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Some Hermite-Hadamard type inequalities for functions
whose n-th derivatives are (a, m)-convex

Wen-Hui Li? Feng Qi

®Department of Mathematics, College of Science, Tianjin Polytechnic University, Tianjin City, 300160, China

Abstract. In the paper, the authors establish some new integral inequalities of Hermite-Hadamard type
for functions whose n-th derivatives are of (a, m)-convexity and, from these, deduce some known results.

1. Introduction

The following definition is well known in the literature that a function f : I € R — Ris said to be convex
on I # ( if the inequality

fAx+ 1 =Ay) < Af(x) + 1= D)f(y) (L1)

holds for all x, y € I and A € [0, 1]; If the inequality (1.1) reverses, then f is said to be concave on 1.
Let f : I R — R be a convex function on an interval I and a,b € [ with a < b. Then

(a + b f@) + f(b)

f (12)

This double inequality is well known in the literature as Hermite-Hadamard integral inequality for convex
functions. If f is concave, both inequalities in (1.2) hold in the reversed direction. For more information,
see [4, 8] and closely related references therein.

The concept of usually used convexity has been generalized by a number of mathematicians. Some of
them can be recited as follows.

Definition 1.1 ([14]). Let f : [0,b] — R be a function and m € (0,1]. If the inequality

fAx+m(1 = A)y) < Af(x) + m(1 = A)f(y)

holds for all x,y € [0,b] and A € [0,1], then we say that the function f(x) is m-convex on [0, b].
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Definition 1.2 ([7]). Let f : [0,b] — R be a function and (o, m) € (0,1] x (0, 1]. If the inequality
FQx +m(1 = A)y) < A°F0) + m(1 = A)f(y)
is valid for all x, y € [0,b] and A € [0, 1], then we say that f(x) is an (o, m)-convex function on [0, b].

For (a,m) € {(0,0), («,0),(1,0),(1,m),(1,1), (a, 1)}, we can obtain the following classes of functions: in-
creasing, a-star-shaped, star-shaped, m-convex, convex, and a-convex functions.

In past recent years, a few of inequalities of Hermite-hadamard type for (a, m)-convex functions were
presented, some of them can be recited as the following theorems.

Theorem 1.1 ([3, Theorem 2]). Let f : I° C [0,00) — R be a twice differentiable function such that f” € L([a, b])
fora, b elwitha <b. If|f”(x)|7 is m-convex on [a, b] for some fixed q > 1 and m € (0,1], then

LGESCN ]ﬁﬂ>d| (b- mT

Theorem 1.2 ([12, Theorem 4]). Let I € R be an open interval and a,b € I witha < b, and let f : I — R be a twice
differentiable mapping such that f”(x) is integrable. If 0 < A < 1 and |f”(x)| is convex on [a, b], then

l’) b
‘(/\—l)f “*b)—Af(”);f()+f F(x)dx

(b - a)?
24
= w 0)?

fr@| +m
2

f”(b/T’H))q 1/q

(1.3)

{[/\4+(1+/\)(1—)\)3 2 = 3]

f"(a )|+[)\4+(2 A3+ 12 3A]

7o), 0sAs<3;

o GA=D(If" @+ 1f" ), ESASL

Remark 1.1. In Theorem 1.2, when A = 1, we have

b) b
i [ reax - LOIO) oy, 149

Theorem 1.3 ([10, Theorem 3]). Let b* > 0 and f : [0,0"] — R be a twice differentiable function such that
f"” € L([a,b]) for a,b € [0, b*] with a < b. If |f""(x)7 is (o, m)-convex on [a, b] for (a,m) € (0,1] X (0,1] and q > 1,
then

b 1 mb
o fon 1 ™ s

(mb_a)z 1-1/gq 1 . 1 1 ., 1/q
e (B (e e AL CURRL ey ey A R

For more information on this topic, please refer to [1, 2, 5,9, 11, 13, 17-23] and plenty of references cited
therein.

In this paper, we will establish some new inequalities of Hermite-Hadamard type for functions whose
n-th derivatives are of («, m)-convexity and deduce some known results in the form of corollaries.

2. A Lemma

For establishing new integral inequalities of Hermite-Hadamard type for (a, m)-convex functions, we
need the following lemma.
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Lemma 2.1 ([16, Lemma 2.1]). Forn € N, let f : I C R — R be n-time differentiable. If a,b €  with a < b and
F®(x) € L(la, bl), then

b 1%
f(ﬂ)+f( ) f F)dx— EkZ. i 1)' (a— b FO ()

=Dt -a)
T2 n!

f @t +n—-2)1 -t fO(ta + (1 - Hb)dt, (2.1)

where the sum takes 0 when n = 1.

Remark 2.1. Similar integral identities to (2.1), produced by replacing f®(b) in (2.1) by f®(a) or by f (k)(%),
and corresponding integral inequalities of Hermite-Hadamard type have been established in [6, 15].

3. Inequalities of Hermite-Hadamard type

Now we are in a position to establish some new integral inequalities of Hermite-Hadamard type for
functions which are n-time differentiable and («, m)-convex.

Theorem 3.1. Let (o, m) € (0,1] X (0,1] and f : Ry = [0, 0) — R be a n-time differentiable function such that
M (x) € L([u, ﬁ]), where0 <a<b < ooandn > 2. If|f<”)(x)|p is (v, m)-convex on [a, %]for p =1, then

b -1
‘f(ﬂ);rf() ff(x)dx %Z‘ 1)'

1(b a)”(n 1)1 p

n+1
o 4l L w2\

x {(n +a—1)Ba+1,n+ D@ + m[m —(n+a—-1Ba+1,n+ 1)] f (Z) } . 3

where B is the classical Beta function which may be defined for R(x) > 0 and R(y) > 0 by

! T (y)
Ber,y)= | £7'1-p " dt=——= 32
= [ rra-priars (2)
and T'(z) the classical Euler gamma function which may be defined for R(z) > 0 by
I(z) = f et dt. (3.3)
0

Proof. It follows from Lemma 2.1 that

f@+f) 1 (7 1
£ ‘b—afaf(x)dx‘sz_: - D)

b—a)"
s%%fo(zun—le—t)”—l

f<">(ta + W)' dt

When p = 1, since | (x)| is (a, m)-convex on [ ] we have

’m

m(lT_t)b) < 4 fO@| +m(1 - %) f(n)(%)"

f(”)(ta +
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Multiplying by the factor (2t + n — 2)(1 — #)"~! on both sides of the above inequality and integrating with

respect to £ € [0, 1] lead to
1
0

< fl(Zt +n-2)(1- t)”‘l[t“ f f("’(k)Hdt

|f(”)(a)|f(1—t)” U2t + 1 —2)dt +m|f "> 'f(2t+n 2)(1 -1 - %) dt

= [(n - 2)B(a + 1,n) + 2B(a + 2, m)]|f*(a)| + m[(n — 2)B(1, n) + 2B(2, n)

b
()] el
5
The proof for the case p = 1 is complete.
When p > 1, by the well-known Holder integral inequality, we have

f(2t+n e )"1f<">( W)‘dt

1- 1/n
[f(2t+n 2)(1—t)"1dt f(2t+n 2)(1 - £y

D(a)| +m( - %)

—(n—-2)B(a+1,n) —2B(a +2,n)]

f<">( @) ’ dt]l/p. (3.4)

Utilizing the (a, m)-convexity of ) f(”)(x)| reveals

md t)b) dt

< fo @t +n-2)(1 - t)”‘l[t“| FO@) +m( - 1) f(”)(%)'p] dt 5

= [(n - 2)B(a + 1,n) + 2B(a + 2,m)]|f®(@)[" + m[(n - 2)B(1, n) + 2B(2, )

P

Making use of the identity (3.2) and the property

f(2t+n 2)(1 - )"

Jak (t +

— (n-2)B(a +1,1) - 2B(a +2,1)]

Bx,y+1) = —B(x +1,y) = —B( Y) (3.6)
yields

(n—2)B(1,n)+2B(2,n) = % and (n—-2)B(a+1,n)+2B(a+2,n)=mn+a-1)Bla+1,n+1). (3.7)

Substituting the identities in (3.7) into (3.5), and then combining (3.5) with (3.4), yield the inequality (3.1).
This completes the proof of Theorem 3.1. [J

Corollary 3.1. Under the conditions of Theorem 3.1,
1. whenm =1,

f@+fo) 1 (7 1 1<b )t (n =1\
‘az _b—afaf(x)dx_ikz PR !a (m)

{(n ra-1DB@+1,n+D|fO@) + [ C+a—-1)Bla+1,n+ 1)](f<">(b)1”}
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2. whenn =2,

for 1) j‘ﬂmdx

/
<L s

3. when a = 1 and n = 2, the inequality (1.3) is valid;
whenm = a =p = 1and n = 2, the inequality (1.4) holds;
5. whenm—a—landp—n—

‘f(a)+f(b)
2

P}UP

rof nls - e G)

-

(b a)z[lf//(a)|2 + |f//(b)|2]1/2
2

Theorem 3.2. Let (a,m) € (0,1] X (0,1] and f : Ry — R be a n-time differentiable function such that f®(x) €
L([a, %]), where0<a<b<ooandn > 2. If|f(”)(x)(p is (o, m)-convex on [a, %]forp > 1, then

f@+f®) 1 ° 195 k
‘ 2 _b—afaf(x)dx_E;(k+1)l(”_

x {B(a +1,p0n - 1)+ D] @ + m[

1 b - a)" il — (n— 2)q+1 1/q
n! [ 29 +1) ]

&

py\1/p
_Bla+1p-1)+ 1)] } (38

S
pn-1)+1
where ;—] + % = 1 and B is defined by (3.2).

Proof. It follows from Lemma 2.1 that

by 1 [ 1y
‘f(a);f()_b—afa f(x)dX‘E,; k+1):(“_b)kf(k)(b)‘

1(b—-a)" n—
<5 £(2t+n—2)(1—t) !

By Holder integral inequality, we have

f(2t+n 2)(1—t)”1f(”(t L t)b)'dt
< fo (2t+n—2)ﬂdt]l/q[ fo (1 = gD f<”>(m+@)p

- [%]w[f(l _ gyt o

p
, we have

f<”>(m + W)’ dt. (3.9)

1/p
dt] (3.10)

1/p
dt] .

(m . m(ln; t)b) g

Using the (a, m)-convexity of ) f o

fol( _ gyt f<n>( m(th)b)p

f (1 £y 1[t“|f<">(a)1”+m

4MwﬁVme%Hm
0

dt

oGl Jae

f(” ‘ f (1 -t91 -tV dt
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Substituting the above inequality into (3.10), and then substituting (3.10) into (3.9), result in the inequal-
ity (3.8). This completes the proof of Theorem 3.2. [

=Ba+1pm-1)+1)|f"@[ +mBQ1, pmn-1)+1) - Bla+1,pn-1)+1)

= Bla+1,p(n—1) + D|f )| + m[ _Bla+1p(n—1)+ 1)]

__1
pn—-1)+1

Corollary 3.2. Under the conditions of Theorem 3.2,

1. when m = 1, we have

b 1o
f(a) +f() ff(x)dx %Z +1)' b
=1

1
pn—-1)+1

1 (b-a)" na+l — (n- 2)q+1 1/q
[ 2(g+1) ]

n!

1/p
x {B(a +1,p0n—1) + D|fO@ + [ Bla+1,p0n—1)+ 1)](f<”>(b)(”}

2. when n = 2, we have

f0+ 10 f oy

< %(q%l)u {B(oz F1Lp+1)

P}l/P

¢

f”(u)|p + m[}%l -Bla+1,p+ 1)]

3. when a =1 and n = 2, we have

f@+fo 1 b—ap( 1 N[ @] +mp+DfO/m) 17
2 _b—afuf(x -2 (q+1) [ (p+Dp+2) ] '
4. whenm =a =1and p =n = 2, we have
0210 L[ fea < 2l + sl of

Theorem 3.3. Let (a,m) € (0,1] X (0,1] and f : Ry — R be a n-time differentiable function such that f®(x) €
L([a, %]), where 0 <a <b < coand n > 2. If|f*(x)[ is (a, m)-convex on [a, %]forp > 1, then

forf0) f a1 §

_=D- W(
- 2

k T 1)' @-b'f (k)(b)‘

}1 ., (3.11)

f(n)(b)r) p

_a) HHepal @] + mQp,a) - Lp,w)

where B is defined by (3.2),

_[pn—=2)(n-1)+n(a+2)-2
L(p,a) = [ T ]B(oc F1pin—1) + 1), (3.12)
and
Q) = (n-1)[p(n -2) +2] (3.13)

[pn=1) +1p(n - 1) + 2]’
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Proof. It follows from Lemma 2.1 that

f0+0) f o dx —

1 _ By
s LM o)

_ a)"

f(2t+n—2)(1 )

% £t + —m(lr; t)b)‘ dt. (3.14)

By the well-known Hélder integral inequality, we have

f(2t+n 2)(1 - )"t

1 1-1/pp 1
< f(2t+n—2)dt] [f (2t +n—2)(1 - oD
0 0

( m(lﬂ: t)b) dt

f(n)

f<">(ta + m(lT_t)b)p dt]l/p. (3.15)

Using the (a, m)-convexity of ) £ (x)|p shows

(ta + —m(ln; t)b) ’ dt

s

1
f @2t +n—2)(1 -ty
0

f(n)

1
< f Qt+n-2)1- t)’”("‘l)[t“| fO@| +m(1 - 1)

0

@] f @t +n =210 = P D At +m f‘") ’ f @t +n—2)(1—t*)(1 - HPrD dt (3.16)
= [(n—2)B(a+1,p(n — 1) + 1) + 2B(a + 2, p(n — 1) + DI|f"(@)|” + m[(n - 2)BQ, p(n - 1) + 1)
1 2B, p(n—1) + 1) — (1 — 2)B(a + 1,p(n — 1) + 1) — 2B(a + 2, p(n — 1) + 1)] f(”)(%)r.
Employing the identities (3.2) and (3.6) give
(= 20B(L, p(n — 1) + 1) + 2B, p(n — 1) + 1) = — - DP1=2) +2] (3.17)

[p(n = 1) + 1][p(n — 1) + 2]
and
n-2)Ba+1,pn-1)+1)+2B(a+2,p(n-1)+1)

_pn—=2)(n-1)+n(a+2)-
B pn—1)+a+2

2B(az +1,pn-1)+1). (3.18)

Substituting (3.17) and (3.18) into (3.16), and then combining (3.16) with (3.15) and (3.14) in sequence, yield
the inequality (3.11). This completes the proof of Theorem 3.3. [

Corollary 3.3. Under the conditions of Theorem 3.3,

1. when n = 2, we have

fa) +f(b) f
flx)dx
3 <b— 2y
-4

p}l/p

{ZB(a +2,p+1)

@l +m[ _2B(a+2,p+ 1)] (%)

2
p+Dp+2)
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2. when a =1 and n = 2, we have

_(b-ap
-4

@l 2mlfreml

f@rfo) 1 [
=3 b—afaf(x)dx P03 G p ]

3. whenm =a =p=1and n =2, we have

f@+fb) 1 (7 b - a)?
‘ 2 _b—af,,f(x)dxs 24 [

@l +1 o).
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