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Abstract. In this paper, following [W.A. Kirk, PS. Srinivasan, P. Veeramani, Fixed points for mappings
satisfying cyclical contractive conditions, Fixed Point Theory, 4 (2003), 79-89], we give a fixed point result
for cyclic weak (1), C)-contractions on partial metric space. A Maia type fixed point theorem for cyclic weak
(¢, C)-contractions is also given.

1. Introduction

Matthews [17] introduced the notion of a partial metric space as a part of the study of denotational
semantics of data for networks, showing that the contraction mapping principle can be generalized to the
partial metric context for applications in program verification. In [2, 3, 9, 11-13, 18, 20, 25, 28, 30-32] we
have some generalizations of the result of Matthews.

A very interesting work on cyclic contractions is the Ph.D. thesis of Petric [22]. In this thesis, the
reader can find a background introduction to the study of fixed point theory for cyclical contractive
operators and its applications. Some other fixed point results for cyclic mappings are obtained in the
papers [4, 11, 15, 16, 19, 21, 23, 24]. Useful applications of cyclic contractions are devoted to obtain the
existence and uniqueness of best proximity points of mappings. In fact, there is a fruitful research branch
on this topic that is concretized in various papers published in the last years [1, 5, 10, 14, 26, 27, 29].

In this paper, we give fixed point results for cyclic weak (¢, C)-contractions on partial metric space. A
Maia type fixed point theorem for cyclic weak (¢, C)-contractions is also given. Our results generalize some
interesting results of [15, 23].

2. Preliminaries

First, we recall some definitions and some properties of partial metric spaces that can be found in
[9, 11, 17, 18, 20, 25, 28]. A partial metric on a nonempty set X is a function p : X X X — [0, +00) such that
forall x,y,z € X:
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(p1) x=y o plx,x) =ply) =py,y);
(p2) p(x,x) < p(x, y);

(p3) px,y) = ply,x);

(ps) p(x,y) < p(x,2) + p(z,y) - p(z, 2).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on X. It is
clear that, if p(x,y) = 0, then from (p;) and (p,) it follows that x = y. But if x = y, p(x, y) may not be 0. A
basic example of a partial metric space is the pair ([0, +0), p), where p(x, y) = max{x, y} for all x, y € [0, +00).

Each partial metric p on X generates a To topology 7, on X which has as a base the family of open p-balls
{By(x, €) : x € X, £ > 0}, where

By(x, &) ={y € X : p(x, y) < p(x,x) + &}
forallx e Xand ¢ > 0.

Definition 2.1. Let (X, p) be a partial metric space. Then
(i) a sequence {x,} in (X, p) converges to a point x € X if and only if p(x, x) = lirp p(x, xp);

(ii) a sequence {x,} in (X, p) is called a Cauchy sequence if there exists (and is finite) 1in1 p(Xn, Xm);
n,m—+00

(iii) a partial metric space (X, p) is said to be complete if every Cauchy sequence {x,} in X converges, with respect to
Tp, to a point x € X such that p(x,x) = lim p(x,, Xn);
n,m—+00

(iv) a sequence {x,} in (X, p) is called 0-Cauchy if lirrl p(xn, xm) = 0. We say that (X, p) is O-complete if every
n,m—>+00

0-Cauchy sequence in X converges, with respect to T, to a point x € X such that p(x, x) = 0.

On the other hand, the partial metric space (Q N[0, +0), p), where Q denotes the set of rational numbers
and the partial metric p is given by p(x, ) = max{x, y}, provides an example of a 0-complete partial metric
space which is not complete.

It is easy to see that every closed subset of a complete partial metric space is complete. We have the
following useful lemma.

Lemma 2.2. Let (X, p) be a partial metric space and {x,} C X. If x, — x € X and p(x,x) = 0, then lir+n p(xy,z) =
n—+0oo
p(x,z) forall z € X.

Proof. By the triangle inequality

P(JC,Z) - P(xn/x) < P(xmz) < P(x/ Z) + P(xnrx)-

Letting n — +o0, we obtain that p(x,, z) — p(x,z). O

3. Main results

Our results are inspired from the definition given in [7, Definition 4]. First we introduce the notion of
cyclic weak (1, C)-contraction in partial metric space.

In the sequel, we denote with:

1. W the class of functions ¢ : [0, +00) — [0, +00) strictly increasing and continuous such that () < %t
for all > 0 and ¢(0) = 0;

2. @ the class of functions ¢ : [0, +00)> — [0, +o0) nondecreasing in each coordinate such that ¢(x, y) = 0
ifand onlyif x = ¥y =0, ¢(x, y) < x + y for all x, y € [0, +00) and ¢(-, 0) continuous.
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Let X be a nonempty set, m a positive integer and T : X — X a mapping. By definition, a finite family
A1, ..., Ay of nonempty subsets of X is a cyclic representation of X with respect to T if

@) U4 =X
(11) T(Al) C Az, T(Az) - A3, ey T(Am) C Al.

Let (X,p) be a partial metric space, m a positive integer, Ay, ..., A, nonempty subsets of X and Y =
UjL1 Aj. Amapping T : Y — Yis a cyclic weak (i, C)-contraction if

(i) Ai1,...,Anis acyclic representation of Y with respect to T;

(ii) p(Tx, Ty) < Y(p(x, Ty) + p(y, Tx) — p(p(x, Ty), p(y, Tx))), for any x € A;, y € Ais1,i=1,2,...,m where
A =A1,¢E\I/and¢)€<1>.

Obiviously, condition (ii) is a generalization of the condion of Chatterjea [6]

Lemma 3.1. Let (X, p) be a partial metric space, m € N, Ay, As, ..., Ay nonempty subsets of X and X = UL, Ai.
Suppose that T : X — X is a cyclic weak (1, C)-contraction, then

(i) p(Tx, Ty) < P(p(x, Ty) + p(y, Tx)) for all x € A; and y € Ai;
(ii) p(Tx, Ty) < Y(p(x, Ty) + p(y, Tx)) for all x € A; and y € Ajq such that p(x, Ty) + p(y, Tx) > O;
(iii) p(T"xo, T"*'xg) — 0 as n — +oo for all xg € X.

Proof. (i) and (ii) hold as ¢ is strictly increasing and ¢(u,v) > 0 if u + v > 0. We prove (iii). Take xp € X
and consider the sequence given by x,41 = Tx,, n =0,1,2,.... As X = |, A;, for any n > 0 there exists
in €1{1,2,...,m} such that x,_; € A;, and x,, € A;,+1. Since 1 is strictly increasing and

p(xn—lr Xna1) + P(Xn, Xn) < P(xn—L Xu) + p(xn/ Xn41),

using (i), we deduce that

pGn, xXne1) = p(Txu-a, Txy) 1)
< P(p(xa-1, Xne1) + X, X))
< TPt ) + Pl )
< %[p(xnfl,xn) + p(Xn, Xn41)]-
Therefore,

p(Xn, Xp41) < p(Xp-1,%,) foranyn =1,2,....

Thus {p(x,, xn+1)} is @ nonincreasing sequence of non negative real numbers. Consequently, there exists
a > 0 such that

lim p(x,, x,41) = a. )

n—+co

Passing to the limit as # — +o0 in (1) we deduce

n—+o0

1
a< lim E[p(xn—lz xn+1) + P(xn, xn)] <a
and hence

lim [P(xn—l/ Xnt1) + p(xnr xn)] = 2a. 3)

n—+oo
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As T is a cyclic weak (i, C)-contraction and ¢ is nondecreasing with respect to the second component,
we obtain

P, Xne1) = p(Txn-1, TXn) 4)
Y(p(n-1, Txn) + p(xn, Txn-1) = P(p(xn-1, Txn), p(xn, Tx-1)))

Y(p(xn-1, Xn41) + p(Xn, Xn) — P(P(Xn-1, Xn41), P(Xn, X1)))

P(p(tn-1, Xns1) + p(xn, Xn) = P(p(Xn-1, Xn+1), 0))-

Aslimsup, . p(x,, x,) < limsup, . p(xy, Xu41) = a, by (3) we get

20

I IA

IA

linrg jgf[p(xn_l, Xn+1) + P(Xn, Xn)]

IA

limjnfp(xn_l, Xu4+1) + lim sup p(x,, xy)
n—+0o

IA

liminf p(x,-1, Xu41) + .
n—+oo
Therefore
lierinfp(xn_l,x,,H) > a. (5)
n—-+oco
By (3), (5) and the continuity of ¢(-,0), we obtain
lim sup[p(xn-1, Xn+1) + p(Xn, Xn) = P(P(Xn-1, Xn+1), 0)] (6)
n—+oo
200 — limjnf P(p(Xn-1,%Xn+1),0)
2a - P(a, 0).

Taking the upper limit as n# — +oo in (4), using (6) and the continuity of ¢, we get

IN

a<yPRa-¢a0) <a- %qb(a, 0) <a.

Hence, we have ¢(«a,0) = 0, that is, &« = 0, and so

lim p(xy, Xpt1) = liIP p(T"xo, T" ' xp) = 0. (7)

n—+oo

O

Lemma 3.2. Let (X, p) be a partial metric space, m € N, A1, As, ..., Ay nonempty subsets of X and X = UL, Ai.
Suppose that T : X — X is a cyclic weak (y, C)-contraction. For every xy € X, let x,, = T"x, then {x,} is a 0-Cauchy
sequence.

Proof. First, we prove the following claim.

Claim: For every € > 0 there exists n € N such that if » > g > n with r — g = 1(m), then p(x;, x;) <.

In fact, suppose the contrary case. This means that there exists € > 0 such that for any n € IN we can
find r,, > g, > n with r, — g, = 1(m) satisfying

p(an’xrn) 2 €. (8)

Now, we take n > 2m. Then, corresponding to g, > n, one can choose r, in such a way that it is the smallest
integer with r,, > g,, satisfying r,, — q, = 1(m) and p(x,,, x;,) > €. Therefore, p(x;,, xr,-m) < €. By the property
(p4) of a partial metric, we have

€ < p(anrxrn)

m m
p(Xg,, Xr,—m) + Z p(Xr, i, Xr,—ix1) = Z p(xXp, i, Xr,—i)
i=1 i=1

IA

A

m
€+ Z P(Xr,—is Xp,—iv1)-
i=1



V. Berinde, F. Vetro / Filomat 27:8 (2013), 1405-1413 1409

Passing to the limit as # — +oco in the last inequality and taking into account that limy,_,+e (x4, Xn+1) = 0,
we obtain

Tm_p(r,,,x,,) = €. 9)
Again, by the property (ps4), we have
p(xg,, Xr,) (10)
P(xq,,/ xq,,+1) + P(xq,,ﬂ/ xr,,+1) + P(xr,,+1/ xr,,)

p(xg,, Xg,+1) + P(Xg,+1,Xg,) + P(Xg,, Xr,) + P(Xr,,, X1, 1) + P(Xr, 41, X1,)
2p(xq,, Xg,+1) + P(xq,, Xr,) + 2P(xr,, Xr,+1)-

€

ININ A

Passing to the limit as n — +oo in (10), using lim, 10 p(Xy, X4+1) = 0 and (9), we get
Him p(xg, 1, X7,41) = €. (11)
In the same way, we deduce that
nl_i}}loo p(xq,,+1/ Xr,) = nl_igloo P(an, Xr,+1) = €. (12)

Since x;, and x,, lie in different adjacently labelled sets A; and A;;; for certain 1 < i < m, using the fact
that T is a cyclic weak (i, C)-contraction, we have

p(an+1/ xrn+1) = p(qu,,/ Txr,,)
< l/’(p(anr Tx,,) + P(xrnr qu”) - (P(P(xq,,/ Txy,), p(xy,, quy,)))
< IP(P(xq,,, Xr,+1) + p(Xs,, an+l) - ‘{b(p(qu,/ Xr,+1),0)).

Taking into account (11) and (12) and the continuity of ¢ and ¢(:,0), passing to the limit as n — +oco in the
last inequality, we obtain

€ <YP(e — P(e,0)) <e— %(p(e, 0)<e

and from the last inequality, ¢ (e, 0) = 0. From the fact that ¢(x, y) = 0 & x = y = 0, we have € = 0, which is
a contradiction. Therefore, our claim is proved.

Now, we prove that {x,} is a 0-Cauchy sequence. Fix € > 0. By the claim, we find 1y € IN such that if
r>q = npwithr—gq = 1(m)

€
p(xr/ xq) < E (13)
Since limy—, o0 (X4, X44+1) = 0 we also find n; € IN such that
€
nsin < — 14
P, 1) < 5 (19)

for any n > ny. Suppose that r,s > max{ng,n1} and s > r. Then there exists k € {1,2,...,m} such that
s —r = k(m). Therefore, s + j — r = 1(m) for j = m — k + 1. So, we have

i i
Pl xs) < ple, Xsij) + Z P (Xsiy Xstin1) = 2 P(Xsiy Xs+i)

i=1 i=1
j
< plx, x5+j) + Z P(Xstis Xsti-1)-
i=1

By (13) and (14) and from the last inequality, we get

P(xr/xs)SE+jiSE+mi=e,
2 2m — 2 2m
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This proves that {x,} is a 0-Cauchy sequence. [J
The main result of the paper is the following theorem.

Theorem 3.3. Let (X, p) be a O-complete partial metric space, m € IN, A1, Aa, ..., A closed nonempty subsets of X
and X = \JiL; Ai. Suppose that T : X — X is a cyclic weak (¢, C)-contraction. Then, T has a unique fixed point
S m?:l A;.

Proof. Take xg € X and consider the sequence {x,} given by x, = Tx,_1,n =1,2,.... By Lemma 3.2, {x,} is a
0-Cauchy sequence. Since X is a 0-complete partial metric space, there exists x € X such that

Hm p(xy, x) = Hm p(es, Xm) = p(x, x) = 0.

In what follows, we prove that x is a fixed point of T. In fact, since lim, 1+« X, = x and, as the family
A1, Ay, ..., Ay s a cyclic representation of X with respect to T, the sequence {x,} has infinite terms in each A;
forie{1,2,...,m}. As A; is closed for alli € {1,2,...,m}, we deduce that x € (2, A;. Using the contractive
condition, we can obtain

p(Tx,, Tx)
P(pxn, Tx) + p(x, Txn) = G(p(xy, Tx), p(x, Txy)))
Y(p(xn, Tx) + p(x, Xp41) — P(p(xn, Tx), 0)).

Passing to the limit as # — +oc0 and using x, — x, Lemma 2.2, continuity of i) and ¢(-,0), we have
plx, Tx) < P(p(x, Tx) — P(p(x, Tx),0))
1 1
< Ep(xr Tx) - §¢(p(xr Tx),0)

P(xwrl/ Tx)

INIA

< %p(x, Tx)

which is a contradiction unless p(x, Tx) = 0 and, therefore, x is a fixed point of T. Finally, to prove the
uniqueness of the fixed point, we assume that y,z € X are fixed points of T. The cyclic character of T and
the fact that y,z € X are fixed points of T, imply that y,z € N, A I p(y,z) > 0, using Lemma 3.1(ii), we
obtain

p(y,2) = p(Ty, Tx) <P(p(y, T2) + p(z, Ty)) = P2 p(y, 2)) < p(y, 2)-
This gives us p(y,z) = 0, thatis, y =z. O
A Maia type result regarding cyclic weak (¢, C)-contractions is given in the following theorem.

Theorem 3.4. Let X be a nonempty set, p and p two partial metrics on X, m € IN, Ay, ..., A, closed nonempty
subsets of (X, p), X = Uity Aiand T : X — X. Assuming that

(i) Ai,..., A isacyclic representation of X with respect to T;
(i) p(x,y) < px,y), foranyx,y €Y;
(iii) (X, p) is a O-complete partial metric space;
(iv) T:(X,p) = (X, p) is continuous;

(v) T:(X,p) = (X, p) is a cyclic weak (1, C)-contraction.

Then T has a unique fixed point.
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Proof. Take xy € X and consider the sequence {x,} given by x,, = Tx,—1, n = 1,2,.... By Lemma 3.2, {x,}
is a 0-Cauchy sequence in (X, p). By condition (ii) the sequence {x,} is 0-Cauchy in (X,p). As (X,p) is a
0-complete partial metric space, then there exists x € X such that p(x,, x) = p(x,x) = 0. Now, the condition
(iv) ensures that

x= lim x, =T( lim x,1) =Tx
n—+oo n—+oo
and hence x is a fixed point of T. The uniqueness of the fixed point follows by condition (v). O

Corollary 3.5. Let (X, p) be a 0-complete partial metric space, m € N, A1, Az, ..., A closed nonempty subsets of X
and X = UL, Ai. Suppose that T : X — X is a mapping such that

(1) A1, Ay, ..., Ay is a cyclic representation of X with respect to T;

(ii) there exists ¢ € O such that

1
p(Tx, Ty) < 5[pCc, Ty) + p(y, T)] = ¢(p(Cx, Ty), p(y, Tx)) (15)
foranyx € A;, y € Aiy1,i=1,2,...,mwhere A1 = A1. Then, T has a unique fixed point z € (1, A;.

Proof. Let ¢ : [0, +00) — [0, +00) defined by (t) = %t forall t > 0. Since

1
p(Tx, Ty) < 5[pCe, Ty) + p(y, T)] = 2¢(p(x, Ty), p(y, TX)],
2¢ € ® and 1 € W applying Theorems 3.3, we deduce that T has a unique fixed pointz € (iL; A;. O

In the setting of metric spaces, Corollary 3.5 is related to Theorem 2.1 of [8]. If in Corollary 3.5, we take
P(t1,t2) = a(ty + t2) with 0 < a < 1/2, we obtain the following result.

Corollary 3.6. Let (X, p) be a 0-complete partial metric space, m € N, A1, Ay, . .., Am closed nonempty subsets of X
and X = UL, Ai. Suppose that T : X — X is a mapping such that

(1) A1, Ay, ..., Ay is a cyclic representation of X with respect to T;

(ii) there exists k € [0,1/2) such that

p(Tx, Ty) < klp(x, Ty) + p(y, Tx)] (16)
foranyx € A;, y € Ain1,i=1,2,...,mwhere A1 = Ar. Then, T has a unique fixed point z € (i, A;.

If in Corollary 3.6, (X, p) is a metric space, we obtain Theorem 3 of [23]. The following corollary gives us a
fixed point theorem with a contractive condition of integral type for cyclic contractions.

Corollary 3.7. Let (X, p) be a 0-complete partial metric space, m € N, A1, Ay, ..., Am closed nonempty subsets of X
and X = U2, Ai. Suppose that T : X — X is a mapping such that

(1) A1, Ay, ..., Ay is a cyclic representation of X with respect to T;
(ii) there exists ¢p € @ such that

p(Tx, Ty) <

P TY)+p(y, TX)—p(p(x,Ty),p(y, Tx))
f o(t)dt

0

forany x € A;, y € Ain1, 1 =1,2,...,m where A1 = Ay, and ¢ : [0,4+00) — [0, +00) is a Lebesque-integrable
function satisfying 0 < foe o(t)dt < 1e for € > 0. Then T has a unique fixed point z € (2, A;.

If in Corollary 3.7, we take A; = X fori =1, 2,...,m, we obtain the following result.
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Corollary 3.8. Let (X,p) be a O-complete partial metric space and T : X — X is a mapping such that, for any
x,y € X, we have

p(Tx, Ty) <

P, Ty)+p(y, TxX)—p(p(x,Ty),p(y,Tx))
f o(t)dt

where ¢ : [0, +00) — [0, +00) is a Lebesgue-integrable function satisfying 0 < foe o(t)dt < Je fore > 0and ¢ € .
Then T has a unique fixed point.

If in Theorem 3.3 we put A; = X fori = 1,2,...,m we have the following result (see [8]).

Corollary 3.9. Let (X, p) be a O-complete partial metric space and T : X — X a mapping such that, for any x,y € X,
we have

p(Tx, Ty) < Y(p(x, Ty) + d(y, Tx) = d(p(x, Ty) + p(y, Tx))),
where ¢ € ® and 1p € V. Then T has a unique fixed point.

Example 3.10. Let X = [0,1]NQ and p : X X X — R defined by p(x,y) = max{x,y}, then (X,p) is a 0-
complete partial metric space. Let Ay = Ay = -+ = Ay = X. DefineT : X = X, ¢ : [0,+00) — [0, +00) and
¢ : [0, +00)?> — [0, +00) by Tx = z(i‘—ix)for all x € X, Y(t) = § forall t > 0 and

2 2

f
t, b)) = —— + —2 It ty > 0.
Qb( 1/ 2) 1+ 1+t2' fOTﬂ 1,022

We prove that T is a cyclic weak (y, C)-contraction.

Take x, y € X and assume y < x. Then

_ x2 3 x? [max{y, Tx}]*
P TY) = 5y STy ply, To) = 3+ o o

and hence

Y(p(x, Ty) + p(y, Tx) — p(p(x, Ty), p(y, Tx)))

= Lk maxgy, 5y - 2 maxty TP

T MY a g T Tex 1+ maxly, Ta)
1 X2 1 x x?

T e e 2(1 +x) ~ et

Therefore T is a cyclic weak (i, C)-contraction and so T has a unique fixed point by Theorem 3.3.
On the other hand, for the same problem in the standard metric d(x, y) = |x — y| it is not possible to make
use of other results for deduce that T has a unique fixed point, since (X, d) is not complete.
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