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Global existence of strong solutions for incompressible
hydrodynamic flow of liquid crystals with vacuum

Shijin Ding?, Jinrui Huang?, Fengguang Xia?

?School of Mathematical Sciences, South China Normal University, Guangzhou 510631, P.R. China.
bSchool of Mathematics and Computational Science, Wuyi University, Jiangmen 529020, P.R. China.

Abstract. We consider the Cauchy problem for incompressible hydrodynamic flow of nematic liquid
crystals in three dimensions. We prove the global existence and uniqueness of the strong solutions with
nonnegative py and small initial data.

1. Introduction

In this paper, we study the following incompressible hydrodynamic flow of nematic liquid crystals in
R3 x (0, +0) (See [5, 10, 22]):

pr+V-(pu) =0, 1)
(pu)i +V-(pu®u)+ VP = pAu—- AV - (Vd © Vd), )
V-u=0, (3)
d; + (u-V)d = 6(Ad + [Vd[*d). (4)

Here p : R3 X [0, +00) — R! denotes the density function of the fluid, u : R® X [0, +c0) — R® denotes the
velocity field of the fluid, d : R® X (0, +o0) — S? denotes the macroscopic average of the nematic liquid
crystal orientation field, and P(x, t) is a scalar function representing the pressure. u >0, A > 0, 0 > 0 are
viscosity of the fluid, competition between kinetic and potential energy, and microscopic elastic relaxation
time respectively. The symbol ® is the usual Kronecker multiplication, e.g. u® u = (u;u})1<; <3, and the
notation Vd © Vd denotes the 3 X 3 matrix whose (i, j)-th entry is given by V;d - V;d, for 1 <i,j < 3.

We consider system (1)—(4) equipped with the following initial conditions:

(P/ u, d)(xr O) = (PO/ Uo, dO)r with V- Up = 0/ (5)
and the following boundary conditions (see also [7]):

p,u vanish at infinity and d is constant at infinity (in some weak sense). (6)
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The hydrodynamic flow of incompressible liquid crystals was first derived by Ericksen [5] and Leslie
[10] in 1960s. However, its rigorous mathematical analysis did not take place until 1990s, when Lin [12]
and Lin-Liu [14-16] addressed the existence and partial regularity theory of suitable weak solutions to the
incompressible hydrodynamic flow of liquid crystals of variable length. More precisely, they considered
the homogeneous case p = 1 and the approximate equation of incompressible hydrodynamic flow of
(1-1dP)d

2
solutions and the global existence of weak soleutions in dimension two and three. For any fixed € > 0,
they also showed the existence and uniqueness of global classical solutions either in dimension two or
dimension three when the fluid viscosity u is sufficiently large; in [15], Lin and Liu extended the classical
theorem by Caffarelli-Kohn-Nirenberg [1] on the Navier-Stokes equation that asserts the one dimensional
parabolic Hausdorff measure of the singular set of any suitable weak solution is zero. See also [17, 20] for
relevant results. It is a very interesting question to ask whether there exists a global weak solution for the
incompressible hydrodynamic flow equations (1)-(4) similar to the Leray-Hopf type solutions in the context
of the Navier-Stokes equation. This question has been answered firmly by [13] when N = 2 and p = 1.
When p # constant, Liu and Zhang in [19] obtained the global weak solutions in dimension three with the

liquid crystals (i.e., [Vd|*d is replaced by ), and proved in [14] the local existence of classical

3
initial density py € L?. Jiang and Tan in [8] improved the condition of py, i.e. py € L”, ¥ > =. However,

the estimates depend on ¢, and therefore one cannot take the limit ¢ — 0. Wen and Ding in [22] proved
the local existence and uniqueness of the strong solutions to the model (1)-(4) for a bounded domain in
RN (N = 2 or 3), provided that the initial density py > 0. Furthermore, they got the global existence and
uniqueness of the strong solutions with small enough initial data and )1(25 po > 0in 2D. Very recently, Li and

Wang proved in [11] the existence and uniqueness of the local strong solutions with large initial data and
the global strong solutions with small data in Besov space for the initial density away from vacuum in 3D.
It leads us to focus on the global existence and uniqueness of strong solutions with small enough initial
data and nonnegative py for the model in 3D.

2. Main results

Before stating the main results, we explain the notations and conventions used throughout this paper.
We denote

fszSfdxandfotff:j:fwfdxdt.

For 1 < r < oo, we denote the standard Sobolev spaces as follows:

L' =L'(R%, D ={velL]

loc

(R%) : [V¥oly, < oo}
Wr = " A DM, H* = W*2, DX = D2, D! = {v €Lb: Vo2 < oo},

here | - |;- and | - |- denote the norm in L" and W*” respectively.
Our main results are stated as follows:

Theorem 2.1. Assume that py > 0, pg € H'NL®,ug € D>ND!, dy € D'ND3(R®, S?), and the following compatible
conditions are valid

pAug — VP — AV - (Vdy © Vdg) = ypog, in R?, (7)
for some (Po, g) € H! X L2. There exists a sufficiently small positive constant g such that if

| VPouol?, + [Vuol2, +Vdol2, +IgI7, < €0, 8)
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then for arbitrary positive T, problems (1)—(6) admit a unique strong solution (p, u, d) satisfying

p € C([0, T; H') N L=(Qr), pr € C([0, T]; L?),

Vu e C([0, T; H') N L*([0, T]; W*°), u; € L*([0, T]; D"), +jpu; € L*([0, T]; L?),
P e C([0, TI; HY) nL2([0, T; WY®), |d| = 1, in R® x [0, T],

Vd e C([0, T]; H*) n L2([0, T]; H®), d; € C([0, T]; H") N L3([0, T]; H).

3. Preliminaries

In this section, we give some lemmas which will be used in the next section.

Lemma 3.1. (Interpolation inequality) Assume1 <s <r <t < oo and

1.8, 1-9% )
r s t

Suppose also f € L* N L. Then f € L, and
fler < CIFRIAILS (10)

Lemma 3.2. (Gagliardo-Nirenberg inequality) For p € [2,6], g € (1, 0), and r € (3, 00), there exists some generic
constant C > 0 which may depend on q, r such that for f € H and g € L7 N\ D", we have

br w6
I, < CIfl,2 VA, (11)
and
3‘17“_3)3 3 3" 3
|9lcarsy < Clgl; "7 Vgl (12)

One interesting case is when g = 2 and r = 6, we recover the C(IR*) norm stated above.

4. Proof of main results

In this section we establish some a priori estimates globally in time by a modified energy method
motivated by [2, 3] and then prove Theorem 2.1. The local existence and uniqueness of solution for
problems (1)—(6) can be proved by a similar iteration procedure shown in [18, 22] or Galerkin’s method
shown in [7, 14, 21] and a standard domain expansion technique mentioned in [4, 7]. For simplicity, we
omit the proof in this paper. In the following, we denote by C the generic constants dependent on y, A, 8
and the initial data, but independent of p, u,d and T.

Lemma 4.1. (Basic energy law) For any t > 0, it holds

t t
f (plul* + A[VAP) +2u f f [Vul® + 216 f f IAd + [Vd[*d]?
0 0

= f(poluol2 + AIVdoP). (13)
and

0 < p(x, t) < sup po(x). (14)

xeR3
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Proof. Firstly, we rewrite (2) by (1) into
pu; + p(u-V)u+ VP = yAu— AV - (Vd 0 Vd). (15)

Then multiplying (15) by u, and then integrating over IR%, we use (3) and integration by parts to give

22 f ol + f Vul?
- —Af[Ad.vmv('V;'z)].u:—Af(u.v)d.Ad. (16)

Here Ad - Vd = Z?:l Ad;Vd;. Then multiplying (4) by (Ad + |[Vd[*d), and then integrating over R, one
obtains

f (d;+u-Vd)-Ad =6 f |Ad + [Vd[2d[?, (17)
where we have used the fact that |d| = 1 to get
(d; +u-Vd)-|VdPd = % [IVaP(dPR); + u - V(IdP)IVdP] = o. (18)

By using integration by parts and (6), we have

-~ 2
f d;-Ad = 2 o f IVd. (19)

Hence we obtain

2 5 f [Vd]> + A0 f |Ad + [Vd]?d[? = f (u-V)d - Ad. (20)

It is easy to see that, by adding (16) and (20) and then integrating over [0, t], (13) follows.
Finally, (14) follows by the characteristic method (cf. [9]). O
Lemma 4.2. Forany t > 0, it holds

sup (|Vul?, + [VdZ, + [ vpwl, + Idif2,)

>0

t
+ f (IVul, + A2, + 1 VpwP, + VuP, + VR, ) < C. (21)
0

Proof. First of all, taking the inner product of (4) by Ad, and then by using integration by parts and the fact
|d| = 1, we have

2 5 f vd? + f AP = 6 f vd* + f (u-V)d-Ad

CIVdl.|AdF, + f (u-V)d-Ad

IA

IA

CIVdlZ,|Ad2, + f (u-V)d - Ad. (22)

Here we have used the following fact obtained from Lemma 3.2 and the elliptic estimate in the whole space
R3:

Vdl!, < CIVdl2[V*dP, < CVdliz|AdP (23)

127
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and this term is the main difficulty for the problem considered in a bounded domain. Then applying V to
(4), one obtains

Vd; + Vu - Vd + u- V2d = OVAd + 20(Vd : V*d)d + 6|Vd[*Vd, (24)

and then multiplying (24) by VAd and using integration by parts, we have

1d ) By
ZdtflAc” +9f|VAd|

= f [vu -Vd +u-V3d -20(Vd : V2d)d - 9|Vd|2Vd] -VAd

IN

f [Vu||Vd|[VAd| + f [u||V2d||[VAd]
+26 f [Vd||V2d||VAd| + 6 f [Vd]}|VAd|
= L+L+I13+14 (25)

The Holder inequality, Lemma 3.2, Lemma 4.1, the elliptic estimate in R? and the Cauchy inequality imply
that

I < ClVulsVdlsIVAd):
< ClAul:VAIAd)IVAd): < CIAdLE, (1Aul, + VAdE,),
L < ClulslV2dlaIVAd]e < CIVulzlAd,,
I; < CVdis|V2dls|VAdI: < CIAdIzIAd,,
Iy < CVAP|VAd|;: < CIAAE, A,

On the other hand, multiplying (15) by u;, we use (3), (14) and integration by parts to give

d
b [ [ ot
= —fp(u-V)u'ut—AfAd'Vd-ut

< ClVple=lulpelVulps| a2 + [Ad2 V] fugl e
< 1|\/_u 2, + CIVul,[Vul2, + CIAd|? (1AdP, +Vu,2,) (26)
= Slvpudp VUl 12 12 tpz ) -

It follows from the estimates for the stationary Stokes equations (see [6]), (14), the Hélder inequality and
Lemma 3.2 that

IA

IV2ul?, Cl-pu — p(u-V)u—-AV-(Vd o Vd)[2,.
Clplis| Vowl, + Clulf IVulf, + CIV2dI [Vl

Clypwil?, + CIVulZ,IVulf, + CIAdIE A, (27)

IN

IA

We infer from (26) and (27) that

d
EIIVHI2+IIV2HIZ+IPIWIZ

1
< C(quILz +[Vul, + |Ad]7, + |Ad|§2) (IVal, +1Vul, +1Ad2,). (28)
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Secondly, applying J; to (15), we have

puy + p(u - V)u; — uAu; + VP,

2
B _pf[“er(“'v)“]—Put'vu_[Adt'Vd+Ad~th+V(W§| )]
t

(29)
Then multiplying (29) by u;, and then using (1), (3) and integration by parts, one obtains
2ii [ e [ vur
= —fpt[ut+(u-V)u]out—fp(ut~V)u-ut—f(Adt-Vd+Ad-th)-ut
= —fpu-(Vut+Vu~Vu+u-V2u)-ut—fpu-[ut+(u~V)u]-Vut
—fp(ut'V)wut—f(Adt~Vd+Ad-th)-ut
< f 2plullVuyllws] + plullVaPlug] + plalIVullus] + pluf*|Vul[Vuy|
+pluP[Vul + A IVdllu| + |Ad]IVd,||ul
= hi+th++at]s+]e+]r (30)

It yields from the Hélder inequality, Lemma 3.1, Lemma 3.2, Lemma 4.1, the elliptic estimate in R3 and the
Cauchy inequality that

2

i < ClpulpsIVailluly < Cloul?lpul? Va2, < CIVul, [Vu,,,
o < ClullVulalValsluls < VP, (1Auf, + VuZ,),
i < ClulVPulzluls < CIVa, (Auf, + VuZ,),
i < ClulVulelVuil < CIVu (Auf, + [Vu,),
Js < ClypwlslValzlule < Clypuliul, Vul:
< Clypul IVl Vuli: < Vals (|ypwl, + Vug),
Jo < CIAdiI:IVdlslule < CIAIIAL Va;:
< CAdE, (AdR, + Vui,),
J; < CIAdVd e < CIAILIVAILIAL V)
< ClAdl: (VA + Adi2 + V).

Thirdly, Applying J; to (4), one obtains

dtt + (ut . V)d + (u . V)dt = QAdt + 26(Vd : th)d + 9|Vd|2dt (31)
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Etﬂfldd +9f|th|
_f(ut‘v)d'dt+6f|Vd|2|dt|2

f (W - V)d - [(u- V)d - O(Ad +|VdPd)| + 0 f IVd[?|d;

Cf|ut||Vd|2|u|+Cf|ut”Vd“Ad|+Cf|Vd|2|dt|2
Ki + K, + K;.

We have similarly as the estimates about Iy(k = 1,2,3,4) and Ji(k =1,2,...,7) that

Ky

K>

K3

IANIN A

IA

<

Cluglgs[Vd;fulps < CIVuylpa| V]2l Ad)2 [Vl
CIVuylz|Adlz [ Valiz < CIVuli: (Vi +[AdE2),
1 3 3
Cluglys|VdlalAdlz2 < CIVuylp2(VdI%IAdIE, < CVugla|AdI,
1
CIAI, (IVuil2, +1AdE,),
CIVAR|difZ, < ClAdI2 V.

Then multiplying (31) by Ad;, and then using integration by parts, we get

1d By 5
2dtflthl +9f|Adt|

f [ - V)d + (- V)d; - 20(Vd : Vd,)d - 6[VdPd,] - Ad,

< f|ut”Vd”Adt| + [ul[Vdi||Ady| + 20|Vd|[Vdi]|Ady]| + O]Vd[|d,]|Ad]
= Li+Ly+ L3+ Ly,
It yield as before that
Ly < Clups|Vdlps|Adilz < C|vut|L2|Adléz|Adt|L2
< CAd, (IVwl, +1adi2),
L, < Clulps|VdilslAdylr2 < C|VU|L2|th|Ez|Adt|Ez
< CVulp: (Vi + 1Ad ),
Ly < CIVd|VdlslAdile < ClAd|%z|AdtIiz/
Ly < CVA[ldilslAdele < CIVAE V|2 |Ady, 2
< CIAdER, (Vi + Adi).

1253

(32)

(33)

Combining (16), (22), (25), (28), (30), (32), (33) and all the estimates about I,,, /,,, K, and L, together, we

have

%F(t) + G(t) < CH(t)G(#),

(34)
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where
F() = |pul?, +[Vul, + VAP, + [vVpwl, +1d:2,,
G(t) = |vu|%{1 + |Ad|?11 + |\/ﬁut|i2 + |Vut|%2 + |th|12qlr
1 1
H(t) = [Vul}, +|Vulf, + VA2, + Vdl,.

In conclusion, we get
%F(t) + (1 - CH(1)G() < 0.

1

1
We set now 6y small enough such that 6g + 26 < &,

1254

(35)

where C is the constant shown in (35). And then we

choose ¢y small enough such that 2¢; (50 + 88) < 0p, where c; is a Sobolev constant which will be used in the

following, and suppose that (8) holds. We claim that for all ¢ > 0,
Vi, (8) + VAR, (1) + 1di2a (1) < So.

If it is not the case, then let t; be the first time ¢t > 0 such that
|Vuli2(t) + |Vd|?{1 )+ |dt|?{1(t) > 0.

Forallt < ty,
|Vu|i2(t) + |Vd|?{1 )+ |dt|?{1(t) < 0o,

then it yields
H() < 60 +26° < L, fort <t
< 0o 0 < ¢ 1-

So we have
1-CH(t) =0, fort < t;.

Hence, for all t < t;, we have

d
ZEB <0,

it implies

| VPulZ(h) + [Vul%, (1) + VAP, (1) + | Vw2 () + [delF, ()

< |vpouol?, + Vuol, + [VdolZ, + | vpuil? (0) + [d[2,,(0)

< [vpouols, + [Vuolt, +Vdol, + I8l + | vpouo - Vuol?, + [ug - Vo7,
+0|Adol%, + 6 )|Vd0|21i2 +|Vug - Vdol2, + [up - VAol + 0IVAdP,
+6IVd, : V2dol2, + 6 |V,

< a1 (Ivpouol, + Vol + Vel + gl +Vdolf, +Vdolf.)

< 20 (eo + eg)

< .

Then we have

IVul, (8) + VA2, (1) + [di, (B) < 2¢1 (e0 + €3) < b

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)
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Finally, let t — t;, we have from the continuity of the local strong solution that
(IVal2, + IVdR, +1di2, ) (1) < 261 (20 + £5) < S0, (44)

it yields a contradiction with the definition of t; in (37). Then we conclude (36) holds for t > 0. Furthermore,
by integrating (35) over [0, ], we have

t
RANAGE: f G(t) < C, fort > 0. (45)
0

Finally, multiplying (24) by VAd, and then integrating over R?, we get

0 f [VAd|?

IA

flthIIVAdI+fqulIlelVAdHflulledHVAdI

+20 f |Vd||V3d||VAd| + 6 f [Vd]}|VAd|
= Ri+Ry+R3+R4+Rs. (46)

The Holder inequality, (36) and Lemma 3.2 imply that

Rl < CIVdil:IVAd);: < CIVAdI
R, < ClVulalVdl=[VAd]: < CIVAdLY,,

Ry < ClulolV?disIVAd): < CVul|AdIZ VAL, < CIVAdLZ,,
Ry < CIVdIV2d|VAd]: < CIAILIVAdEZ, < CIVAL,

Rs < CIVAP,|VAd|;2 < CIAAP,IVAd): < CIVAd;e.
Then it follows by the Cauchy inequality that

sup|Adf?, <C, fort > 0. (47)
t>0

Similarly, by (36), (45) and (47), we have
t
f |Adf?, < C, fort > 0. (48)
0

then (21) follows by (36), (45), (47) and (48). O

Lemma 4.3. Foranyt > 0, it holds
t
sup (uloe +1Pl) + [ (Vul, +1PB,.) <C (49)
t>0 0

and

sup (Iplgn + lptlz) < Cexp(1 +1). (50)

>0

Proof. Firstly, By using Lemma 3.2, Lemma 4.2, the Hélder inequality and a similar discussion as (27), one
obtains

IA

V2ul?, Clolis| Vpuslf, + Clulf, [Vulf, + CIVZd[Z,|Vdl,

C + C|V?ulj2. (51)

IA
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Then it follows by the Cauchy inequality that
lulp2(t) < C, t > 0. (52)

On the other hand, using the regularity theory for the stationary Stokes equations (see [4, 6]) and Lemma
3.2 again, we have

[Vulpe
< C(lpulrs + lpu - Vuls + V- (VA © Vd)|ps)
< Clpl=IVuglpz + [ple= (IVulr2 + [Vulpe) [Vulps + [Vd]r=|Ad]e)
< C(IVuylye + IVul, + [Vdliz|VAd]2)
< C(IVuilp + IVul, + [VAd];z). (53)

Then we have

t t
f VuP,, < C f (IVuil?, + [Vulf, +1Ad2,)
0 0
t t t
< C f IVul?, + Csup [Vul?, f Vul?, +C f A2,
0 t>0 0 0
< C (54)

And the estimates about the pressure P follows by (2) and the estimates about u and d immediately. It
completes the proof of (49).

Secondly, we turn to give the estimates about the density. To derive these, we first observe that Vp
satisfies

(Vp)i +u-V?p+Vu-Vp =0. (55)

Then multiplying (55) by Vp, integrating over R%, and then by using integration by parts and (3), we obtain

d
5 f IVpl* < C f IVul|Vpl* < C[Vuli=[Vpl7,. (56)
Lemma 3.2 yields that

1 3
[Vulps < CIVul},[V2ulf,. (57)

Then it follows by (56), (57) and Lemma 4.2 that

d
ZIVplE: < C(IVuli. + 1) VoL, (58)

Then we have from the Gronwall inequality and (54) that
[Vplr: < Cexp(l + ). (59)
Then (50) follows by (1). This completes the proof of Lemma 4.3. O

Proof of Theorem 2.1 The priori estimates obtained in Lemma 4.1-4.3 allow us to extend the unique local
strong solution to [0, T] for any fixed positive T > 0. Therefore, the proof of Theorem 2.1 is completed. O

Remark 4.4. As shown in the proof of (50), we can not get a uniform estimates for t € [0,00). It yields that the
strong solution obtained in Theorem 2.1 can not be extended to the case t € [0, o0).
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