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On some results of metrics induced by
a fuzzy ultrametric

Changqing Li®

*Department of Mathematics, Shantou University, 515063, Shantou, Guangdong, China

Abstract. In this paper, we introduce a formula to induce metrics from a fuzzy ultrametric, and consider
consistency of the metrics. We also show that completeness and precompactness of a fuzzy ultrametric
space are, respectively, identical with completeness and totally bounded property of the metric spaces
induced by the fuzzy ultrametric. Furthermore, we explore three types of Hausdorff fuzzy metrics in a
fuzzy metric space, and prove that they are identical if the fuzzy metric space is a fuzzy ultrametric space.
At last, we discuss consistency between the Hausdorff fuzzy metric in a fuzzy ultrametric space and the
Hausdorff metric in the metric space induced by this fuzzy ultrametric.

1. Introduction

Fuzzy metric space, which was first constructed by Kramosil and Michalek in 1975 [9], is one of the
important notions in the theory of fuzzy topology. To make the topology induced by a fuzzy metric space
to be Hausdorff, George and Veeramani [3] modified the notion given by Kramosil and Michalek and
presented a new notion with the help of continuous t-norms. The new version of fuzzy metric space is
more restrictive, but it determines the class of spaces that are tightly connected with the class of metrizable
topological spaces. So it is interesting to study the new version of a fuzzy metric space.

Our basic reference for general topology is [2].

Following [3], a continuous t-norm is a binary operation * : [0,1] X [0,1] — [0, 1] which satisfies the
following conditions:

(i
(ii
(iii
(iv

* 1s associative and commutative;

* is continuous;

a1 =aforallae[0,1];

a*b <c+dwhenevera<candb <d,anda,b,c,d € [0,1].

~— — ~— —

Clearly, a* b = min{a, b} and a + b = a - b are two common examples of t-norms.

According to [3], a fuzzy metric space is 3-tuple (X, M, #) such that X is an arbitrary set, * is a continuous
t-norm and M is a fuzzy subset of X x X X (0, o) satisfying the following conditions for all x, y,z € X and
s, t € (0,00):
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(i) M(x,y,t)>0;
(ii) M(x,y,t) =1ifand only if x = y;
(iil) M(x,y,t) = M(y, x, t);
(iv) M(x,y,t) * M(y,z,s) < M(x,z,t +5);
(v) the function M(x, y,-) : (0, 0) — [0, 1] is continuous.

In [3], George and Veeramani proved that every fuzzy metric M generates a topology 7y on X which has
as abase the family of open sets of the form {By(x, 1, 1)[n € N, x € X}, where By (x, 2, 1) = {y € XIM(x,y, 1) >
1 - 1}. They also proved that (X, ) is Hausdorff and first countable.

Fuzzy ultrametric space, which is a special case of a fuzzy metric space, was introduced by Savchenko
and Zarichnyi in [12]. A fuzzy ultrametric space is 3-tuple (X, M, *) such that X is an arbitrary set, * = min
and M is a fuzzy subset of X X X X (0, o0) satisfying conditions (i), (ii), (iii), (v) from the definition of a fuzzy
metric space and the following condition for all x, v,z € X and s, t € (0, o0):

(iv") M(x, y,t) * M(y, z,s) < M(x, z, max{t, s}).

Let us recall (see [6]) that a fuzzy metric space (X, M, #) is said to be strong if it satisfies the following
condition for each x, y,z € X and each ¢ > 0:

(iv") M(x, y,t) * M(y, z,t) < M(x, z, t).

It is remarked in [10] that if + = min, then condition (iv’) is equivalent to condition (iv"’). Obviously, any
fuzzy ultrametric space is just the same as a strong fuzzy metric space for the continuous ¢-norm min.

A simple but useful fact is that for every x, y € X, the function M(x, y, ) : (0, o) — [0, 1] is nondecreasing
[12].

The topological space induced by a fuzzy metric is metrizable [7]. However, no authors gave a method
to generate a metric from a fuzzy metric. Here, we introduce a formula to induce metrics from a fuzzy
ultrametric, and consider consistency of the metrics. Then we prove that completeness and precompactness
of a fuzzy ultrametric space are, respectively, identical with completeness and totally bounded property
of the metric spaces induced by the fuzzy ultrametric. Furthermore, corresponding to the three type of
Hausdorff metrics in a metric space [1], we explore three types of Hausdorff fuzzy metrics in a fuzzy metric
space, and prove that they are identical if the fuzzy metric space is a fuzzy ultrametric space. At last, we
discuss consistency between the Hausdorff fuzzy metric in a fuzzy ultrametric space and the Hausdorff
metric in the metric space induced by this fuzzy ultrametric.

2. Metrics induced by a fuzzy ultrametric
Let (X, M, *) be a fuzzy ultrametric space and t; € (0, o). We define a mapping df; : XX X — [0,00] by

to

— — .
M,y t) "

dfi(x/ y) =
Then we have
Theorem 2.1. dfg is a metric in X.

Proof. Letx,y,z€ X.
(1) Since 0 < M(x,y,t) < 1 for all t € (0, c0), we have d(x,y) > 0. If d{(x, y) = 0, then it follows from

M(;+W —to = 0 that M(x, y, tp) = 1. Hence x = y. Conversely, if x = y, then dfé(x, y) = M(xt—oyto) —ty=0.

(2) Obviously, dfg(x, y) = di(% X).

(3) We are going to prove d; (x, y) + d (y,2) > d; (x, 2).

Since M(x, z, tp) = M(x, y, to) * M(y, z, tp) = min{M(x, y, ty), M(y, z, tp)}, we obtain
s < max( gk, el ).
1Z,to) M(x,y,to)” M(y,zto) )

Without loss of generality, we assume that m < v then

. ; (x,y,to)”
X X _
dl‘o (x’ y) + dto (y’ Z) - M(X,Oy/fn) —fo+ M(ylozlfo) —fo
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to to
= M(x,z,t) - i’o + M(y,z,to) - tO
fo
Z M@,z t) to
— X
=d; (x,2).

Therefore, dfé isametricin X. [

In the following, we will use dfg to denote the metric in (X, 7p1) induced by t; € (0, o). Furthermore, it is
easy to see that dfé is also an ultrametric in X. As a result, we can have the following three corollaries.

Corollary 2.2. Let (X, M, *) be a fuzzy ultrametric space. If Byx (x, &) (B (y, &) # Q@ forall x,y € X and ¢ > 0,
fo fo
then Byx (x, €) = Byx (y, €).
fo fo

Corollary 2.3. Let (X, M, #) be a fuzzy ultrametric space. Then, for every x € X and € > 0, Byx (x, €) is an open and
fo
closed set (i.e., a clopen set).

Corollary 2.4. Let (X, M, *) be a fuzzy ultrametric space. Then (X, dfé) is zero-dimensional.

Theorem 2.5. Let (X, M, #) be a fuzzy ultrametric space. If k(1 — M(x, y,kt)) 21— M(x,y,t) forall x,y € X, k > 1,
then Ty coincides with the topology T,x on X generated by dy.

Proof. Let By(x, 1

n> [ ] + 1. Then there exists a ¢ = E(

1) be an open ball w1th center x and radius 1 with respect to 1, where x € X and
— tp) such that

T

nztg—l
X € de(x €) C Bul(x, L o n)
In fact, for each z € Bix (x, €), we have
fo
dX(x,z) = M—(;OZ o <e.
Thus M(x, z, to) > % h . Since nty > 1 and k(1 — M(x, y, kt)) > 1 M(x,y,t)forallx,y € X, k > 1, we get
ar(M(x,2, ) = 1) +1 2 M(x, z, nty - 1) = M(x, 2, to) > — e
Hence
M(x, z, ) > nbo(—

1)+ 1> (- — 1) + 1 = (Lt -+1=1-1

to+e to +2L n2ty
which implies that z € Bu(x, L w n) So
n2f2
X e Bd[X (.X, z(W to)) c BM(.X, nn

Conversely, let de (x, €) be an open ball in (X, de) foreachx € Xand € > 0. Putn = max{[ ] [t[’”]} +1.
Then

X € BM(x,n n) Cde(x e).
In fact, for each z € By(x, n n) since 3, lo_e Hé and tg > 1 we obtain
M(x,z,to) > M(x,z,2) > 1 - >1——= o

to+e to+e”
Then (ty + €)M(x, z, tg) > to. Hence szt) —tg < ¢, that is, dfi(x, z) < ¢, which means that z € Bdf; (x, €).

Consequently, we deduce that
11
x € By(x, pr E) C ijf) (x, ).
We are done. [

With the above theorem we obtain immediately

Corollary 2.6. Let (X, M, *) be a fuzzy ultrametric space, and t1,t, € (0,00) with t1 # to. If k(1 — M(x, y, kt)) >
1—-M(x,y,t) forall x,y € X, k > 1, then the topology T x coincides with the topology T,x .
t t2
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Example 2.7. Let () =1—; +1 (t € (0, )), and D an ultrametric in X with D(x, y) < 1 for all x, y € X. Define
Mp : X x X x (0,0) — [0,1] as follows:

Mp(x,y,t) =1 - D(x,y) + D(x, y)p(t).

By Proposition 3.5 from [12], we know that (X, Mp, *) is a fuzzy ultrametric space. It is easy to see that

tD(x,y)
dX(x,y) = m for every ty € (0, ). Note that

kD(x, ,
k(1 = Mp(x, y, kt) = PED > BEY — 4 _ v, y, 1)

for every k > 1. According to Theorem 2.5, we conclude that 7y, = 7,x.
0

3. Properties of the induced metrics

In this section we will study some properties of metrics induced by a fuzzy ultrametric.

Definition 3.1. ([11]) Let (X;, M;, *;)(i = 1,2) be two fuzzy metric spaces.

(1) A mapping f : Xi — X» is called an isometry mapping, if for every x,y € Xy and t > 0, My(x, y,t) =
MZ(f(x)/ f(]/)/ t)-

(2) (Xi, M, #)(i = 1,2) are called isometric, if there is an isometry mapping from X; onto Xj.

(3) A complete fuzzy metric space (X, My, *;) is called a completion of (X1, M;,*1), if (X1, M1, *1) is
isometric to a dense subspace of X5.
Theorem 3.2. Let (X;, M;, *)(i = 1, 2) be two fuzzy ultrametric spaces, and f a mapping from Xy to X,. Then f is an
isometry mapping from (X1, My, *) to (Xz, My, *) if and only if f is an isometry mapping from (Xl,dil) to (Xz,diz)
for every ty € (0, 00).
Proof. Letx,y € Xi, to € (0,00). Then My(x, y, to) = Ma(f(x), f(y), to) if and only if 3 &?y,to) —ty =
to, that is, &' (x, y) = di*(f(x), f(y)). O

Definition 3.3. ([5]) Let (X, M, *) be a fuzzy metric space. {x,} is called a Cauchy sequence in X, if for each
e € (0,1) and t > 0, there exists an 1y € IN such that M(x,,, x,, ) > 1 — ¢ whenever n, m > n.

to _
Ma(f(x),f(y).to)

Definition 3.4. ([5]) A fuzzy metric space (X, M, *) is complete provided that each Cauchy sequence in X is
convergent.

Theorem 3.5. Let (X, M, %) be a fuzzy ultrametric space. If k(1 — M(x, y,kt)) 21— M(x,y,t) forall x,y € X, k > 1,
then (X, M, *) is complete if and only if (X, dfg) is complete.

Proof. Sufficiency. Let {x,} be a Cauchy sequence in (X, M, #). Then, for each ¢ > 0, there exists an np € IN
such that M(x,, x,,, ) > 1 — ﬁ whenever n,m > ny. Hence ﬂm —tp < g, that is, dfg(x,,,xm) < &
Therefore, {x,} is a Cauchy sequence in (X, dfg ). Since (X, df; ) is complete, {x,} is convergent, which implies
that (X, M, #) is complete.

ritifo

Necessity. Let {x,} be a Cauchy sequence in (X, dfg). For eachr; € (0,1) and t; € (0, 1), put € = TR

Then there exists an my € IN such that
AX (X, %) = g —to < €
0 4 M(xnrxmrt(])
whenever n,m > mgy. So M(x,, Xy, to) > to% Since %’ > 1 and k(1 — M(x,y,kt)) > 1 — M(x,y,t) for all
x,y € X, k> 1, we obtain

t; (M(Xn, X, tl) 1) +12> M(xnr xmr t tl) - (xnr Xy tO) > fo+é
Hence M(x, X, t1) > 1 = ;- é“ig) Note that
= ritity ritity

2(to— tm) fo—tiry °
It follows that —2— B (t +C) < r1. Therefore,

M(x,, X, t1) > 1 — tl(ﬁ"—is) >1-1n
So {x,} is a Cauchy sequence in (X, M, #). Since (X, M, *) is complete, {x,} is convergence, which means that

(X,dy) is complete. This proof is finished. [
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Definition 3.6. ([7]) A fuzzy ultrametric space (X, M, *) is precompact, if for every r € (0,1) and ¢ > 0, there

exists a finite set A C X such that X = | Bu(a, 7, t).
acA

Theorem 3.7. Let (X, M, *) be a fuzzy ultrametric space, If k(1 — M(x, y, kt)) =1 - M(x,y,t) forallx,y € X, k> 1,
then (X, M, *) is precompact if and only if (X, dff]) is totally bounded.

Proof. Sufficiency. For each x € X, r1 € (0,1) and t; € (0,¢), we have

xe Bd;;(x, ﬁ) C Bum(x, 71, t).

Since (X, dfg ) is totally bounded, there exists a finite set C C X such that
X = U Byx (x, 51l
xeC 0

7 2to—trr1)

Hence
X= U BM(X, r, tl)

xeC
Necessity. For each x € X and ¢ > 0, we obtain
.k
x € By(x, m, 2) C Bdff, (x, €).
Since (X, M, #) is precompact, there exists a finite set A C X such that
t
X = U BM(xr m/ EO)
xeA
So

X=U de (x, ).
X€A
We complete the proof. [

4. The Hausdorff fuzzy metric

Let (X, M, *) be a fuzzy metric space, @ # C C X. For everya € X and t > 0, M(a,C, t) := sup{M(a,c,t) :
c € C}, M(C,a,t) := sup{M(c,a,t) : c € C} (see [10]). It is easy to see that M(a, C, t) = M(C, a4, t).

Definition 4.1. Let (X, M, *) be a fuzzy metric space. We denote by Comp(X) the set of all nonempty compact
subsets of (X, T)1). We define three functions Hy,, H}W HX/I: Comp(X)x Comp(X) x (0,00) — [0, 1] as follows,
respectively: YA, C € Comp(X) and ¢ > 0,

Hu(A, C, t) = min 1nfM(a Ct), me(A ¢, b)) (see [11]);

M(A, ChH=1- 1nf{r|C - BM(A, r,t),A C By(C, 1, 1)} (see [12]);

” M AHM(x,CH)
H\(A,Ct) = m}f MG, A,D—M(x,C, DI+ Mx,ADME,CH) *

Theorem 4.2. Let (X, M, #) be a fuzzy ultrametric space. Then Hy(A,C, t) = H;vx(A/ Ct) = H}\/A(A, C1).

Proof. Firstly, we will prove Hu(A, G, t) = H, (A, G, 1).
Put H},(A,C t) = 1 —ry. Take r € (ry, 1). Then we have
C c By(A,r,t), AcCBu(Crt).
This shows that
M(A,c,t)y>1-r, M@ Ct)y>1-r
for every c € Cand a € A. Hence
infM(A,c,t)>21—-r, infM(@a,Ct)=1-r.
ceC acA

So
min{inf M(a, C, t),inf M(A,c,t)} > 1 -7,
acA ceC

i.e., Hu(A, G t) > 1 —r. Passing to the limit as r — rp, we conclude that
Hum(A, G t) 21 -1y = H (A, C, 1)
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Suppose that Hy(A, C,t) > H;(A,C t). Put Hy(A,Ct) = 1 —r;. Then we can find an r, € (r1,79), which
means that 1 —r; >1 -1, > 1—ry. Since ig{M(a, Ct)>1-r and irelgM(A, ¢, t) =2 1 - r;, we immediately
deduce that
M(a,C,t) >1-rn>1-n
and
MA,c,)z1-r1>1-n,
for every c € Cand a € A. Hence
Cc BM(A, 12, t), AC BM(C, 12, f).
So
Hy(A,Ct)21~-r>1-ro=Hj (A CH),
which is a contradiction.
Next, we are going to prove Hy(A, G, t) = Hy (A, C, ).
If x € A, we have

M(x, A, )M(x, C, 1) ~ M(x,C, 1)
IM(x, A, t) — M(x, C, Bl + M(x, A, )M(x, G, t) |1 = M(x,C, )| + M(x, G t)

= M(x,C, 1).

If x € C, we have

M(x, A, )M(x, C, t) _ M(x, A, t)
IM(x, A, t) — M(x, C, )] + M(x, A, h)M(x, C,t) |1 — M(x, A, 1)l + M(x, A, t)

Hence Hy(A,C, t) > HXA(A, C, t). On the other hand, for each x € X and ¢ > 0, there exists an a € A such that

= M(x, A, 1).

1 < 1 +£
M(x,a,t)  M(x,At) 2

Also, there exists a ¢ € C such that

1 1
M@aoh ~Mach

__ 1 ¢
infM(@a,C,t) 2
acA

e
- <
2

Since M(x, ¢, t) > M(x,a, t) * M(a, c, t) = min{M(x, a, t), M(a, c,t)}, we obtain

1 1 1 1
, } < + -1.
M(x,a,t)” M(a,c,t)" — M(x,a,t)  M(a,c,t)

— <
M(x,c,t) — max{

Hence
1 1 1 1 1

< < - 1.
MECH = Mrxob = Mrad  Mach | “MxAD infM(a,C,) te-l
ae.

It follows that
1 1

- 1
MxCH MEALD infM(a, C, ) e
ae.
By the arbitrariness of ¢, we have
SAVEEE S SR BN B DS
P MR CH T M A TSP MG, G T M A b

-1.
~ infM(a, C, t)
acA

Therefore,

: M(x, A, H)M(x, C, 1) .
f > inf .
X WG, A, D)~ MG, C, B+ Mx, A4, DM G By~ sen 1"
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Using the same method as above, we can get

. M(x, A, t)M(x, C, t) .
f > inf M(A,c,t).
I VG, A D = MG, G, 1) + M(x, A, DM, C 1) — iMA.eH

So
. M(x, A, )M(x, C, t)
inf

xex [M(x, A, t) — M(x, G, t)| + M(x, A, )M(x, C, t)
ie., H;A(A, C,t) = Hy(A,C,t). We are done. [

> min{inf M(a, C, t),inf M(A, c, t)},
acA ceC

Lemma 4.3. ([12]) Let (X, M, *) be a fuzzy ultrametric space. Then (Comp(X), H,, *) is a fuzzy ultrametric space.
According to Theorem 4.2 and Lemma 4.3, we obtain

Corollary 4.4. Let (X, M, *) be a fuzzy ultrametric space. Then (Comp(X), Hy, *) and (Comp(X), H,,, *) are fuzzy
ultrametric spaces.

We call Hy a Hausdorff fuzzy metric.

Proposition 4.5. Let (X, M, *) be a fuzzy ultrametric space. Then, for each x € X and A € Comp(X), we have
¥ (x, A) = s — fo

X — 3 X 3 1 _ £ _ 1
PTOOf. dtO(X,A) = ;g{dto(x,a) = Zl;{(m —ty) = supM—zx,a,tg) -ty = m —to. O

acA

Proposition 4.6. Let (X, M, #) be a fuzzy ultrametric space, and A € Comp(X). If k(1 — M(x, y,kt)) > 1 - M(x, y, t)
forallx,y € X, k> 1, then k(1 — M(x, A, kt)) > 1 - M(x, A, t).

Proof. Foreveryae€ A, k(1 — M(x,a,kt)) 21— M(x,a,t). Then
infyeq k(1 — M(x, a, kt)) > inf,ea(1 — M(x, a, t)).

Hence
k(1 -sup, , M(x,a,kt)) > 1 —sup,_, M(x,a,t),

thatis, k(1 — M(x, A, kt)) =1 - M(x, A, t). O

Comp(X)

Remark. From Theorem 2.1 and Corollary 4.4, we can see that d,_

by to.

is the metric in Comp(X) induced

Definition 4.7. ([1]) Let (X, d) be a metric space. For every A, C € Comp(X), let H;:Comp(X)x Comp(X)—
[0, o) be a mapping defined by

H4(A, C) = max{supd(a, C), sup d(A, c)}.
acA ceC

H, is a metric in Comp(X), which is called Hausdorff metric.

Comp(X)

Theorem 4.8. Let (X, M, *) be a fuzzy ultrametric space. Then for each A, C € Comp(X), d,;

(A4,C) = Hzx (A, C).

Proof. d;ﬂm”(x) (A,C) =

_ to _ fo _
= maxX{ iy ~ to mrsacy — fol
acA ceC

_fh
Hum(A,Cpto) 0

11 11
maX{SUP(M(a?C,t) - to), SUP(M(X,CJ) - tO)}
acA ceC

max{sup d;(a, C),supd;(A,c)} = Hpx(A, Q). O
a€A ceC 0
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Theorem 4.9. Let (X, M, *) be a fuzzy ultrametric space. If k(1 — M(x,y,kt)) > 1-M(x, y,t) forallx,y e X, k> 1,
then (Comp(X), tn,,) coincides with (Comp(X), Ty . ).
fo

Proof. By Theorem 4.8, (Comp(X), 1y i« ) coincides with (Comp(X), Comp(X)) According to Theorem 2.5, we
know that (Comp(X), tg,,) coincides w1th (Comp(X), T CUmp(X)) Consequently, (Comp(X), TH,,) coincides with
(Comp(X), T, ). O

fo

Lemma 4.10. ([11]) Let (X, M, =) be a fuzzy metric space. Then (Comp(X), Hy, ) is complete if and only if (X, M, *)
is complete.

Lemma 4.11. ([11]) Let (X, M, *) be a fuzzy metric space. Then (Comp(X), Hy,*) is precompact if and only if
(X, M, *) is precompact.

Definition 4.12. ([7]) A fuzzy metric space (X, M, *) is called compact, if (X, Tsm) is a compact topological
space.

Lemma 4.13. ([2]) A metric space (X, d) is compact if and only if it is complete and totally bounded.
Lemma 4.14. [7] A fuzzy metric space (X, M, *) is compact if and only if it is complete and totally bounded.

According to Theorems 3.5, 3.7,4.9, Lemmas 4.10, 4.11, 4.13, 4.14 and Definition 4.12, we immediately
deduce the following.

Theorem 4.15. Let (X, M, ) be a fuzzy ultrametric space. If k(1 -M(x,y,kt)) > 1 -M(x, y,t) forallx,y € X, k> 1,
then (Comp(X), Hyx ) is complete if and only if (X, M, #) is complete.
to

Theorem 4.16. Let (X, M, ) be a fuzzy ultrametric space. If k(1 -M(x,y, kt)) > 1 -M(x, y,t) forallx,y € X, k> 1,
then (Comp(X), Hyx ) is totally bounded if and only if (X, M, *) is precompact.
to

Theorem 4.17. Let (X, M, *) be a fuzzy ultrametric space. If k(1 -M(x, y, kt)) 2 1 -M(x, y,t) forallx,y € X, k> 1,
then (Comp(X), Hyx ) is compact if and only if (X, M, =) is compact.
fo
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