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Coincidence and Common Fixed Point Theorems for (i, ¢) weakly
Contractive Mappings in Generalized Metric Spaces
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®Department of Mathematics, University of Belgrade, Faculty of Electrical Engineering, Bul. Kralja Aleksandra 73, Belgrade, Serbia

Abstract. We establish some coincidence and common fixed point theorems for mappings satisfying a
generalized (i, p)-weakly contractive condition in complete Hausdorff generalized metric spaces. Our
results generalize very recent results of C. Di Bari and P. Vetro [Common fixed points in generalized metric
spaces, Appl. Math. Comput. 218 (2012), 7322-7325] and extend and generalize many existing results in
the literature.

1. Introduction and preliminaries

It is well known that the contraction mapping principle, formulated and proved in the Ph.D. dissertation
of Banach in 1920, which was published in 1922, is one of the most important theorems in classical functional
analysis. This contraction mapping principle has been generalized in many directions. Recently, a very
interesting generalization was obtained by Branciari in [3] by lessening the structure of a metric space. In
fact, Branciari [3] introduced a concept of generalized metric space by replacing the triangle inequality by
a more general inequality - by the “rectangular” inequality. So any metric space is a generalized metric
space, but the converse is not true (see for example ref. [3]). He proved the Banach’s fixed point theorem
in such spaces. For more details about fixed-point theory in generalized metric spaces, we refer the reader
to [1], [4]-[14].

In this paper, we prove coincidence and common fixed point theorems for two mappings satisfying
a generalized (¢, p)-weakly contractive condition in complete Hausdorff generalized metric spaces. Pre-
sented theorems extend and generalize many existing results in the literature.
2. Definitions and known theorems

Let R* denote the set of all positive real numbers and N denote the set of all positive integers.

Definition 2.1. Let X be a non-empty set and d : X X X — [0, +co) be a mapping such that for all x, y € X and for
all distinct points u,v € X each of them different from x and y, one has

2010 Mathematics Subject Classification. Primary 47H10; Secondary 47N10

Keywords. Generalized metric space, Weakly contractive condition, Contraction of integral type, Fixed point, Common fixed point

Received: 25 February 2013; Accepted: 23 August 2013

Communicated by Vladimir Rako¢evié

This work was supported by grants approved by the Ministry of Education, Science and Technological Development, Republic of
Serbia.

Email address: cakic@etf.rs (Nenad Cakic)



N. Caki¢ /Filomat 27:8 (2013), 1415-1423 1416
() dix,y) =0ifandonly if x =y,
(i) d(x, y) = d(y, %),
(iii) d(x,y) < d(x,u) + d(u,v) + d(v, y) (rectangular inequality).
Then (X, d) is called a generalized metric space (or shortly g.m.s.).
Definition 2.2. Let (X,d) be a g.m.s., {x,} be a sequence in X and x € X. We say that
(i) A sequence {x,} is convergent to x if and only if d(x,, x) — 0 as n — +oco. We denote this by x, — x.

(i) A sequence {x,} is a Cauchy sequence if and only if for each € > O there exists a natural number n(e) such that
A(Xp, xn) < € for all n > m > n(e).

(ii1) (X, d) is called complete if every g.m.s. Cauchy sequence is convergent in X.

We denote by W the set of functions ¢ : [0, +00) — [0, +0c0) satisfying the following hypotheses:
(1) ¥ is continuous and nondecreasing,

(Y2) Y(t) = 0 if and only if t = 0.

We denote by @ the set of functions ¢ : [0, +00) — [0, +00) satisfying the following hypotheses:
(1) @ is lower semi-continuous,
(p2) p(t) = 0if and only if t = 0.

H. Lakzian and B. Samet in [10], established the following fixed point theorem involving a pair of
altering distance functions in a generalized complete metric spaces.

Theorem 2.3. (Lakzian and Samet [10], Theorem 1). Let (X, d) be a Hausdor{f and complete g.m.s. andlet T : X — X
be a self- mapping satisfying

P((Tx, Ty)) < Pd(x, y) — pd(x, y))

forall x,y € X, where 1 € Wand ¢ : [0, +00) — [0, +00) is continuous and @(t) = 0 if and only if t = 0. Then T has
a unique fixed point.

Definition 2.4. Let X be a non-empty set and T, f : X — X.

(i) A point y € X is called a point of coincidence of T and f if there exists a point x € X such that y = Tx = fx.
The point x is called coincidence point of T and f.

(i1) The mappings T, f are said to be weakly compatible if they commute at their coincidence point (thatis, T fx = fTx
whenever Tx = fx).

Recently C. Di Bari and P. Vetro [8] extended the fixed point Theorem 2.3 of Lakzian and Samet to the
following common fixed point theorem for mappings satisfying a (i, ¢)-weakly contractive condition in
generalized metric spaces.
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Theorem 2.5. (Di Bari and Vetro [8], Theorem 1). Let (X, d) be a Hausdorff g.m.s. and let T and f be self-mappings
on X such that TX C fX. Assume that (fX,d) is a complete g.m.s. and that the following condition holds:

Pd(Tx, Ty)) < P(d(fx, fy)) = ld(fx, fy))

forall x,y € X, where ¢ € W and ¢ : [0, +00) — [0, +00) is lower semi-continuous and @(t) = 0 if and only if t = 0.
Then T and f have a unique point of coincidence in X. Moreover, if T and f are weakly compatible, then T and f have
a unigue common fixed point.

In this paper, we prove some coincidence and common fixed point theorems involving (i, ¢)-weak
contractive conditions for two self-mappings on X in complete generalized metric (X, ) spaces by assuming
that these are Hausdorff spaces. Our theorems are real generalizations of Theorems 2.3 and 2.5.

3. Main results

In this section, we prove some common fixed point results for two self-mappings satisfying a generalized
(1, p)-weakly contractive condition, where a function ¢ satisfies a less restrictive condition then in the
theorems of Lakzian and Samet [10], as well as in theorems of Di Bari, P. Vetro [8].

We denote by @ the set of functions ¢ : [0, +00) — [0, +00) satisfying the following hypotheses:

(1) liminf,,.+ @(f) > O for all r > 0,
(p2) @(t) = 0if and only if t = 0.

Theorem 3.1. Let (X, d) be a Hausdorff g.m.s. and let T and f be self-mappings on X such thatTX C fX. Assume
that (fX, d) is a complete g.m.s. and that the following condition holds:

Pd(Tx, Ty)) < ymaxid(fx, fy), %[d(fx, Tx) +d(fy, Ty)l, d(fy, T} (1)
—p(d(fx, fy))

forall x,y € X, where € WV and ¢ € O*. Then T and f have a unique point of coincidence in X. Moreover, if T and
f are weakly compatible, then T and f have a unique common fixed point.

Proof. Let xy € X. Define sequences {x,} and {y,} in X by
Yn = fXnn =Tx,; nef0,1,2,--} 2)

This can be done, since TX C fX. If we assume that y, = y,-1 for some n > 1, then by (2) we have

Yn = Tx, = yu-1 = fx,. Hence Tx, = fx,. Thus in this case one can directly proved that T and f have a
coincidence point x, in X.
Now we shall suppose that y, # y,—1 for alln > 1. From (1) with x = x, and y = x

Y, y,.)) = YT, Tx,)
< pmaxld(fr, fr,.) 3 ld(fx, Tx,) + d(fx,., Tx,)l
A(f%,., T - 9, f,.)
= a1, 31, ) + A Y, A, )
~pA(Y,., ¥,)-

we have

n+l

Hence we get

Yy, Y,.)) < pmaxtd(y,., v,), 4y, y,..)0) - @y, ., y.))- 3)
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From (3), using the monotone property of the function 1, and as ¢(d(y,_,,y,)) > 0, we have
ay,,v,.) <dy,,,y,) forall n>1. 4)

From (4) it follows that the sequence of positive reals {d(y,,y,.,)} is monotone decreasing and conse-
quently, there exists g > 0 such that lim;;,co d(ys, Yn+1) = 9. We shall show that g = 0, that is,

Jl_f};lod(ynr yn+1) =0. )

Suppose, to the contrary, that g4 > 0. Letting 7 — oo in (3), and using the continuity of i and the property
(1) of the function ¢ € ®, we get

Y(g) < P(g) - d(ylf,ﬁ j{\jq;f)(@ <¥(q),

a contradiction. Thus we proved (5).
Now we shall show that y,+2 # y, for all n > 1. Suppose, to the contrary, that y,.» = y,. Then, using (4),

we have d(Yu, Yn+1) = AYn+2, Yns1) < AY@a2-1, Ys1)-1) = A(Yns1, Yn), a contradiction. Therefore, Yy # Y
for all n > 1, which implies that

ay,,y,,) >0 forall ne{0,1,2,--}. (6)
From (1), for any 7 € N we have
YY) = YT, TY,)
YA, £3,0), S, T3+ T )]
A(f %, T ) = Y, £,
= pmax(d(y, Y,.), 1A, Yuet) + A0 Yy, 90D
~(Y,, Y,+2))-

IN

Hence, using (4),

YY1 Y,n)) < Y(maxtd(y,, Y,.,), dy,, ¥,.)} = oy, ¥,+2)- (7)

Thus, from (7), for each n € N, either

YA, Y,s) < YA, Y,.0)) — 9AY,, ¥,+2), 8)

or

PA(Y 0, Y,s) < YAY,, Y1) = (Y, Y,41)- ©)

Suppose at first that there is some 79 € N such that (8) holds for all n > ng. Since from (6) we have
@d(y,,y,+2) > 0, then from (8) we get Y(d(y, ., ¥,..)) < Y@d(y,, y,,,))- This implies, as 1 is nondecreasing,

d(ynﬂl yn+3) < d(yn/ yn+2) fOI‘ all n Z nO‘

Hence it follows that the sequence {d(y,, y,.,)} is monotone decreasing and consequently, there exists p > 0
such that d(y,, yn+2) — p + . If we suppose that p > 0, then letting 1 — oo in (7) and using the continuity of
Y and the property (¢1) of ¢, we get

V) < Y) = limint o(p) < 4p),
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a contradiction. Thus
Al_l:lsod(ym yn+2) =0. (10)

Suppose now that (9) holds for some infinite subset {n;} of positive integers. Then from (9) we get
llb(d(ynjﬂ, y,,,+3)) < ¢(d(yn], y,,j_ﬂ)) for all n; € N. Hence, as 1) is nondecreasing,
d(yn]-H’ yn]-+3) S d(ynj’ ynjﬂ) for all nj € N

Letting j — oo in the above inequality and using (5) we get

llm Supd(yn'Jrl’ yn‘+3) S llm d(yn"yn-H) = 0
i i j—+oo i j

jo+oo

Hence we obtain lim sup,_, ., d(y”jﬂ, yni+3) = 0. This implies limy,_,co (Y4, Yn+2) = 0. Thus we proved that (10)

holds.

Now we shall prove that {y,} is a g.m.s. Cauchy sequence. Suppose, to the contrary, that{y,} is not a
Cauchy sequence. Then there exists € > 0 such that for each k € N we can find subsequences {y,,, } and {y,,}
of {y,} with n > my > k such that

A(Ymy, Yn,) = €. 11

We can choose 1 > m; in such a way that it is the smallest integer for which (11) holds, that is, such that

d(ymk/ ynk—l) <e€ (12)
holds. Now, using the rectangular inequality, (12) and (11) we get, as Yy, , Yn,, Yn—1, Yn,—2 are distinct points,
e < dYm, Yn)
< d(]/mk/ ynk—l) + d(]/nk—lr ynk—Z) + d(y‘ﬂk—ZI ynk)
< € + d(]/nk—Z/ ynk—l) + d(yl’lk—Zl ]/nk)-
Letting k — +oc0 in the above inequality, using (5) and (10), we obtain
AWYwys Yn) = €+ (13)
From (1) with x = x,,, and y = x,,,, using that n; > my and (4), we get

lp(d(ymkﬂr ymk+1)) = w(d(TxmkH/ Txnk+1))
S w(max{d(fxmk_'_], fxnk+1)/ d(fx‘rlk+1r Txmk+1)/
d(fxmk+lr Txmk+1) + d(fxnk+1r Txnk+1) }

> )
_(P(d(fxmk"'lf fx”k+1))'
= l/)(max{d(ymk/ ynk)r d(ymk/ ymk+1)/ d(ynkr ymk+1)})

_(P(d(]/mkz ynk))-
Hence, using that 1y > my, (4) and (4), we get
ll}(d(ymwlr ymk+1)) < ¢(max{d(ymk1 ynk)r d(ymkr ymk+1)r d(ymk+1/ ynk)})
_(P(d(]/mk/ ynk))- (14)
From the rectangular inequality, we have
d(ymk/ ynk) - d(ymk/ ]/mk+1) - d(}/nk+1/ ynk)
d(ymk+1/ ]/nk+1)
d(ymk+1’ ymk) + d(ymk/ y"k) + d(yﬂk/ y”k+1)/

INIA
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Letting k — +o0, using (13) and (5), we obtain
A(Yim+1, Y1) — €. (15)
Similarly, from the rectangular inequality,

d(]/mk/ ]/nk) - d(ymk—lr ]/mk) - d(]/nk—ll ]/nk)
d(ymrl/ ynk—l)
d(ymk—lr ymk) + d(ymk/ yl’lk) + d(yl’lk—ll ynk)'

INIA

Letting k — +0co we obtain

d(]/mk—l/ ]/nk—l) — €. (16)

Again, from the rectangular inequality,

AYm-1, Yni=1) = A1, Y1) = AYrm1, Yo) < AYir1, Y,
and
< dYmers Yne) < AWYmer, Y1) + AYm—1, Yne=1) + AWn=1, Yn)-
Letting k — +oo, using (16), (10) and (5), we obtain
A(Ym1, Yn,) = €. (17)

Now, letting k — +oc0 in (14), using (15), (13), (5), (17) and the continuity of ¢ and the property (¢1) of
@ € @, we obtain

PO <P =, Tim p(dlym, yn) < Y16,

mye 1Yy )—e€

which is a contradiction with € > 0. Hence, {y,} is a Cauchy sequence. Since (fX,d) is g.m.s. complete,
there exists z € fX such that lim,_,,« ¥, = z. Let w € X be such that fw = z. Then

liIP Yn = fw. (18)
We shall prove that
fw = Tw. (19)

Suppose, to the contrary, thatd(fw, Tw) > 0. Then ¢(d(fw, Tw)) > 0, which implies that p(max{d(fw, Tw),d(y,_,, fw),d(y, .,y
0. Now, applying the inequality (1) with x = x,, and y = w, we obtain

A

Yd(Tx,, Tw)) < yPmax{d(fx,, fw), %[d(fxn, Tx,) +d(fw, Tw)], d(fw, Tx,)})
—p(d(fx,, fw))
Pmaxid(y, ., f0), 5140y, ., ,) + d(fo, To)l, d(fo, ).

IA

Hence, using that ¢ is nondecreasing, we have

A(Tx,, Tw) < maxld(y, , fo), 316y, y,) + d(fw, Twl d(fw,y,)
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Letting n — +o0 in the above inequality, using (18) and (5), we get

limsupd(Tx,, Tw) < %d( fw, Tw)). (20)

n—oo

From the rectangular inequality,

d(fw, Tw)) < d(fw, Yn-1) + d(Yn-1, Yn) + A(Yn, Tw).

Letting n — +o0 in the above inequality, using (18), (20) and (5), we get

d(fw, Tw)) < lim supd(y,, Tw) < %d(fw, Tw).

n—oo

Hence d(fw, Tw)) = 0, which implies fw = Tw. Thus we proved that z = fw = Tw and so z is a point of
coincidence of T and f.

Now we show that z is a unique point of coincidence. Let z; be another point of coincidence in X, that
is, let z; = fv = Tv. Suppose that z; # z. Then fv # fw and so ¢(d(fv, fw))) > 0. From (1) we have

P(d(To, Tw))

IA

Y(max{d(fv, fw), %[d(fv, Tv) + d(fw, Tw)], d(fw, Tv)})

—p(d(fo, fw)))
< Ymax{d(fo, fw),0,d(fw, Tv)}) — ed(fv, fw)))
< YPd(Tv, Tw)),

a contradiction. Therefore, z; = z. Thus we proved that T and f have a unique point of coincidence.

If T and f are weakly compatible, then from fw = Tw = z we have Tfw = fTw, thatis, Tz = fz. Let
v =Tz = fz. Since z is a unique point of coincidence of T and f, then v = z. Therefore, we have z = fz = Tz.
Thus we proved that z is the unique common fixed point of T and f. This complete the proof.

Remark 3.2. Theorem 3.1 is a generalization of Theorem 2.5 of C. Di Bari and P. Vetro [8]..

From Theorem 3.1, if we choose f = Ix the identity mapping on X, we obtain the following fixed point
result.

Corollary 3.3. Let (X,d) be a Hausdorff complete g.m.s. space and let T be a self-mapping on X such that the
following condition holds:

P(d(Tx, Ty)) < p(max{d(x, y), %[d(x, Tx) +d(y, Ty)l, d(y, TX)}) - p(d(x, y)) (21)

forall x,y € X, where € VW and ¢ € ©. Then T has a unique fixed point.
Remark 3.4. Corollary 3.3 is a generalization of Theorem 2.3 of Lakzian and Samet [10].
Remark 3.5. Now, we give a simple example that support the result of our Theorem 3.1.

Example.Let X = {0,1,2,3}. Define d : X x X — R as follows:
d(x,y) = d(y,x) for all x, y € X and d(x, y) = 0 if and only if y = x. Further, let
d(0,3) =4d(2,3)=1; d(0,2)=d(1,3) =2;
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d(0,1) = 4; d(1,2) = 5.

Then it is easy to show that (X, d) is a complete generalized metric space, but (X, d) is not a metric space
because the triangle inequality does not hold for all x, y,z € X:

5=4d(0,1) >d(0,2) +d(2,1) =2+1=3.
Now define a mappings T, f : X — X as follows:

Tx =0, if x€{0,1,2}
Tx=2,if x=3;
f0) =0, f1)=2, f(2)=3, fB) =1

Then, T and f satisfy (1) with 1(t) = 2t and @(t) = t/2. Indeed, d(Tx, Ty) > O only if x € {0,1,2} and y = 3.
We have

da(f(0), f(3

4= 9d(r0), 1)) < 2-d(f0), @) - LI _q9 2 g
a(f(n), f3

4= ), ) < 2-d(r), f@) - LI L 27

d(f(2), T(2)) +d(f(3), T3)) |
2

Therefore, T and f satisfy the inequality (1).Clearly, T(X) C f(X) and T and f are weakly compatible. So we

can apple our Theorem 3.1 and T and f have a unique fixed point z = 0.

_d(f@), f3))
3

4= YT, TE)) <2 ] =[1+51->.

Remark 3.6. Note that for the above example there is not € Y and ¢ € ® such that
YT E), TW) < VAR, F) ~ d(FR), 1))

for x =2 and y = 3 we have d(T(x), T(y)) = 2 and d(f(x), f(y)) = 2. Thus,
4=9Q) > P2 - @) =4-1=3.

Therefore, Theorem 2.5 of C. Di Bari and P. Vetro [8], as well as Theorem 2.3 of Lakzian and Samet [10], can not be
applied in this example.

From Theorem 3.1, we can derive many interesting fixed point results in generalized metric spaces
involving contractive conditions of integrable type. Denote by L the set of functions ¢ : [0, +o0) — [0, +00)
which are Lebesgue integrable on each compact subset of [0, +0) such that for every € > 0, we have

f P(s)ds > 0.
0

Since the function ¢ : [0, +00) — [0, +00) defined by (t) = fot ¢(s)ds belongs to W, we obtain the following
theorem.

Theorem 3.7. Let (X,d) be a Hausdorff g.m.s. and let T and f be self-mappings on X such that TX C fX. Assume
that (fX, d) is a complete g.m.s. and that the following condition holds:

d(Tx,Ty) max{d(fx, fy), 3 [d(fx,Tx)+d(fy,Ty)Ld(fy, Tx)}
L mwﬁsﬁ' (E)ds — p(d(fx, f1)

forall x,y € X, where ¢ € Land ¢ € ®. If T and f are weakly compatible, then T and f have a unique fixed point.



N. Caki¢ /Filomat 27:8 (2013), 1415-1423 1423

Taking ¢(t) = (1 - k) fos ¢(s)ds for k € [0,1) in Theorem 3, we obtain the following result.

Theorem 3.8. Let (X,d) be a Hausdorff g.m.s. and let T and f be self-mappings on X such that TX C fX. Assume
that (fX, d) is a complete g.m.s. and that the following condition holds:

d(Tx,Ty) max{d(fx, fy), 3 [d(fx,Tx)+d(fy,Ty)Ld(fy, Tx)})
f P(s)ds = /\f P(s)ds
0 0

forall x,y € X, where A € [0,1). If T and f are weakly compatible, then T and f have a unique fixed point.
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