

Therefore, by inductive assumption, we have
b-Ind({Bdx(U)NV : V € AjUA,}, Bdx(U)) = b-Ind({Bdx(U)NV : V € A;JU{Bdx(LU)NV : V € A}, Bdx(U)) < a.

This means that b-Ind(A; U A, X) < a.
Similar we can prove the relation (2).

Definition 5.3. A class B of big bases is said to be closed with respect to the free unions if we have (A1 UA, X1 W
X;) € B for every (A1, X1) € B and (A4,, X5) € B, where the symbol & denotes the free union of topological
spaces.

The following two theorems are straightforward verifications of the inductive definitions.

Theorem 5.4. Let Ay be a big base of a space X1 and Ay a big base of a space X,. If b-Ind(A1,X1) < a and
b-Ind(Az, X5) < a, where a« € O U {—1, o0}, then

b—Ind(A1 UA,, X1 W Xz) <a.

Theorem 5.5. Let IB be a class of big bases, closed with respect to the free unions, Ay a big base of X1, and A, a big
base of X5. Ifbo—Ind]B(Al,Xl) < aand bo—Ind]B(Az,Xz) < a, where « € O U {-1, o0}, then

bo-IndIB(Al UAy,, X1 W X2) < a.



D.N. Georgiou, A.C. Megaritis / Filomat 27:6 (2013), 1113-1120 1119

Theorem 5.6. Let A be a big base of a space X, X1 and X, two closed subsets of X, Ay = {XinU : U € A}, and
Ay ={XoNnU: U € A} such that X = X1 U Xp, b-Ind(A1, X1) < a, and b-Ind(A,, X5) < a, where a € OU {—1, o0},
Then, b-Ind(4, X) < a.

Proof. Obviously, the theorem is true if ® = =1 or @ = co. Let a € O. We suppose that the theorem is
true for every ordinal less than a and we prove the theorem for the ordinal @. Let b-Ind(A4;, X;) < a and
b-Ind(A,, X») < a. We prove that b-Ind(A, X) < a. Since b-Ind(A1, X1) < a, for every U € A we have

b-Ind({Bdx, UNX;)NV: Ve A}, Bdx,(UNX1)) =p1 < .
Since b-Ind(A;, X») < a, for every U € A we have
b-Ind({Bdx,(UNXp) NV : Ve A}, Bdx,(UN X3)) =2 < .
Without loss of generality we can suppose that f; < f,. Let U € A. Then,
Bdx(U) = Bdx((U N X;) U (U N X3)) € Bdx, (UN X;) UBdx, (U N Xy).

Therefore, by Theorem 3.3(1), we have

b-Ind({Bdx(U) N V : V € A}, Bdx(U)) = b-Ind({Bdx (N X1) U (U N X)) NV : V € A},
Bdx(UN X)) U(UNXy)) <

b-Ind({(Bdx, (U N X1) U Bdy, (U N X)) NV : V € A}, Bdx, (U N X1) UBdy, (U N X5)) =
b-Ind({Bdx,(UNX;) NV :V e AU {Bdx,(UN X)) NV : Ve A},Bdx, (UN X;) UBdx, (U N X3)).

Also, by inductive assumption, we have
b-Ind({Bdx,(UNX;)NV:VeAlU{Bdx,(UNX,))NV:VeA}Bdx,(UNX;)UBdy,(UNX3)) <2 <a.

Thus, b-Ind(4, X) < a.

6. Questions

(1) Is it true the converse of theorems 4.2 and 4.3?

(2) Is it true the sum theorem (Theorems 5.6) for the base dimension-like function bo-IndE?
(3) Is it true the following product theorem:

Let AX be a big base of a space X and AY a big base of a space Y such that the family

AP = {UxV:UeAX,V e AV}

is a big base for X x Y. Then, b-Ind(A*X*¥, X x Y) < b-Ind(A%, X)(+)b-Ind(AY, Y).
(4) Let df be one of the following base dimension like functions b-Indy. and by-Indy . For every space X we
consider the class of ordinals

Spaf(X) = {df(A, X) : A is a big base for X}.

(a) Find the class of all spaces X such that Sp;¢(X) = {0,1,2,...,n}, where n € w.
(b) Find the class of all spaces X such that Sp;¢(X) = {eo}.
w.

(c) Find the class of all spaces X such that Sp;¢(X) =
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in the article.
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