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Abstract. Let S, denote the class of hypergroups of type U on the right of size n with bilateral scalar
identity. In this paper we consider the hypergroups (H,o) € S; which own a proper and non-trivial
subhypergroup h. For these hypergroups we prove that & is closed if and only if (H —h) o (H - h) = h.
Moreover we consider the set €; of hypergroups in &; that own the above property. On this set, we
introduce a partial ordering induced by the inclusion of hyperproducts. This partial ordering allows us to
give a complete characterization of hypergroups in €; on the basis of a small set of minimal hypergroups,
up to isomorphisms. This analysis gives a partial (negative) answer to a problem raised in [5] concerning
the existence in &, of proper hypergroups having singletons as special hyperproducts.

1. Introduction

Hypergroups of type U on the right were introduced in [12] to analyze properties of quotient hyper-
groups H/h of a hypergroup H with respect to a subhypergroup i € H ultraclosed on the right. The class of
hypergroups of type U on the right is rather wide and rich in results [2, 4-6, 12, 14, 16], since it includes that
of hypergroups of type C on the right [15, 16, 21] and, in particular, that of cogroups [3, 9, 17, 18] and that
of quotient hypergroups G/g of a group G with respect to a non-normal subgroup g € G (D-hypergroups)
[9,17,18].

Also recently, several authors have studied diverse problems concerning existence and classification of
hyperstructures, see e.g., [1, 2, 4-7, 10, 11, 13, 19, 20]. For example, hypergroups of s have been classified
in [5, 6], where €, denotes the class of hypergroups of type U on the right of size n with bilateral scalar
identity. In particular, in [5] the authors proved that if (H, o) belongs to S5 and owns the identity ¢ then the
following two properties are verified:

1. (H, o) is a group if and only if there exist x, y € H — {¢} such that the hyperproduct x o y is a singleton.
2. If (H, o) is not a group then, for every x,y € H — {e}, we have |xoy| > 3and e e x o y;
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Moreover, for every integer k > 1, they provided an example of hypergroup (H, o) of class Sy that satisfies
the following conditions:

(H, o) is not a group; (1)
dx,y e H—-{¢}suchthat|xoy| =1. 2)

Now, since any hypergroup in &3 is isomorphic to the group Z;, the problem to determine the minimum
odd integer n such that there exists a hypergroup (H, o) € &,, satisfying (1) and (2) arises. This minimum
integer nis 7 or 9. In fact, in this paper we describe a hypergroup in & that satisfies the required conditions.
From experimental attempts performed by means of a computer program described in [6], which generates
tables of finite hypergroups, we have seen that the problem cannot be solved by a brute force approach in
&y, due to the huge computational cost. For this reason, we are motivated to study theoretical properties of
hypergroups in &;. In particular, we prove that such hypergroups own at most two proper and non-trivial
subhypergroups. Moreover, when the hypergroup (H, o) owns two proper and non-trivial subhypergroups,
then |x o y| > 1, for every x, y € H — {¢}, hence the condition (2) cannot be fulfilled. This result suggests to
distinguish the hypergroups in S; according to the following three conditions:

1. (H, o) owns only one closed, proper and non-trivial subhypergroup;
2. (H, o) owns only one proper and non-trivial subhypergroup which is not closed;
3. (H, o) does not own any proper and non-trivial subhypergroup.

In this paper we perform a complete analysis of the first case. Next section introduces some basic definitions
and notations to be used throughout the paper. In Section 3, we recall some properties of closed subhy-
pergroups and introduce the notion of strongly conjugable extension, whereupon we deduce necessary
and sufficient conditions so that a hypergroup is a strongly conjugable extension. Section 4 contains the
main results about subhypergroups of hypergroups in S;. In particular we prove that every hypergroup
(H, o) € S7 can own at most two proper and non-trivial subhypergroups. The closure on the left (resp., on
the right) of a subhypergroup / in (H, o) is a necessary and sufficient condition so that (H, o) is a strongly
conjugable extension of h. Moreover, if (H, o) is a strongly conjugable extension, then (H, o) owns only one
closed subhypergroup. In Section 5 we consider, unless isomorphisms, the set €; of hypergroups in &;
which are strongly conjugable extensions. We prove some properties about the elements and the size of
hyperproducts of hypergroups in €¢;. In addition, we define a partial ordering that allows us to give a
complete characterization of hypergroups in €; using a set of minimal hypergroups. Finally, with the help
of symbolic computation software, in last section we show that there are 182 minimal tables in €, up to
isomorphisms.

In conclusion, we observe that the problem at the basis of our present work, namely, to establish if there
exists a hypergroup (H, o) € Sy fulfilling conditions (1) and (2), remains still unsolved. By the way, that
problem is now circumscribed to the analysis of the last two subclasses of &, that is, either (H, o) owns
only one proper and non-trivial subhypergroup which is not closed, or (H, o) does not own any proper and
non-trivial subhypergroup.

Remark 1.1. Throughout the paper, we will often show hyperproduct tables of hypergroups. These tables
are usually obtained after long arguments that are aimed at proving the existence of hypergroups having
certain properties. We inform the reader that, after these tables are obtained, we always check their
associativity, possibly by means of computer routines as those described in [6]. Hence, the corresponding
hypergroups are correctly defined, even if this is not always explicitly stated.

2. Basic definitions and results

A hypergroupoid is a nonempty set H endowed by a hyperproduct, that is, a mapping o : H x H = p*(H),
where p*(H) denotes the family of nonempty subsets of H. A hypergroup is a hypergroupoid (H, o) whose
hyperproduct is associative and fulfills the reproducibility axiom

VxeH, xoH=Hox=H. 3)
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A non-empty subset & of a hypergroup (H, o) is called a subhypergroup of Hif xoh =hox =h, forall x € h.
A subhypergroup & of a hypergroup (H, o) is said

e properif H # I;

o closed on the right (vesp., on the left)if ho (H—h) = H—h (resp., (H—-h)oh = H - h);

o closedifho(H-—h)=(H-h)oh=H -

o invertible on the right (resp., on the left) if for every x,y € H,x e yoh = ye€xoh (resp,x€hoy =
y€hox);

e invertible if it is invertible on the right and on the left;
o invariant or normal if x o h = h o x, for every x € H;

e conjugable if it is closed and for every x € H there exists an element y € H such that x oy C h.

We recall that if /1 is a conjugable subhypergroup, then h is invertible. Moreover, if /1 is invertible on the right,
then the family {x o I}y is a partition of H and the quotient H/h is hypergroup under the hyperproduct

(xoh)®(yoh)={zoh|z€xohoyoh).

If a hypergroup (H, o) contains an element ¢ with the property that, for all x € H, one has x € x o ¢ (resp.,
X € € o x), then we say that ¢ is a right identity (resp., left identity) of H. If x o ¢ = {x} (resp., € o x = {x}), for
all x € H, then ¢ is a right scalar identity (resp., left scalar identity). The element ¢ is said to be an identity
(resp., scalar identity or bilateral scalar identity), if it is both right and left identity (resp., right and left scalar
identity).

A hypergroup (H, o) is said to be of type U on the right [2, 4, 10-12] if there exists an element € which fulfills
the following axioms:

Vx €eH, xoe={x} 4)
Yx,yeH, xe€xoy=—>y=e¢. (5)

In this paper we denote by ! the class of hypergroups of type U on the right in which the right scalar
identity is also left (not necessarily scalar) identity. Moreover, by © we mark the subclass of hypergroups
of type U on the right with bilateral scalar identity. For the sake of brevity these hypergroups are said to
be hypergroups with a scalar identity. In the finite case, &, denotes the subclass of all hypergroups of size n
with scalar identity.

For reader’s convenience, we collect in the following lemma some preliminary results from [4, 10]:

Lemma 2.1. Let (H, o) be a hypergroup of type U on the right with right scalar identity . Then

1. if h is a subhypergroup of (H, o), then we have ¢ € h. Moreover, if (H,0) € W' (resp., (H,0) € &), then also
(h,0) € Ut (resp., (h,0) € ©);

2. if(H,0) e W, forallx,y € H wehave e Exoy & e €yox;

3. if (H, o) is finite and G is a subgroup of (H, o), then |G| divides |H|.

3. Strongly conjugable extensions

In this section we recall some properties of subhypergroups of a hypergroup that are closed on the left or
on the right and introduce the notion of strongly conjugable extension. Moreover we find some necessary
and sufficient conditions so that a hypergroup is a strongly conjugable extension and show a construction
of hypergroups in the class U!; under certain additional conditions, these hypergroups belong to the class
&, and are strongly conjugable extensions.

We begin to observe that if /1 is a subhypergroup of a hypergroup (H, o), it can occur that /1 is not a subset
of (H—h) o (H —h). An easy example is obtained by considering the set H = {a,b,c} endowed with the
hyperproduct represented by the table
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o| a b c
a | {a} H H
b| H |{bc} | {bc}
c| H |{bc} | {bc}

In fact, (H, o) is a hypergroup and h = {a} ¢ (H—h) o (H—h) = {b,c}. The inclusionh € (H —h) o (H —h)
is verified when, for example, & is closed on the left or on the right. In fact, for reproducibility, for every
a € h there exists an element y € H such thata € (H — h) o y. Obviously y € H — I, or else we have the
contradictiona € (H—h)oh = H—h. Thereforea e (H—h)o (H—-h)and h C (H —h) o (H —h).

Moreover we observe that the inclusion i1 C (H — h) o (H — h) is a necessary but not sufficient condition
so that & is closed on the left or on the right. In fact, the set H = {4, b, c} endowed with the hyperproduct

o| a b c
a | {a} H H
b| H H {b, c}
c| H | {bc} H

is a hypergroup. The subset i = {a} is a subhypergroup of H such that h C (H—h)o (H—h) = Hbuth s
neither closed on the left nor on the right.

Now we study the main properties of subhypergroups I which satisfy the equality (H—h) o (H—h) = h.
We give the following

Definition 3.1. Let (H, o) be a hypergroup and / a subhypergroup of H. We say that (H, o) is a strongly
conjugable extension of h if h is proper and (H —h) o (H — h) = h.

Lemma 3.1. Let h be a subhypergroup of a hypergroup (H, o). If (H, o) is a strongly conjugable extension of h, then
h is closed on the left in H if and only if h is closed on the right in H.

Proof. The claim is an obvious consequence of the fact that
(H-h)yoh=(H-h)o(H~-h)o(H-h)=ho(H-h).
O

Proposition 3.1. Let (H, o) be a strongly conjugable extension of h. Then

1. his closed in H;
2. (H-h)yoy=yo(H-h)="h, foreveryye H-1;
3. hoy=yoh=H-h, foreveryy € H-h.

Proof. 1.Ifh N (H —h) o h # 0, there exista,b € h and x € H — h such that b € x o a. Therefore (H—-h)ob C
(H-—h)oxoaC (H—-h)o(H—h)oa=hoa=h, whence we obtain the contradiction

H=Hob=[H-h)Uhlob=[(H-h)ob]UhobChUh=h.
Hence h N (H — k) o h = (. Moreover, since
H=Hoh=[(H-h)Uhloh=[(H-h)ohl]Uhoh=[(H-h)oh]Uh

and H = (H—h)Uh, we obtain (H —h)oh = H—h. Thus h is closed on the left and, for Lemma 3.1, it is closed
in H.

2. For every a € h and y € H — h, there exists b € H such thata € bo y. From item 1., if b € h then we
have the contradictiona € ho(H—-h) = H—-h. Hence, b € H—-h and a € (H — h) o y. Consequently,
hcH-hoyC(H-h)o(H—-h)=hand (H - h) oy = h. Analogously we can prove that y o (H —h) = h.

3. For every x, y € H—h, there exists a € H such that x € aoy. Since H is a strongly conjugable extension of i,
ifa € H—h then we have the contradiction x € aoy C (H—h)o(H—h) = h. Thereforea € hand x € hoy. Sowe
have the inclusion H—h C hoy. Finally, since /i is closed in H, we obtain that H—h C hoy C ho(H-h) = H-h,
thatis h o y = H — h. In the same way we can prove thatyoh=H-h. O
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As an immediate consequence of Proposition 3.1 we have the following

Corollary 3.1. Let h be a subhypergroup of a hypergroup (H, o). If (H, o) is a strongly conjugable extension of h,
then h is conjugable and invariant.

The next proposition characterizes the strongly conjugable extensions by means of a theorem of Dresher-
Ore. We recall the statement from [8]: If I is a subhypergroup of a hypergroup (H, o), the quotient (H/h, ®) is a
group if and only if h is a conjugable and invariant subhypergroup.

Proposition 3.2. Let h be a subhypergroup of a hypergroup (H, o); the following conditions are equivalent:

1. (H, o) is a strongly conjugable extension of h;
2. The quotient H/h is isomorphic to the group Z.

Proof. We begin to prove that 1. = 2. From Corollary 3.1, & is a conjugable and invariant subhypergroup,
and so (H/h,®) is a group. By item 3. of Proposition 3.1, h and H — h are the classes of (H/h, ®). Therefore
the quotient H/h is isomorphic to the group Z,.

Now we prove that 2. = 1. The subhypergroup & is conjugable because H/I is a group. Thus & is closed
inHand xoh C H—h, for every x € H—h. As H/h is isomorphic to Z,, we obtain x o h = H — h. Therefore it
results x € x o i for every x € H. Hence, if there exist x, y € H — h such that x o y N (H — k) # 0 then we have
xohoyohnN(H—-h)#0and (xoh)® (yoh) # h, a contradiction. So [(H-h)o (H-h)]N(H—-h) =0 and
obviously (H-h)e (H-h)=h. O

The next example shows a construction of hypergroups in the class UI'. In some cases these hypergroups
are strongly conjugable extensions:

Example 3.1. Let (G, ) be a group with identity 1 and let {A,},cc be a set family such that the following
conditions are verified:

() 1A4l = 3, for every g € G;

(II) (Aj,0) is a hypergroup of class U! with identity ¢ such that for every a,b € A; — {¢} we have (i)
e€aoband (ii) lao bl > 2.

Hence, we can defineon H = | J 7€G Ay the following hyperproduct:

=

oy ifx,y €Ay,

{x} ifxeH-A, y=¢;
]ty ifx=¢, yeH-A;;
YOUSN Ay—ln) ifxeA, yeA—le), g% 1 (6)
Ay ifxeA —{e}, ye Ay, g#1;
Agy ifxeA;, yeAy, g9 € G-{1}.

The set H, equipped with the hyperoperation e, is a hypergroup of class 2! with right scalar identity ¢. We
omit to verify reproducibility and associativity, with the exception of the case (z ® x) @ y = z ® (x ® i), with
{x,y} € A1 —{e} and z € A; # Ay, because it involves all the hypotheses given in (), (i) and (ii). In fact as
|A,| > 3 we obtain

zex)ey=@A,—fhey= ] wey= ] A -fwh=4,

weA,;—{z} weA,—(z}
Moreover, by (i) and (ii), we have that
ze(xey)=ze(xoy)=(zee)U[ze(xoy—{e))] = {z} U(A, - (z}) = A,.

Furthermore, we note that the hypergroup (H, ) satisfies the following properties of which we omit the
proofs:
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If (A1,0) € G, then also (H, e) € G;

If G’ is a subgroup of G, then the set h = (J,ecr A, is a conjugable subhypergroup of (H, e);

If G’ is a normal subgroup of G, then the subgroup i = e Ay is invariant in (H, e);

If |G| > 2and G’ is a proper subgroup of G, then (H, e) is a strongly conjugable extension of i = (e Ag
if and only if [G : G’'] = 2. In particular, if |G| = 2, then (H, o) is a strongly conjugable extension of A;.

L

4. The class S5

In [5] the authors proved that a hypergroup (H, o) € Gs is a group if and only if there exists at least a
pair (x, y) of elements not equal to the identity such that |x o y| = 1. Thus they have raised the problem
to determine the minimum odd integer n such that there exists a hypergroup (H, o) € &, fulfilling the
conditions (1) and (2). For that minimum integer n it holds 5 < n < 15. In fact, if (H, o) € S5 is not a group,
then the direct product H X Z3 is a proper hypergroup that satisfies the required conditions. Actually, we
can restrict the possibilities only to n = 7 or n = 9. The following example shows a hypergroup in S
fulfilling (1) and (2).

Example 4.1. Let (G, ) be a group with identity 1 and let g be a normal, proper and non-trivial subgroup of
(G, ). We define on G the following hyperproduct:

| {xy} ifxegoryey;
Xey= { xyg otherwise. @

Then, (G, o) is a hypergroup of G and g is a subgroup of (G, o). We remark that the normality of g in (G, -) is
exploited to prove (xoy) oz =xo(yoz) whenx,y,z€ G—g.

Next table shows a hypergroup (H,0) € &9 which is isomorphic to the hypergroup arising from the
previous construction when G = Zg and g is its subgroup having order 3. Using the notations H = {1,2,...9},
h=1{1,2,3},A=1{4,5,6} and B = {7,8,9} we have:

SN
B
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,__
—_—

—_
-
—_
-
—_
—_—

o]
-
—_

\O
-
_—

= | = | | W | G | e
= | = o | W E| |G| o
= = | | | WGBS o
)
3

(8)

RS s TSS) RS R RS R Rl RS R
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2
3
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5
6
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9
7
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SN N Nl
NN S B RS

SN RN ENES RS S

O 0| \J| O\ U1 x| W N —| O
| o | | | = | | = | | =
RSN DU DU PESUR DU PEIN RSN DIV PINN
| == ==
RSN DU DU PESUR PEDUR PEDUR PRSI PV DIV

Obviously, the hypergroup (H, o) € &y fulfills conditions (1) and (2).

Motivated by the initial problem, in this section we study the main properties of hypergroups in S;. In
particular, in this section we show that all proper and non-trivial subhypergroups h of a hypergroup (H, o)
in &7 are isomorphic to a certain hypergroup, denoted by B, in what follows. Moreover we prove that a
hypergroup in S; can own at most two proper and non-trivial subhypergroups. Finally we prove that the
closure on the left or on the right of h is a necessary and sufficient condition so that H is strongly conjugable
extension of h. In this case / is the only proper and non-trivial subhypergroup of H.

We begin to recall that the hypergroups of type U on the right of size 4 have been classified in [14],
unless isomorphisms, and so we can affirm that the hypergroups in &,, with 2 < n < 4, are the groups
25,723,724, 75 X Z5 and the following two hypergroups:
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ol € b c d
e | fe} | 1B} ] o} {d}
Hy: | b | {0} | {e} | {d} {c}
c | e} | {d} | {e, b} | {e, b}
d | {d} | {c} [ {e,b} | {& b}
ol € b c d
e | {e} {b} {c} {d}
By: b | {b} | {e,cd} | {ec,d} | {ecd}
c | {c} | {e,b,d} | {e,b,d} | {e,b,d}
d | {d} | {e,b,c} | {e,b,c} | {e,b,c}

By means of these hypergroups and Lemma 2.1, we can characterize the subhypergroups of the hypergroups
in the class &;. If (H, o) € W, then the subhypergroup h = {¢} is said to be trivial.

Theorem 4.1. Let (H, o) € Sy and let h be a proper and non-trivial subhypergroup. Then, h is isomorphic to By.

Proof. From Lemma 2.1, we have that (h, o) € S and, moreover, 1 is not isomorphic to Z,, Z3, Z4 and Z, X Z,
because |h| does not divide |H| = 7. For the same reason & is not isomorphic to H or else there is a subgroup
of size 2in (H, o). So |h| € {5,6} or h = B,.

Let|h| = 6and H = hU{x}. For every elementa € h—{¢}, wehavex € H = Hoa = (hU{x})oa = hoaUxoa.
Therefore x € x o a and a = ¢, that is absurd.

Let |n] = 5and H = h U {x, y}. For every elementa € h — {¢}, wehave H = Hoa = (hU {x,y})oa =
hoaUxoaUyoa=hUxoaUyoa. Thus,sincex ¢ xoaand y ¢ yoa, we have

Vaeh—-{e}, yexoa, xeyoa. )]

Now, taking an element b € h —{e}, we have bob # {¢} otherwise S = {¢, b} is a subgroup of (H, o). Therefore,
sinceb ¢ bob, there exists an element c € h—{¢, b} such thatc € bob. By (9), we have that y € xobNxoc. Moreover
wecanputxob = {y}UA, with A C h. Therefore y € xoc Cxo(bob) = (xob)ob = ({y}UA)ob=yobUAob.
So,as Aob Ch,wehavey € yobandb = ¢, that is impossible.

Thus |h| ¢ {5,6} and h = B;. [

Corollary 4.1. Let h, k be proper and non-trivial subhypergroups of a hypergroup (H, o) € S;. Then either hNk = {e}
orh=k

Proof. By item 1. of Lemma 2.1, we have ¢ € h N k. For this reason h Nk = {¢} or there exists an element
x € (hNk)—{e}. In the latter case, by Theorem 4.1, considering the table of B4, we obtainh = xoxox =k. [

Corollary 4.2. Every hypergroup (H, o) € S; owns at most two proper and non-trivial subhypergroups.

Proof. If we suppose that (H, o) owns three proper and non-trivial subhypergroups hy, h,, b3, then, from
Theorem 4.1 and Corollary 4.1, we obtain |h| = |hy| = |h3] =4 and by Nhy = hy Nhg = hy N hs = {e}. This fact
leds to |H| > 10, that is a contradiction. O

Corollary 4.3. Let (H, o) € Sy be a hypergroup having two proper and non-trivial subhypergroups. Then [xoy| > 1
forallx,y € H — {e}.

Proof. Let h and k be two distinct proper and non-trivial subhypergroups. By absurd, we suppose that
there exist x,y € H — {¢} such that |x o y| = 1. From Theorem 4.1 and Corollary 4.1, we have h = By = k
and h Nk = {e}. Obviously, we must have H = h Uk = (h — {¢}) U k. Since |x o y| = 1, we can assume that
x€h—{e},y e k—{e}and h—{e} = {x,z,w}. Consequently (xox)oy = {¢,z,wjoy = {y}UzoyUwoy. Now, by
reproducibility of k and H, wehave H = Hoy = [(h—{e}) Uk] oy = [(h—{e}) oy]Ukoy = xoyUzoyUwoyUk.
Sincex ¢ (xoy)Ukwehavex € zoyUwoy C (xox)oy = xo(xoy). Finally, from axiom (5), we have
x oy = {¢} and the contradiction y € (xox)oy=xo(xoy)=xoe={x}. O
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Next table shows an example of hypergroup in S; with two proper and non-trivial subhypergroups:

o[ 1 2 3 4 5 6 7

L] {2 {3} {4 15} {6} {7}

22 [ (1,34 (1,34 [{1,34 |H-2) [H-{2} | H-{2}
3B {24 {124 (1,24 |[H-38 |H-{3) | H-{3}
41,23 [ (1,23 [{1,23) |[H-{4 [H-{4 | H-{4)
5/} |H-5} |H-{5) | H-{5) [ {1,6,7} [ {1,6,7} [ {1,6,7]
6 [ {6} H {6} | H-{6} | H-{6} | (1,57} | {1,5,7} | {1,5,7}
7 H-"[H-{7} |H-{7} | {1,5,6} | {1,5,6} | {1,5,6}

The aforesaid subhypergroups are h = {1,2,3,4} and k = {1,5,6,7}. Obviously, in line with Corollary 4.1
and Corollary 4.3, itresults hNk = {1} and [xo y| > 1, forall x,y € H — {1}.

4.1. Strongly conjugable extensions in Sy

In this section we study the case where a hypergroup (H, o) € S7 owns a closed, proper and non-trivial
subhypergroup h. In this case, we will prove that (H, o) is a strongly conjugable extension of h. We premise
a proposition which is true for hypergroups in the class U'.

Proposition 4.1. If (H, o) € W' and h is a subhypergroup of (H, o), then the following conditions are equivalent:

1. his closed in (H, o);
2. his closed on the left in (H, o);
3. his closed on the right in (H, o).

Proof. The implications 1. = 2. and 1. = 3. are obvious. So we prove that 2. = 3., whence 2. = 1. By
hypothesis (H—-h)oh = H—h.If ho (H — h) N h # ( then there exist a pair (a,b) of elements in / and an
element x € H — h such that a € b o x. Moreover, from the reproducibility of /, there exists ¢ € h such that
ee€coa. Thuswehavee €coa Cco(box)=(cob)oxand consequently there existsd € c o b C h such that
¢ € d o x. Therefore, by Lemma 2.1, we obtain the contradiction ¢ € x od € (H —h) o h = H — h. So it must be
ho(H-h)Nh = 0 = (H—h)Nh.Finally, given that H = hoH = ho[(H — h) U h] = [ho(H-h)]Uhoh = [ho(H—-h)]Uh
and H=(H—-h)Uh,weobtainho(H—-h)=H - h.
The proof of the implication 3. = 2., whence 3. = 1., is analogous. [

Lemma 4.1. Let (H,0) € Sy and let h be a closed, proper and non-trivial subhypergroup of (H,0). Then x o b =
H—-(huU{x)), forallxe H—handb € h - {e}.

Proof. By Theorem 4.1, we have h = By. Moreover, for every b € h —{e} and x € H—h, we have [xo b] € {1,2}.
Infactxobc(H—-h)oh=H—-h,x ¢ xoband |H — h| = 3. Now, since h = By, if x o b = {y} we obtain

yob=(xob)ob=xo(bob)=x0(h—{b}) ={x} Uxo(h—{eb}).

Thus, setting h—{¢, b} = {c,d} and H—h = {x, y,z}, wehave xoc = xod = {z} because y ¢ yobex ¢ xo(h—{¢,b}).
Therefore we obtainz € xod Cxo(coc) = (xoc)oc =zocandc = ¢, that is impossible. Finally |x o b| = 2
andxob=H-(hU{x}). O

Corollary 4.4. Let (H,0) € S; and let h be a proper and non-trivial subhypergroup of (H, o). Then the following
conditions are equivalent:

1. his closed in (H, o);
2. his closed on the right in (H, o);

3. his closed on the left in (H, o);
4. (H, o) is a strongly conjugable extension of h.
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Proof. The equivalence among the items 1., 2. and 3. follows from Proposition 4.1. The implication 4. = 1.
descends from Proposition 3.1 and the fact that all conjugable subhypergroups are closed. Now we prove
that 1. = 4. Since h is closed it suffices to prove that (H — h) o (H — h) C h. By axiom (5), if there exists a
triple (x, y, z) of elements in H — h such that z € x o y, necessarily z # x. Therefore, by Lemma 4.1, taking an
elementb € h—{¢}, weobtainx € zob C (xoy)ob=x0(yob). Consequently e € yob S (H-h)oh=H-h,
that is impossible. So, for every pair (x, y) of elements in H —h, wehavexoy Ch. [

Theorem 4.2. If (H, o) € &y is a strongly conjugable extension, then (H, o) owns exactly one subhypergroup of size
4.

Proof. Let (H, o) be a strongly conjugable extension of h. By definition, & is a proper subhypergroup.
Moreover h # {e}. In fact, if h = {¢}, then for every x € H — {¢} we have x o x = {e} and so k = {¢,x} is a
subgroup of (H, o), in contradiction with item 3. of Lemma 2.1. Therefore, for Theorem 4.1, i = B;. Now, if
k is another subhypergroup of size 4, we obtain k = By and h Nk # {e}. In fact, if h Nk = {¢} then we get the
inclusion k = (k — {¢}) o (k — {¢}) € (H — h) o (H — h) = h, whence the contradiction k = h N k = {e}. Finally,
from Corollary 4.1, we obtain that h = k. O

An example of hypergroup in Sy, which is a strongly conjugable extension, can be obtained by means
of the construction in Example 3.1. In fact, if |G| = 2 and H = A; U A; with A; = By and |A;| = 3, then the
hypergroup (H, ®) belongs to the class S; and is a strongly conjugable extension of A;. In particular, setting
A1 =1{1,2,3,4} and A, = {5, 6,7}, the hyperproduct is given by the following multiplicative table:

1 2 3 4 5167
] 2 {3} 4 | {5016} | {7}
2) [ 1,34 [ {1,344 [ (1,34} | A, | A | Ay
31 [(L24 [ (1,24 [ (1,24 | A [ A [ Ay
411,23 [ {1,2,3) [ (1,23} | A, | A | Ay
5}
6}
7}

(10)

{6,7} {6,7} 6,7} | A1 | A1 | A
{5/ 7} {5/ 7} {5/ 7} Al Al Al
{5,6} {5, 6} {56} | A1 | A | A

N| OV Ol | WIN|—| e

Lastly, we observe that in the class &; there exist hypergroups (H, o) with a subhypergroup of size 4 which
is not closed. Obviously, such hypergroups are not strongly conjugable extensions. Here is an example:

o[ 1 2 3 4 5 6 7

L] {2 3} {4} {5} 6} {7}

22 [ {1,3,4) | {1,3,4) [ {1,3,4} [H-{2) [H-{2) [H-{2)
3B {24 {124 {1,244 |[H-38 |H-{3) | H-{3}
4114 {1,23 (1,23} [ {1,2,3} |[H-{4 |H-{4) [ H-{4)
5|50 |H-{5) |H-{5} | H-{5) | H-{5} | H-{5} | H—-{5}
6|6} | H—1{6) | H—{6} | H—1{6) | H—{6} | H—1{6} | H- {6}
7B |H-/V |H-{7} |H=-{7} |[H=-{7} | H-{7} | H-{7}

The set h = {1,2,3,4} is a non-closed subhypergroup of (H, o).

Remark 4.1. Previous results obtained in the present section and, in particular, Corollary 4.2, Corollary 4.3,
Corollary 4.4 and Theorem 4.2, suggest to tackle the problem open in [5] and quoted at the beginning of
this section by discriminating between three subcases:

1. (H, o) owns only one closed, proper and non-trivial subhypergroup;
2. (H, o) owns only one proper and non-trivial subhypergroup which is not closed;
3. (H, o) does not own any proper and non-trivial subhypergroup.

In what follows we address the first subcase; to this aim, we denote by €; the subclass of hypergroups in
&y that are strongly conjugable extensions.
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5. Structure of the class €,

In this section we deepen the knowledge of the class €;. In particular, we introduce a partial ordering
induced by the inclusion of hyperproducts, which allows us to give a complete characterization of hyper-
groups in €; on the basis of a small set of minimal hypergroups. A similar description is obtained in [7] for
the hypergroups of type U on the right having order 6 whose right scalar identity is not also a left identity.

For Theorem 4.2 and Corollary 3.1, every hypergroup (H,0) € €; owns exactly one conjugable and
invariant subhypergroup h = B,. Moreover, from Lemma 4.1, we know that x o b = H — (h U {x}), for every
x € H-hand b € h - {e}. Thus, setting H = {1,2,3,4,5,6,7} and h = {1,2,3,4}, up to isomorphisms, we
obtain the partial hyperproduct table

2 3 4 5167
{2} 13} 41 | (51| {6} | {7}
1,34 [ {1,341 [{(1L,3 4} [ X1 [ X2 [ X5
1,2,4) [{1,2,4} [ (1,24} | Xa | X5 [ X6
{1,2,3) [ {1,2,3} [{L23} [ X7 [ Xs [ Xo

6,7y | 16,7} | 16,7} | Y1 |Ys | Y3
570 | 5,70 | 65,70 | Ya[Ys | Y
56} | {561 | {561 | Y7 |Ys| Yy

(11)

1
1
2
3
4
5
6
7

N O U1 x| W N[ | %

where the sets X; and Y; fori=1,2,...,9 are non-empty subsets of H — h and h, respectively.

In what follows, we prove some properties pertaining to the sets X;, Y;. These results will be useful in the
next section to determine the isomorphism classes of certain minimal hypergroups in €;. In the forthcoming
results we will tacitly refer to the table (11), in particular whenever we make use of the notations Xj, Y;.

Lemma 5.1. Ifbeh—{1}and x,y € H—h, with x # y, then
box={y} = boy=yob=H-(hU{y}).

Proof. By hypothesis we have x € yob=H - (hU{y})and (h —{b}) ox = bob)ox =bo(box) =boy.
Moreover, from Proposition 3.1, we obtain H —h =hox = (h—{b}))oxUbox=boyU{y},andso [boy| > 2.
Finally, since [yob| =2and boy Cbo(xob) = (box)ob=yob, wehavethatboy =yob=H—-(hU{y}). O

Proposition 5.1. Foreveryi=1,2,...,9, we have |X;| > 2.

Proof. Suppose that there exists i € {1,2,...,9} such that |X;| = 1. Obviously there exist b € h — {1} and
x,y € H — h such that X; = b o x = {y}. We distinguish two cases:

1. Case x = y: Wehave (h—{D})ox =(bob)ox=bo(box)=box = {x},and so h o x = {x}. Furthermore,
since h is invariant, we obtain H —h =xoh =hox = {x}.

2. Case x # y: Assuming H — h = {x, y,z}, from Lemma 5.1, we have bo y = {x,z} and (h — {1,b}) ox C
(bob)yox =bo(box)=0boy={x,z}. Now, if there exists ¢ € h — {1, b} such that x € c o x, we have the
contradiction y e box Cbo(cox)=(oc)ox=((h—-{b})ox={x}U(h—{1,b}) ox C {x,z}. Thus

(h—{1,b}) ox = {z}.

At last, putting h — {1,b} = {c,d}, we have c o x = d o x = {z}. Then, from Lemma 5.1, we obtain that
coz={x,y},and moreoverz€edox C(coc)ox=co(cox)=coz={x,y}.

Hence, in both cases, we come to a contradiction. So |X;| > 2. O

The forthcoming proposition concerns the sets Y;. We premise the following

Lemma 5.2. Foreveryi=1,2...,9, we have:
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1. Yio2=Y;03=Y,04;
2. Y ¢ {1}1,{1,2}, (1,3}, {1, 4}}.
Proof. Letx,y €{5,6,7}and Y; =x oy, forsomeie€ {1,2,...,9}.
1. From (11), we have y 0 2 = y 0 3 = y o 4. Consequently we obtain
xo(yo2)=xo(yo3)=xo(yod),

andso Y;02=Y;03=Y,04.
2. If Y; =xoy = {1}, byitem 1., we obtain

2=102=Y;02=Y;03=103=3,
that is a contradiction. Moreover, if Y; = x o y = {1,2}, then we have
Yio2={1,2}02=102U202={2}U(h—-{2}) =k
Y;03={1,203=103U203={3}U(h—{2})=(h-{2}),
that is impossible by 1. Hence Y; # {1,2}. Analogously one can prove that Y; # {1,3} and Y; # {1,4}.
0

Proposition 5.2. Foreveryi=1,2,...,9, we havel € Y;and |Y;| > 3.

Proof. Letie€{1,2,...,9} and x, y € H — h such that Y; = x o y. From Proposition 5.1, we have |a o x| > 2 for
every a € h — {1}. Hence, sinceaox € H—h = {5,6,7}, we obtain that a o x € {{5, 6}, {5,7},16,7}, {5,6,7}}, for
every a € h — {1}. Therefore we can distinguish two cases:

Case 1: If 20x N3 o x N4 o x = () then, withous loss of generality, we can suppose 2 o x = {5,6},3 0 x = {5,7}
and 4 o x = {6,7}. Thus, if we suppose by absurd that 1 ¢ Y; = x o y, by axiom (5) we have

2¢2o0xo0y=50yUboy;
3¢3o0xoy=50yU70y;
4¢doxoy=60yU7o0y.

Consequently we obtain 50y C {1,4}, 60y C {1,3} and 7o y € {1,5}. Whence, sincel ¢ hoyand Hoy = H,
there exists a € H — h such that 1 € a0 y and |a o y| < 2. This fact contradicts Lemma 5.2. Hence 1 € Y;.

Case 2: If there exists an element t € 20x N3 o x N4 o x then, by (11) we have t o y C h. Now, for Lemma
5.2, we know thattoy # {1} and so t o y N (h — {1}) # 0. Moreover, taking an elementa € t o y N (h — {1}), we
havet€goxandthusaetoy C (aox)oy =ao (xoy). Consequently, also in this case, by axiom (5) we
obtainthat 1 e xoy =Y.

Finally, again for Lemma 5.2, we have that |Y;| > 3, foreveryi € {1,2,...9}. O

As an immediate consequence of Proposition 5.1 and Proposition 5.2, due to the structure of the hyper-
groups in €; shown in (11), we obtain the following result:

Theorem 5.1. If (H, o) € €7 then |x o y| > 2 whenever x, y are two elements different from the identity.
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5.1. A semiordering in €;

Earlier in this section, we proved that all the hypergroups in €; can be described by the table (11),
and fulfil the conditions stated in Propositions 5.1 and 5.2. Hence, we are motivated to consider €; as the
set of all hypergroups whose hyperoperation is represented as in (11). We stress the fact that, with this
convention, every hypergroup in Sy that is a strongly conjugable extension, is isomorphic to (at least) one
hypergroup in ;.

For notational and descriptive simplicity, hereafter we will use a shorthand notation to represent the
multiplicative table of hypergroups (H, o) € €;. More precisely, we denote with B, Xi, A and Yy the arrays

{1) {2} {3} {4) {5} | {6} | {7}

B - 2V 1 (1,3,4) | {1,3,4} | {1,3,4) oo X[ X | X

(3Y 1 {1,2,4) | {1,2,4) | {1,2,4) =X, TXs | Xe

4 111,23 | {1,2,3} | {1,2,3} X7 | Xs | Xo
{5) | 16,7} | 16,7} | {6,7) Yi | Y2 | Y3
A=[1{6) |57 | 5,7V | 5,7V | Yu=|Ys | Ys | Ye
{7} | 15,6} | {5,6} | {5,6) Y7 | Ys | Yo

With these notations, we can represent the hyperproduct table (11) in a compact way by means of the
following block table:

B | Xy
A | Yu

(12)

Furthermore, we can define two special subsets of €7 as follows: Let

B T 6 7
_ {5,6,7} | {5,6,7} | {5,6,7}
X = 5,67 1567 | 567 (13)

{5,6,7} | {5,6,7} | {5,6,7}

{1,2,3,4} | {1,2,3,4} | {1,2,3,4}
Yy = {1,234} {1,234 | {1,234} | (14)
{1,2,3,4} | {1,2,3,4} | {1,2,3,4}

We denote by €;(X) (resp., €;(Y)) the set of hypergroups in €; with block tables (12) such that Xy = X
(resp., Yy = Y). Obviously the sets €7(X) and €;(Y) share only the hypergroup (H, ) defined in (10), whose
block table is

B | X

AlY (15)

In what follows, we prove that €; owns a rather special structure with respect to the partial ordering given
here below. This structure allows us to obtain all hypergroups in €; starting from the minimal elements in
that set.

Definition 5.1. Given two hypergroupoids (H, o) and (H, ), we say that (H, o) is a hyperproduct restriction of
(H*)if xoy Cx=y, for all x, y € H. In this case we say also that (H, *) a hyperproduct extension of (H, o), and
we write (H, o) < (H, *).

Definition 5.2. A hypergroup (H, o) € €7 is said to be minimal if there exists no hypergroup in ¢; different
from (H, o) which is a hyperproduct restriction of (H, o).
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We observe that, in the light of these definitions, the hypergroup represented from the block table (15)
is maximum in the partially ordered set (€7 , <).

Henceforth, we denote by My (resp., Niz(X) and Niy(Y)) the set of hypergroups in €; (resp., in €(X)
and €;(Y)) that are minimal according to Definition 5.2. Every hypergroup in €; — 9y can be obtained by
hyperproduct extension of some hypergroups in M;. Moreover, every hypergroup in iy owns non-trivial
hyperproduct extensions belonging to €;. These results descend from Theorem 5.2; its proof is largely
based on the following preliminary results:

Lemma 5.3. Let (H,0) € €;. For everya,b € h—{1}and u,v,x,y € H — h, we have

1. ifu#vthen (xou)U (xov) =h;

2. ifx#ythen (xou)U(you)=h;

3. iffu#tvthen(@ou)U(@aov)=H-h;

4. ifa#bthen{ufU@ou)U(bou)=H-h.

Proof. 1.1f u # v then we can set H — h = {t,u, v}. Thus, if x € H — h then, by Proposition 5.2, there exist two
distinct elements a,b € h — {1} such that x ot 2 {1,4,b}. So, by (11), we have (xou) U(x o v) = x o {u, v} =
xo(to2)=(xot)o22{1,a,b}o2=Hh, whence the claim follows.

2. Letx # yand H—h = {x, y,z}. If u € H — h then, by Proposition 5.1, we know that |2 o u| > 2. Hence, from
(11) and item 1. we have that (xou) U (you) = {x,yJou = (zo2)ou=zo0Qou) =h.

3. Let {t,u,v} = H—-hand a € h — {1}. By Proposition 5.1 we have |a o | > 2. Therefore, from (11), we obtain
(@aou)U@ov)=aofu,v}=ao(to2)=@ot)o2=H-h.

4. Leta#band{a,b,c} =h—-{1}. By (11), wehave (coc)ou ={1,4,b} ou = {u} Ua o u U b o u. Moreover, by
Proposition 5.1, we can suppose that there exist two distinct elements x, y € H — h such that {x,y} C cou.
Then, by the preceding item 3., we have co(cou) 2 co{x, y} = (cox)U(coy) = H—h. So {u}UaouUbou = H-h
and the proof is complete. [J

Lemma 5.4. Let (H,0) € €;. For everya,b,c € h—{1}and x,y,z € H — h, we have

1. aoboc=#h;

2. aobox=gaoxob=xo0oaob=H-h;
3.aoxoy=xoaoy=xoyoa=n

4. xoyoz=H-h.

Proof. Firstly, we observe that (H, o) is a strongly conjugable extension of the subhypergroup & and so, by
Proposition 3.1, we have

aoboxUaoxobUxoaobCH-h;
aoxoyUxogoyUxoyoaCh
xoyozCH-h.

1. Itis obvious since h = By.
2. By Proposition 5.1, there exist two distinct elements u, v € H — h such that {i, v} C b o x. Hence, from
item 3. of Lemma 5.3, we haveaobox 2aof{u,v} =(@ou)U(@@ov)=H - h.
Analogously, if {u, v} C a o x then, by (11) we deduceaoxob 2 {u,vjob=(uob)U(vob)=H—-h.
Moreover, we canset H —h = {x,y,z} and x oa = {y,z}. Thusxoaob={y,zlob=yobUzob=H-h.
3. For Proposition 5.2, there exists an element b € h — {1} such that {1, b} C x o y. Hence, by (11), we have
aoxoy2ao{l,bl={ajUaob=".
If weset H—h = {x,z,w} and x oa = {z, w} then, by item 2. of Lemma 5.3, we have xcaoy = {z,w}oy =
zoyUwoy=h.
Moreover, for Proposition 5.2, we know that there exist two distinct elements b, c € h — {1} such that
{1,b,c} C x o y. Therefore, by (11), we get that xo yoa 2 {1,b,cloa =h.
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4. Lastly, we can suppose that {1, b} C yoz. Hence, by (11), we havexoyoz 2 xo{1,b} = {x}Uxob=H—-h.
|

We observe that the content of the preceding lemma leads to the following conclusion: Let (H, o) € €;
and let o3 denote the ternary extension of the hyperoperation o. Then, the ternary hypergroup (H, o3) is
Abelian.

Theorem 5.2. Let (H, o) be the hypergroup described in (15), and let (H, o) and (H,*) be two hypergroupoids. If
(H,0) € €y and (H,0) < (H,*) < (H, o) then (H, *) € €;.

Proof. 1f (H,0) € €z and x oy C x*y C x @ y for every x, y € H then the hyperoperation * fulfills the axioms
(3), (4) and (5). It remains to prove associativity. For every x, y,z € H — {1}, we have

(xoy)ozC(x*y)*zC(xey)ez,  xo(yoz)Cxx*(y*z)Cxe(yez).

By virtue of Lemma 5.4, we have x o y o z = x ® iy @ z, hence we get that (x * y) * z = x * (y * z) and we have
the claim. The remaining case, when one of x, y, z is the identity, associativity is trivial. [

The subsequent theorem shows that every hypergroup in €; can be obtained from those belonging to
€7(X) and €(Y). This fact will allow us to obtain the tables of minimal hypergroups of €; starting from
minimal hypergroups of €;(X) and €;(Y). The description of these tables will be given in the next section.

Theorem 5.3. Using the notations (13) and (14) we have:

1. (H,0) = i };g €€ = (Ho)= i )if € G (Y);

2. (H,o)zﬁ );g €E = (H,*):i y); € &(X);

3. (H,¢) = i }if € G (Y) and (H,+) = ﬁ ;; €EGX) =
(H, o) = ﬁ }Y(g € .

Proof. The first two items follow at once from Theorem 5.2. In fact, if (H, ®) is the hypergroup described
in (15), then we get (H,0) < (H,0) < (H,e) and (H,0) < (H,*) < (H, ). Therefore (H, x) and (H, ¢) are
hypergroups respectively in €7(X) and €(Y).

In order to prove the third item, it suffices to show that the hyperoperation o is associative for every
triple of elements in H — {1}. We proceed by cases, supposing thata,b,c € h— {1} and x,y,z € H — h.

1. Associativity for the triple (g, b, ¢) is obvious.
2. (a,b,x): From hypotheses and Lemma 5.4, we get that

(@aob)ox=(@ob)yox=H—-h=ao(box)=ao(box).

Essentially in the same way, we can prove associativity for triples (a, x,b) and (x, a, b).

3. (a,x,y): From hypotheses and Lemma 5.4, we have ao(xoy) = a*(x+y) = hand (aox)oy C h. Moreover,
for Proposition 5.1, there exist two distinct elements u, v € H — h such that {u, v} C a ¢ x. Hence, for the
second item of Lemma 5.3, we obtain that (rox)oy = (aox)oy = (aox)*y 2 {u,v}*y =u+yUv=+y = h.
Henceao(xoy)=h=(aox)oy.

4. (x,a,y): The proof is similar to the previous item. In this case we suppose that {#,v} C a ¢ y and use
the first item of Lemma 5.3.

5. (x,y,a): From hypotheses and Lemma 5.4, we get

(xoy)oa=(x+y)ra=h=x*(y*a)=xo(yoa).
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6. (x,y,z): From hypotheses and Lemma 5.4, we have xo (yoz) = x+(y*z) = H—hand (xoy)oz C H—-h.
Besides, for Proposition 5.2, there exist two distinct elements a,b € h — {1} such that {1,a,b} C x * y.
Thus, from the fourth item of Lemma 5.3, we obtain that (xc y) oz = (x*y) oz 2 {l,a,b} oz =
{z}UaozUboz={z}UaozUboz=H—-h. Hencexo(yoz)=H-h=(xoy)oz

[

The following corollary is an immediate consequence of Theorem 5.3; it is exploited in the next section
to characterize My in terms of Niy(X) and NVi7(Y).

Corollary 5.1. If My, N7 (X) and N7 (Y) are respectively the sets of minimal hypergroups in €;, €;(X) and €;(Y),
then a hypergroup (H, o) € My if and only if there exist two hypergroups

B[ X B[ X
(H o) ={— feﬁﬁjmd&hhlque%@)
such that (H, o) = i );H
H

6. Computation of minimal hypergroups in €;

In this section we present transversal sets for the classes Mi7(X) and Mi;(Y) defined in the preceding
section. In the light of Corollary 5.1, these two lists are sufficient to completely describe the class 9i;.
We recall that, owing to Theorem 5.2, all hypergroups in €; can be obtained, modulo isomorphisms, as
hyperproduct extensions of the hypergroups in ;. To produce these lists, we employ two algorithms
described in the Appendix of the paper [6]. The first routine, which is called findHgroups, determines
all the hypergroups in a given class specified by an incomplete hyperproduct table. The second routine,
called sieveHgroups, takes as input a hypergroup list and produces as output a list of representatives of
its isomorphism classes. For brevity, we illustrate only the construction of the transversal set of Mi7(X); the
construction of the corresponding list for Mt;(Y) is almost completely analogous.

Firstly, we produce a complete listing of the hypergroups in €;(X); to this aim we make use of the routine
findHgroups, adapted to the hyperproduct structure described in (11) having fixed the hyperproducts
X; = {4,5,6} fori = 1,...,9. The hyperproducts Y3, ..., Y9 must fulfil the conditions in Proposition 5.2.
Hence, an high-level description of the routine findHgroups adapted to our pourposes is the following:

EX)=0

Y =1{1,2,3},{1,2,4},{1,3,4},{1,2,3,4})
forallY; e VY

forall Y, ¢ Y
forall Y; e Y
forallY, e Y
forall Ys € Y
forall Yo e VY
forall Y, € Y
forall Yg e Y
forall Yo e Y

define (H,0) asin (11) with X; =... = X9 = {4, 5, 6}
if (H, o) is associative and reproducible then
add (H, o) to €;(X)

End.

On termination, the list €;(X) contains 11776 hypergroups. Next, we compute Mi;(X). Starting from the
list €7(X), we discard those hypergroups that are extensions of some other hypergroups in the same set.
The selection is performed in the following way: Let Hj, ..., Hy denote the hypergroups in €7(X). To each
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Nr. Y1 Yz Y3 Y4 Y5 Y5 Y7 Yg Yg
1 123 | 124 | 134 124 123 1234 | 134 1234 | 123
2 123 | 124 | 134 124 123 1234 | 134 1234 | 124
3 123 | 124 | 134 124 123 1234 | 1234 | 134 123
4 123 | 124 | 134 124 123 1234 | 1234 | 134 124
5 123 | 124 | 134 124 134 123 134 123 124
6 123 | 124 | 134 124 1234 | 123 1234 | 134 124
7 123 | 124 | 134 134 123 124 124 134 123
8 123 | 124 | 134 134 123 1234 | 1234 | 134 124
9 123 | 124 | 134 134 1234 | 123 124 123 1234
10 | 123 | 124 | 134 134 1234 | 123 124 134 1234
11 123 | 124 | 134 134 1234 | 123 1234 | 123 124
12 | 123 | 124 | 134 134 1234 | 123 1234 | 134 124
13 | 123 | 124 | 1234 | 124 123 1234 | 1234 | 1234 | 134
14 | 123 | 124 | 1234 | 1234 | 1234 | 134 124 123 1234

Table 1: Hyperproducts Y7, ..., Yy defining the isomorphism classes of M;(X).

Ne | X1 | X% | X3 | Xe | X5 | X6 | X0 | Xs | Xo
T |56 |57 |67 |57 |67 |5 |67 |56 |57
2 |56 |57 |67 |57 |67 |56 |67 |57 |56
3 |56 |57 |67 |57 |567 |56 | 567 |67 |56
4 |56 |57 |67 |67 |57 |56 |67 |57 |56
5 |56 |57 | 567 |57 |56 |67 |67 |57 |56
6 |56 |57 | 567 |57 |56 |67 |67 | 567 |57
7 |56 | 57 | 567 | 57 |67 |56 | 567 |56 |67
8 |56 |57 | 567 |57 | 567 | 67 | 67 | 56 |57
9 |57 |56 |67 |56 |67 |57 |67 |57 |56
10 |57 | 56 | 567 | 56 | 57 |67 |67 |57 |56
11 |57 | 56 | 567 | 56 | 57 | 67 | 567 | 67 | 57
12 | 57 | 56 | 567 | 56 | 57 | 567 | 567 | 57 | 67
13 |57 | 56 | 567 | 56 | 67 |57 | 567 |57 | 67

Table 2: Hyperproducts Xj, ..., Xy defining the isomorphism classes of Mi;(Y).
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hypergroup, associate a binary-valued variable flag whose value is set initially to one. Then, we perform

the following algorithm:

M(X)=0
fori=1,...,k
forj=1,... .,k

if H; < Hj then
flag(j) := 0

End.

add H; to My (X)

if [i # j and flag(j) = 1] then

Upon termination, those hypergroups whose corresponding flag is set to 1 are minimal. In particular,

the number of flag variables whose value is one gives the cardinality of Mi7(X). This number is 390.

Finally, we employ the routine sieveHgroups to select a set of pairwise not isomorphic hypergroups
from My (X). To speed up the construction of that transversal set, it is opportune to identify the smallest
possible set of candidate isomorphisms in €;. By observing the structure of the hyperproduct table (11),
we conclude that every permutation 7= € Sy that is also a hypergroup isomorphism in €; necessarily fulfills
the equations n(1) = 1, n({2,3,4}) = {2,3,4} and n({5,6,7}) = {5,6,7}. The possible permutations are 36
and consitute a group isomorphic to S3 X S3. By applying sieveHgroups to the list Mi7(X) with these
permutations we obtain 14 hypergroups pairwise not isomorphic. With reference to (11), we show in Table
1 the sets Y7, ..., Yq characterizing this transversal set.
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The construction of a transversal of My (Y) proceeds analogously, having fixed the hyperproducts Y; =
{1,2,3,4}fori =1,...,9. The condition to be satisfied by the sets Xj, ..., Xo is the one given in Proposition 5.1.
Hence, we let X; € X = {{5, 6}, {5,7},16,7},{5,6,7}} in the routine findHgroups. As a result, the cardinality of
€7 (Y) is 19268, and that of My (Y) is 49. Finally, the selection of pairwise non-isomorphic hypergroups ends
up with 14 representatives, that are listed in Table 2.

Therefore, from Corollary 5.1 we obtain the following result:

Theorem 6.1. There exist 182 isomorphism classes in My. A transversal is given by the hyperproduct table (11)
when the hyperproducts Y; are chosen from the rows of Table 1 and the hyperproducts X; from the rows of Table 2.

A rigorous proof of this theorem should exploit the following fact, which is rather self-apparent: in the
block-notations analogous to those in Corollary 5.1, let

[B[Xu]_. S _[BX,
(H,0) = 4y, €Ma(Y) and  (H%) = v € My(X).

Hence, if f is a isomorphism, (H, ©) N (H, %), then the same f determines also the following isomorphisms:

B X | s [B[X B[ Xu| £ [B]X,
A | Yu Alvy, | [A]Y AlY

7. Conclusions

In this paper we have analyzed hypergroups that are strongly conjugable extensions of one of their
subhypergroups, see Definition 3.1. Successively, we considered the class S of hypergroups of type U on
the right having bilateral scalar identity and order 7. The interest in this class arises from various facts
recently discovered in closely related hypergroup classes, see e.g., [2, 5-7]. In particular, we have shown
that a nontrivial subhypergroup & of a hypergroup (H, o) € &7 is closed if and only if (H, o) € €7 is a strongly
conjugable extension of 1. We have developed the analysis of this kind of hypergroups and we have found
that they can be characterized by means of a small set of hypergroups that are minimal with respect to
a semiordering induced by hyperproduct inclusion. This approach to the representation of hypergroup
classes was firstly proposed in [7] and is quite relevant to hyperstructure theory since the generality of
hyperproduct operations hinders the study of the automorphism group and the isomorphism classes of
this kind of hyperstructures.

Finally, we observe that the problem raised in [5], namely, to establish the minimal (odd) cardinality n of a
hypergroup in &, fulfilling conditions (1) and (2) remains still unsolved. Nevertheless, the results presented
herein considerably simplify its solution. Indeed, we know from [5] that n > 5, and the hypergroup
presented in (8) shows that n < 9. By Theorem 5.1, the problem is now circumscribed to two subclasses of
&y, that is, the hypergroups that own only one proper and non-trivial subhypergroup which is not closed,
and those that do not own any proper and non-trivial subhypergroup.
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