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Filter exhaustiveness and ¥ -a-convergence
of function sequences

Hiiseyin Albayrak, Serpil Pehlivan

Siileyman Demirel University, Faculty of Arts and Sciences, Department of Mathematics 32260 Isparta, TURKEY

Abstract. In this work, we generalize the concepts of exhaustiveness, a-convergence, Cauchy sequence,
pointwise convergence and uniform convergence for sequences of functions on metric spaces in terms of
filters. We investigate some properties of these new concepts. We also examine the relations between the
new concepts and the classical concepts.

1. Introduction

For a sequence of functions, the notion of continuous convergence which is stronger than the pointwise
convergence was introduced in the first half of the twentieth century (see [8, 17, 25]) and called as a-
convergence later (see [10, 14]. These two concepts are equivalent for a sequence of functions, but are not
equivalent for a net of functions ([14]). Gregoriades and Papanastassiou [14] defined a new concept, that is,
the exhaustiveness for sequences and nets of functions. Later, Caserta and Ko¢inac ([9]) defined the notions
of statistical exhaustiveness and statistical a-convergence, and presented the relations between statistical
a-convergence, statistical pointwise convergence and statistical uniform convergence. Boccuto et al. [6]
studied ideal exhaustiveness and (7 a)-convergence for lattice group-valued functions. In [2], some results
were given with respect to ideal exhaustiveness and ideal a-convergence for sequences of functions defined
from metric spaces into R.

In this paper, we study sequences of functions defined from a metric space to a metric space. As a
generalization, we introduce the concepts of ¥ -a-convergence and F -exhaustiveness where ¥ is a filter on IN.
We also generalize some concepts related to sequences of functions in terms of the filter.

First, we recall some basic concepts related to filters (see [12, 26]). A family F of subsets of IN (i.e.,
F C P (IN)) is called a filter on IN if F satisfies the following conditions:

1) 0¢7F,
) IfA,BeF then ANBeF,
B) fAeFand ACBthenBe 7.
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By (3), we have IN € #. A filter is said to be free if the intersection of all its members is empty, and fixed
otherwise. If ¥ is a filter on IN, then the set 7 (¥) = {IN\ A : A € ¥} is an ideal on IN; and conversely, if 1 is
an ideal on IN, then the set 7 () = {IN\ A : A € I} is a filter on IN. Filter and ideal are dual concepts. So,
the notions defined by an ideal are equivalent to the ones defined by a filter. For example, the concepts of
¥ -convergence and J-convergence are equivalent.

Let F be a filter. A subset A of N is called ¥ -stationary if it has nonempty intersection with each member
of the filter ¥. We denote the collection of all # -stationary sets by . In brief, for an A C IN we have

AeF — A¢ I(F),

where I () is the ideal corresponding to 7.
A filter ¥ is said to be a P-filter, if for every sequence (K)o of the sets in ¥ there is a K € ¥ such that
K\ K| < oo for each n € N (see [4, 5]). P-filters are duals of P-ideals.

Definition 1.1. (see [3, 15, 16]) A sequence (x,),cn in @ metric space (X, px) is said to be F -convergent to
x € X if for every ¢ > 0 the set {n € N : px (x,,, x) < €} belongs to #. In this case, we write ¥ — limx, = x or

7:'
Xy — X.
Now we present some examples of filters.

1. Fréchet Filter. The family #, = {A € IN : IN'\ A is finite} is called the Fréchet filter. ¥, is the minimum
free filter with respect to the inclusion relation. Therefore, we can characterize free filters as follows:
If £ 2 F, then ¥ is a free filter. ,-convergence coincides with the ordinary convergence.

2. Statistical Convergence Filter. If lim, .., (JA N [1,n]|) /n exists, where |A| is the cardinality of the set
A C NN, then the value of this limit is called the asymptotic density of the set A, and it is denoted by
d (A) (see [7, 22]). The family s = {A CIN: d(A) =1} is a free P-filter, and it is called the statistical
convergence filter. Fy-convergence is called the statistical convergence (see [11, 13, 21]).

3. Let us consider the Euler function ¢ defined by

o= gl )-05)

a1 A

for 1 < n € N, where n = p{'p5*...p,
Then

dy (A) = lim % Y o@dixa@

din

is the prime number decomposition of n, and ¢ (1) = 1 ([23]).

is called the @-density of the set A, provided that this limit exists ([19]; see also [1, 20]). The family
Fo = {A CN:d,(A) = 1} is a free filter.

Lemma 1.2. Let (X, px) be a metric space, (x,),en be a sequence in X, and x € X. Let & be a P-filter on IN. If
F —limx, = x then thereis aset K = {n1 < np < ... <ng < ..} € F such that limy_, X, = x.

2. Filter exhaustiveness and ¥ -a-convergence

In this paper, (X, px) and (Y, py) denote two metric spaces. Let D C X. Then C (D, Y) denotes the family
of all continuous functions from D into Y. By S (x, ), we denote the open ball with center x and radius 6.

Using the notion of ideal 7 of IN; the generalizations of the concepts of exhaustiveness and a-
convergence, namely, the concepts of I-exhaustiveness and I-a-convergence were defined in [6]; the
concept of 7-pointwise convergence was defined in [4] and [18], the concept of 7-uniform convergence
was introduced in [4]. Since we will study on filters, we will introduce the generalizations of the pointwise
convergence, uniform convergence, a-convergence and exhaustiveness, via the notion of filter.
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Definition 2.1. Given D C X, let f, f, : D — Y (n € IN) and ¥ be a filter on N. Let x € D. The sequence
(fu)pen is said to be F-exhaustive at the point x provided that, for each ¢ > 0 there is a 6 > 0 such that

{neN:py(fu(y), fu(¥)) <eforally € S(x,0)} € F.
If the sequence (fy),c is 7 -exhaustive at every x € D, then it is said to be F -exhaustive on D.

Example 2.2. LetP ={p; < ps < .. <pi < ...}bethesetofall prime numbers, and K = {p1, p1.p2, ..., P1.P2--- P, ---}-
The set K has ¢-density 0 (see [24],[20]). Let (f1),,cn be a sequence of functions from R into R defined by

1 ifneKandx #0

fu () = %arctan(}l—c) ifngKandx#0 -
0 ifx=0
This sequence is ¥ ,-exhaustive on R, but not exhaustive at the point x = 0.

Let x € R. Indeed, for every ¢ > O therearea 6 > 0Oand ann (¢) = {SJ +1 € IN such that for every y € S (x, 0)

and for every n € N \ (KU {1,2,...,n(¢)}) we have

1 (1) 1 (1)
—arctan|—| — — arctan|—
n y n X

(Here, | .| denotes the greatest integer function). Then we have

1 1
<—Tn<——n<Ee¢
n n(e)

o ) = fu )] =

{n eN: |f,, (y) — fu (x)| <eforallye S(x,é)} DIN\(KU{1,2,..,1()}),
and

dy {n eN: )fn W) - fu (x)| <eforallye S(x,é)})
>d, N\ (KU{L2,..,n(e)}) =1.

Therefore, (fu),o is Fp-exhaustive at x € R.
Now, let us show that (f), is not exhaustive at x = 0. Let ¢ = 2. For every 0 > 0 and every n € K there

exists y € S(0,0), y| < 1 such that

o ) - £, 0] = |§ _ 0' -

Since the set K is infinite, we obtain the required result.

Definition 2.3. Given D C X, let f, f, : D — Y (n € IN) and ¥ be a filter on N. Let x € D. The sequence
(fu)en is said to be F-a-convergent to f at the point x if for every sequence (x,),cn Which is ¥ -converging

to x, the sequence (f;, (xn)), o is F-convergent to f (x) (i.e., 7 —lim f, (x,) = f (x)), and we write f, = f (at
x). If the sequence (f,,),op is -a-convergent to f at each x € D, then it is said to be #-a-convergent to f on
D.

Definition 2.4. GivenD C X, let f, f, : D — Y (n € IN) and ¥ be a filter on IN. The sequence (f,), o is said
to be ¥ -pointwise convergent to f on D if ¥ —lim f, (x) = f (x) foreachx € D, i.e.,

meN:py(fu(x), f(x)) <eleF

. . 7=
for every ¢ > 0. In this case, we write f, iy f (on D).



H. Albayrak, S. Pehlivan / Filomat 27:8 (2013), 1373-1383 1376

Definition 2.5. GivenD C X, let f, f, : D — Y (n € IN) and ¥ be a filter on IN. The sequence (f,), o is said
to be ¥ -uniformly convergent to f on D provided that

(neN:py(fu(x),f(x)) <eforallxe D}e F

. . F-
for every e > 0. In this case, we write f, —> f (on D).
As in the classical analysis, #-uniform convergence implies ¥ -pointwise convergence.

Definition 2.6. GivenD C X, let f, f, : D — Y (n € IN) and ¥ be a filter on IN. The sequence (f,),,o is said
to be an ¥ -uniform Cauchy sequence if for every ¢ > 0 there exists some k € IN such that

{neN:py(fu(x), fr(x)) <eforallx e D} e F.

Theorem 2.7. Given D C X, let f, f, : D — Y (n € IN) and F be a free filter on IN. Then the following hold:

@) If (fu),.cp is exhaustive, then it is 7 -exhaustive.

(i) If (f,),, is @ uniform Cauchy sequence, then it is an #-uniform Cauchy sequence.

(i) f, 2% f implies f, — f.

(iv) f, -5 f implies f, =5 f.

W) f, -5 fimplies f, == f, where F is a P-filter.
Proof. Since ¥ 2 F,, and the concepts defined via the Fréchet filter 7, and their analogues in the classical
analysis are equivalent, the items (i)-(iv) can be proved easily. We only need to prove the item (v).

(v) Let x € D and (xy),en be a sequence in D such that ¥ —lim x,, = x. From Lemma 1.2, since ¥ is a P-filter,
thereis aset K = {n; <np <. <m < ..} € F such that limy_,. x,, = x. Let us define a sequence (¥/),,cn PY

i n=m
y”_{x ng K

for every nn € N. Then lim,_, ¥, = x. Since f, — f at x, we have lim, e f, (v) = f (x).
Let ¢ > 0. There is an n (¢) € IN such that py (f, (yu), f (x)) < e for all n > n (¢). Then

Kc{nelN:py(fu(xn), f(®)<etUll,?2, .. n(e)l,

and so {n € N : py (fu (xn), f (x)) < €} € F. Consequently, we have f, Gl fatxeD. O

Since IN € ¥ for any filter 7, if the sequence (f,),oy is equicontinuous then it is 7 -exhaustive (or
exhaustive), where f, € C(X,Y) for all n € IN. Moreover, (f,), N is equicontinuous if and only if it is
Fo-exhaustive, where 7y := {IN} (¥ is a trivial filter). Similarly, (f,),cy is exhaustive if and only if it is
F-exhaustive.

Now we give an example of a sequence of functions which is statistically a-convergent but not a-
convergent.

Example 2.8. Let (f,),y be a sequence of functions from [0, 1] into [0, 1] defined by

ifne {1,4,9,...,k2,...}

X
fn (x) = { f ifné¢ {],4,9,...,](2,..-}
n
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This sequence is not a-convergent to the function f = 0 (that is, f (x) = 0 for all x € [0,1]) at x = 1. Indeed,
the sequence (x,),en = (1 — 1/n),oy is convergent to x = 1, but the sequence

(1 _ 1) ifne (1,491,
fn (xn) = n— 1”

n2

ifn ¢ {1,4, 9,.., k2, }

is not convergent to 0 = f (1), because 1/e is a limit point of (f, (x4)),,cn-
Now we show that (f,),o is statistically a-convergent to f on [0,1]. Let y € [0,1] and (yx),n be a
sequence such that 5 —limy, = y. There is a K; with d(K;) = 1 such that lim, e nex, ¥» = Y. The set

K, = {n €N :n #k*foreachk e ]N} has asymptotic density 1. Let K = K; N K,. Then K € ¥ and

lim £ () = Jim 2 — 0= £ ().

nek nek

Therefore we have ¥y — lim f, (v,) = f(y), and so f, Ly f at the point y € [0,1]. Consequently, the
sequence (f), is statistically a-convergent to the function f on [0, 1].

On ideals, the analogue of the following theorem was given in [6] for sequences of functions defined
from metric spaces to lattice groups. We state it without proof.

Theorem 2.9. Given D C X, let f, f, : D — Y (n € IN) and F be a free filter on IN. Then we have the following:

@) If £, 75 f, then f, 5" f.
(i) If (f,),cn is F -exhaustive and f, iy f, then f, ¢ f.

Now we give two examples of sequences of functions which are ¥ -pointwise convergent but not ¥ -a-
convergent.

Example 2.10. Let us consider the function f : R — R defined by

1 ifx>0
f(x)‘{ 0 ifx<0 ’

— -
and let f, = f, where n € IN. Then for any free filter ¥ we have f, Ty fatx =0, but f, 77’; fatx=0.
To see that (f,), is not 7 -a-convergent, let us consider the sequence (x,),en = (1/1),en- Then we have
¥ —limx, =0,but f, (x,) = 1 foralln € Nand ¥ — lim f, (x,) = 1 (# f(0)). According to Theorem 2.9(ii),
(fu),en cannot be 7 -exhaustive at x = 0. To see that (f,),y is not F-exhaustive, let us take ¢ = 1/2. For
every 6 > 0 there exists a y € S (0, 6) such that f (y) — f(0) = 1, and thus we have

(neN: |- fO]<1/2)=0¢ 7.
Example 2.11. Let

1, ifn=K
f”(x):{ X", ifn # k2

for each n € N and

[0, ifxe[0,1)
f(x)_{l, ifx=1
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Fot—, . . .
Then we have f, SR f (on [0,1]), but (f,),n is not Fy-exhaustive at x = 1. Also (fy), iS nOt Fy-
a-convergent to f at x = 1. Indeed, for the sequence (x,),en = (1 - E) we have ¥y — limx, = 1,
nelN
but

1, ifn=»K
- n
JuCon) = (1—%) . ifn# K2

for each n € N and so ¥ — lim f,, (x,) = el £l = f(@.
The analogue of the following theorem was given in [6] for ideals.

Theorem 2.12. Given D C X, let f, f, : D — Y (n € N) and F be a filter on IN. If f, Ty fonDand (f,),c s
¥ -exhaustive on D, then f is continuous on D.

F—
In Example 2.10, we have f, = f atthe point x = 0, but the function f is not continuous at x = 0. Therefore
(fu),en is not F-exhaustive at x = 0.

From Theorems 2.9 and 2.12, we obtain the following corollary.

Corollary 2.13. If f, = f and (fu),en s T -exhaustive, then f is continuous.

Theorem 2.14. Given D C X, let f, f, : D — Y (n € IN) and F be a free filter on IN. Then we have the following:

@) If f, = f and f is continuous on D, then f, = fonD.

(ii) If D is compact, (f,),cp is 7 -exhaustive on D and f, = fonD, then f, Ll fonD.

Proof. (i) Let ¢ > 0 and x € D. Let (x,) be an arbitrary sequence on D such that ¥ —lim x,, = x. Since f, = f
on D, there is a set Ky € ¥ such that py (f, (xn), f (x4)) < €/2 for every n € Kj. Since f is continuous at x,
there is a 6 > 0 such that py (f (y), f (x)) < &/2 for every y € S(x,0). Since ¥ —limx, = x, thereis K, € ¥
such that x,, € S (x, 0) for every n € K. Let K := K; N Kp. Then K € ¥ and we have

Py (fu (xn), £ () < py (fu (n), f () + py (f (), f (0)) < &

foreachn € K.

(ii) Assume that (f,),oy is 7 -a-convergent to f on D. Let ¢ > 0. From Corollary 2.13, f is continuous on
D. Then for every x € D there is a 6, such that px (x, y) < 0, implies py (f (x), f (y)) < €/3. Since (fu),en
is #-exhaustive on D, for every x € D there exist Ay < 6, and K(x) € ¥ such that py (f, (y), f» (x)) < €/3
forall y € S(x,Ay) and all n € K(x). Then J,p S(x,Ay) 2 D. Since D is compact there are finitely many

x!,x%,...,x" € Dsuch that D ¢ U, S (xi, )\x,-). Let K := N, K(xi) € . Therefore we have

pr(f ), f(x) <er3

and

pv (f (), fu () < /3
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forallme Kandally e S (xi, /\Xi) (wherei ={1,2,...,m}).

From Theorem 2.9(i), we have f, Ti)w fonD. Then for each i € {1,2, ..., m} we have

L= {n eN: py (fn (xi),f(xi)) < 8/3} eF.

LetL=N,LieFandM=KNLeF.
Letze D. Thenze S (xi, /\x,) for some i € {1, ..., m} and thus we have

pr (@, f @) <pv (@, fa(x))+ oy (fu (), £ () + pv (f (¥), f @)
<é&

for every n € M. Therefore we have

Mc{neN:py(fu(2),f(z)) <eforallzeD}eF,

andsofnf—>_ufonD. d

Theorem 2.15. Given D C X, let f, f, : D — Y (n € IN) and F be a free filter. Then the following hold:

() If thereis a set K = {n; <np < ... <m < ..} € F such that (fy, ), is exhaustive at a point x € D, then
the sequence (f,),op is 7 -exhaustive at x.

(ii) Let ¥ be also a P-filter. If (f,),y is ¥ -exhaustive at a point x € D, then there is a set K =
{n <my <..<m < ..} €F suchthat (f,, ). is exhaustive at x.

Proof. (i) Let a subsequence (f, ), be exhaustive at a point x € D where K = {n; <my < ..<m <.} e F.
Let ¢ > 0. Hence there exista 6 > 0 and a k (¢) € IN such that

Py (fﬂk (y) rfnk (X)) <E&
for all y € S (x,6) and all k > k (¢). Then we have

Kc{nelN:py(fu(y), fu(®)<elU {nl,nz,...,nk(g)}

for all y € S(x,0). Since ¥ is free, we have {n € N : py (fu (v), f» (¥)) < €} € F. Consequently, (f,),cn is
¥ -exhaustive at the point x.
(ii) Let (f,,), o be F-exhaustive at a point x € D. Then for every ¢ > 0 there exists a > 0 such that

(neN:py(fu(y), fulx)) <eforally e S(x,0)} e F.

There are positive real numbers 6; > 6 > ... > 0; > ... such that

1
K = {n N py (3 (), fo () < 7 forall y € S(x,(sf)} cF
for each t € IN. Since ¥ is a P-filter, there is a set K € ¥ such that |[K\ K;| < o for each t € IN. Let
Ki={m<n<..<n<..l.
Let € > 0. There is a fy € IN such that 1/ty < ¢, and we have
Kic{neN:py(fu(y), fn(x) <eforally € S(x, )}

for every t > ty. Let us choose a t* € N such that t* > t5. Then we have

|K\ neN:py(fu(y), fu(x) <eforallye S(x,ép)}| <K\ Ki| < o0.
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Since the difference of two sets on the left side is finite, there is an n (¢) € IN such that

pY (f?lk (y)/fnk (x)) <&
forall y € S(x,6;) and all ny € K with ny > n(e). O

Note 1. The item (i) of the theorem above can also be given on D instead of a single point. In the item (ii),
since the set K that we obtained depends on x, it is not easy to find a common set belonging to ¥ on D.

Note 2. This theorem can be proved similarly for #-pointwise convergence, ¥ -uniform convergence and
¥ -uniform Cauchy condition.

We need to prove the theorem above for ¥ -a-convergence because of additional conditions.
Theorem 2.16. Given D C X, let f, f, : D — Y (n € IN) and F be a free P-filter. Then the following hold:
(i) If thereisaset K = {n; <my < ... <y < ...} € F such that f,, — f ata point x € D, then f, = fatx.

(i) If £, fil fatapointx € Dand (f,), is ¥ -exhaustiveatx, then thereisasetK = {n; <n; < ... <m < ..}
F such that f,, — f at x.

Proof. (i) Let f,, — f ata pointx € D where K = {n; <1 < ... <m; < ...} € F. Let (%), be a sequence in
D such that ¥ — lim x,, = x. Since ¥ is a P-filter, there is a L € ¥ such that lim,,_,c0 yer, X, = x. Let M = KN L.
Let us define the sequence (¥, )cn PY

) oxy, s eM

Y=\ x ;meeK\L
Obviously, y,, — x and so f,, (ys,) — f(x). Therefore, for every ¢ > 0 there is a k(¢) € IN such that
oy (fu, (Wn,), f (x)) < € for all k > k (¢). Then

Mc{neN:py(fu(xy),f(x)<elU {nl,nz,...,nk(g)}.
Therefore, for every ¢ > 0 we have {n € N : py (f, (x4), f (x)) < €} € F since F is free. Consequently, we
have ¥ — lim f, (x,,) = f (x) where ¥ —limx, = x; ie., f, T f(atx).
(ii) Let f;, = f and (fu),cn be F-exhaustive at a point x € D. Let (xi)ien be a sequence in D such that

F—
X — x. Let ¢ > 0. From Theorem 2.9(i) we have f, 2 f (at x), and from Note 2, since ¥ is a P-filter
there is a K; € ¥ such that the subsequence (f,),x, is pointwise convergent to f at x. Therefore, there is an
n’ (e) € Kj such that

py (fa(x), f () < /2 1)

forall n € Ky with n > n’ (¢). Since (f,),, is 7 -exhaustive at x, from Theorem 2.15(ii) there is a K; € ¥ such
that the subsequence ( fn)nd(2 is F-exhaustive at x. Therefore, there exist a 6 > 0 and an n* (¢) € K; such that

py (fu (y), fu (x)) < €/2 (2)

for all y € S(x,06) and all n € K, with n > n*(¢). Since x; — x, there is a kg € IN such that x; € S(x, 0) for
everyk > ko. Let K=KiNKy = {m <m <..<m<..)and ky = min{k € N : m > n’ (¢),n" (¢)}. From (1)
and (2), we have

Py (fu, (%), f (%)) < py (fire (i), foo, () + py (fu, (%), f (0)) < &

for all k > max {ko, k1}. Then the sequence (f,, (X)), is convergent to f (x). Consequently, f,, -5 f (at
x). O
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We can also restate Note 1 for this theorem.

The next example shows that Theorem 2.16(ii) does not hold without the condition “# -exhaustiveness”.

Example 2.17. Let us consider the sets ], = {ZP‘l (29-1):g€ ]N} for each p € IN. Here, J,’s are pairwise
disjoint sets, d ( ]p) = 1/27 for each p € N, and U,Z; J, = N. Let us consider the sequence (f), defined by

1
1 ;nej,andx= -
fi) = Jy

0 ;otherwise

for each n € N in RR, and the function f defined by f (x) = 0 for x € R.

First, we will show that f, Tag fatx =0. Let (x,),en be an arbitrary sequence such that 5 — limx, = 0.

Let us define the sets

sz{neN:xnzl}
p

for each p € N. Then d (Sp) must be equal to zero since F; — lim x,, = 0. Let
M,:=],NS,
for each p € IN. Then we have

1 ;neU;ilM,,
fn(xn)_{o l.neU;ilMp

Wehave{nE]N:}fn(xn)—0| 26}=(0fors>1. Let 0 < € < 1. Then we have

{ne]N |fn(x,,)—0|>e =0M,,
p=1

For j € N we have

d(UaMy) =dMy)+d (Mo) + ..+ +d (M;) +d (Up 1oy My)

1
d(UP ]+1M ) 2]

and so we get d (U;‘;l Mp) =(0as j — oo. Therefore, we get

d({neN:|f (o) - 0| 2 ¢f) = [UM]

and so we have ¥ — lim f, (x,) = f (0) = 0. Consequently, f, Ly fatx=0.
Now, we will show that f,, /— fatx =0foranyset K= {n; <..<n, <..} € Fy. Let
L,:=],NnK
foreachp € IN. Letus construct the set{h <h<..<l,< ...}byh = min(L;) and ;41 = min (Lp+1 \ {1,2,..., lp})

for each p € IN. Let us define the sequence (xy)icn by

= ;nk:lp,pe]N

o3 | =

; otherwise
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for every k € IN. Obviously, x; — 0. But the sequence (f;,, (xi)),cp is NOt convergent, since

] 1 ;nk:l,,,pEIN
f (o) = { 0 ;otherwise

[23
Therefore we have f,, #/— fatx =0.

In this example, the sequence (f;),,op is not Fi-exhaustive at x = 0. Let ¢ = 1/2. There is a ps € IN such that
1/ps < 6 for every 6 > 0, and we have

(o8]

fordy eSS (0,6)} 2 U Jp-

P=ps

N~

{ne]N:|fn(y)—fn(0))2

Then we obtain

d({neN:|f,(y) - f0) 2 L for Iy es©,0)}) 2d(U, )

— _1
= 57 > 0.

Whereas, the density on the left should have been zero. Therefore, (f,), . is not Fy-exhaustive at x = 0. O

Now we present a result with respect to the filter ;. The following theorem is an analogue of [1, Theorem
2.3].

Theorem 2.18. Given D C X, let f, f, : D — Y (n € IN). Then the sequence (f,), .y is statistically a-convergent
to the function f if, and only if, both (fon) and (fay-1) are statistically a-convergent to f.

Proof. First, suppose that f, Ty f atx € D. Let (y,) and (z,) be arbitrary sequences in D such that
Fst —lim y,, = x and F5 —lim z,, = x. Let us define a sequence (x,) such that x,, = vy, and x;,-1 = z, for every
n € N. It was shown in [1] that the sequence (x,) is statistically convergent to x.

Since f, Fag fatx e D, wehave Fg — lim f, (x,) = f (x),1.e.,, K(¢) :={n € N: py (fu (xn), f (x)) < €} € F for
every € > 0. Define the sets

L(e):={neN:py(fu(xn), f(x)) <eandn =2k, ke N}={2,2,..}
and

M(e) ={neN:py(fu(x), f(x)) <eandn=2k-1, ke N}
= (2m; - 1,2m, — 1,..}.

Since d (K (¢)) =1, we have d (L (¢)) = d (M (¢)) = 1/2.
For the subsequence (f2,), we get L’ (¢) := {n € N : py (fan (x2n), f (x)) < €} = {l1, I, ...}. Since d (L (¢)) = 1/2

and d (L' (¢)) = 2d(L(¢)), we have d(L’ (¢)) = 1. So we have Ty — lim fo, (y,) = f(x) and f, Tay f atx.
Similarly, for the subsequence (f2,-1), we get M’ (¢) = {n € N : py (fan-1 (x21-1), f (%)) < €} = {mq,my, ...}.
Since d (M (¢)) = 1/2 and d (M’ (¢)) = 2d (M (¢)), we have d (M’ (¢)) = 1. So we have Fg —lim fo,_1 (z) = f (x)

and fr,-1 Farg fatx.

Now suppose that fo, Fag fand fon—1 Ty fatx e D. Let ¥y —limx, = x. From [1], we have ¥ —lim xp, = x
and g —lim x,1 = x. Then, for every ¢ > 0, we have L’ (¢), M’ (¢) € Fs. Thend (L (¢)) = %d (L (¢)) = % and
d(M(e)) = 3d (M’ (¢)) = 1. Thus we get

K(e)={neN:py(fu(xn), f(x)) <e} =L(e) UM(e)
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and
d(K(e)) =d(L(e) +d(M(e)) =1,

since L (¢) N M (e) = 0. Consequently, we have {n € N : py (f, (xx), f (x)) < ¢} € Fy for every ¢ > 0. This

means that f;, Ty fatxeD. O

This theorem can also be proved for # -pointwise convergence, ¥ -uniform convergence, ¥ -exhaustiveness
and ¥ -uniform Cauchy condition.
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