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Abstract. In the present paper the authors introduce two new subclasses of multivalent analytic functions.
Distortion inequalities and partial sums of functions in these classes are given.

1. Introduction
Throughout this paper, we assume that

N={1,23,---},ke N\{1},-1<B<0,B<A<land0<A<1.

(1.1)
Let A(p) denote the class of functions of the form
fR) =2+ Z a,z" (p€N), (1.2)
n=2p

which are analytic in the unit disk U = {z : |z|] < 1}.

For functions f and g analytic in U, we say that f is subordinate to g in U and write f < g, if there exists
a Schwarz function w(z) in U such that

lw)| <zl and  f(z) = g(w(z)) (z € U).
Let

fil) =2+ ) aniZ" € Alp) (j=1,2).

n=2p
Then the Hadamard product (or convolution) of f; and f, is defined by

(i )@ =2+ ) anaanaz" = (fo* fi)(2).

n=2p

2010 Mathematics Subject Classification. Primary 30C45.

Keywords. Multivalent analytic functions; subordination; Hadamard product (or convolution); distortion; partial sums.
Received: 15 September 2013; Accepted: 17 October 2013

Communicated by Hari M. Srivastava

Email addresses: cangyiling88@126.com (Yi-Ling Cang), j11iu@yzu.edu.cn (Jin-Lin Liu)



Yi-Ling Cang, [in-Lin Liu / Filomat 28:10 (2014), 2111-2119 2112

The following lemma will be required in our investigation.
Lemma 1. Let f € A(p) defined by (1.2) satisfy

- p(A-B)
D [An = Mopllan < S5 (z € WD, (1.3)
n=2p
Then
- fu@+ 57" @ < T el (14
where
14 2mi
fox(z) = Z ]pf(e z), € = exp( ) (1.5)
j=0
and
0 (%£eN),
O = i 16
o {1 (%L eN). (1.6)
Proof. For f € A(p) defined by (1.2), the function f, x(z) in (1.5) can be expressed as
fox(z) =27+ Z O pkanZ" 1.7)
n=2p

with .

-

k_lzf(np) 0 (TP¢N)'

HERLATE L (s en)
Let the inequality (1.3) hold. Then from (1.1) we deduce that

[(1 - A)Z_pfp,k(z) + %Z_p+1f,(z):| -1 _ ‘ Zzozzp[/\n + P(l - A)én,p,k]anzn_p
A=B[(1- Nz fou(2) + Azt f@]| [PA=B)=BLiy[An+p(l = Aoy lanz""
Zf:Zp[/\n +p(1 - A)én,p,k]lan|
p(A = B) + BY, L, [An + p(1 = )by, clan]
<1 (zI=1).

Hence, by the maximum modulus theorem, we arrive at (1.4).

We now consider the following two subclasses of A(p).

Definition 1. A function f € A(p) is said to be in the class R, (A, A, B) if and only if it satisfies the
coefficient inequality (1.3).

Definition 2. A function f € A(p) is said to be in the class T, (A, A, B) if and only if it satisfies

. p*(A - B)
Y nlAn + p(1 = Aoy elland < — (1.8)
n=2p
From the Definitions 1 and 2 one can see that T, x(A, A, B) C Ryx(A, A, B). Also, it is obvious that
. . 2f'(2)
f(z) € Tyx(A, A, B) if and only if » € Ryx(A, A, B). (1.9

Many interesting classes of multivalent analytic functions were considered by earlier authors (see, e.g.,
[1-11] and the references therein). Inspired by some recent works of Srivastava et al. [8], the main object of
the paper is to derive some distortion inequalities of functions in the classes R, (A, A, B) and T, x(A, A, B).
In particular some results of partial sums and convolution of functions in these classes are also given.
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2. Main Results

Our first theorem is given by the following.

Theorem 1. Let A_B
p —
- —— <A<
keNandZ(l—B) <A<l

(i) If f € Ryx(A, A, B), then for z € U,

—B A-B
| P 2 | P V-
= - g A <@ <l + g 21)
(ii) If f € T,x(A, A, B), then for z € U,
A-B A-B
p-1_ _“* = 21 ’ p—1 _r F 21
p(IZI 210 =B) 4 ) <lff@l<p (IZI * =B 217 22)

The bounds in (2.1) and (2.2) are sharp.
Proof. Let £ ¢ N. For n > 2p and = ¢ N, we have 6,4 = 62k = 0, and so

(1= B)[An+ p(1 = N)onpl _2A1-B)
p(A - B) = A-B ~

1. 2.3)

For n > 2p and % € N, we have 6, ,x = 1 and

(1= B)[An +p(1 — A)oypil ,A=Blp+Ap+D] 211 -B)

2.4
p(A—F) T =B ° A-B 24
@) If f(z) =2 + Z;’;zp a,2" € Ryx(A, A, B), then it follows from (2.3) and (2.4) that
2A(1-B) «
I S <1.
-8B Z lanl <1
n=2p
Hence we have
. A-B
< |zl 2p < |zl + —————|z|?
@ <1e + Z;;, ol < 2 + 53—
and
. A-B
P _ |z|% p_ LT g
f@) 2 [ ~Id ZZ; ol 2 2F = 57—l > 0
forz e U.
The bounds in (2.1) are best possible which can be seen from the function f defined by
L.
flz) =2+ A= B)Z € Ryx(A, A, B). (2.5)

(i) If f(z) =2" + Z,Zo:zp a,2" € Tyx(A, A, B), then (2.3) and (2.4) yield

(e8]

This leads to (2.2).
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The bounds in (2.2) are best possible which can be seen from the function f defined by

f@) =2+ ——— 7% € Tyx(A, A, B).

4/\(1 B)

Theorem 2. Let p € Nand = p <AL

Q) If f € Ryx(A, A B), then for z € U,
A-B

2l — 2 < |f (@) < Iz +

A-B__ o
1+ A)(1 - B)

1+ V)A-B)"
(ii) If f € T,x(A, A, B), then for z € U,

-1 A_B 2n—1 ’ -1 A_B 2p—1
P(IZIP _—(1+A)(1_B)|le )Slf(Z)ISP(IZI” +—(1+A)(1_B)IZIP .

The bounds in (2.7) and (2.8) are sharp.
Proof. Let % € N. Forn > 2p and % € N, we have 6,k = 62k = 1, and so

(1 =B)[An+ p(1 = N)oupkl ,A+MHA-B) .
p(A - B) = A-B

Forn >2p and £ ¢ N, we have §,,,,x = 0 and

(1= B)[An + p(1 = Doupsl _ (1-B)2p+ DA _ (1+A)(1-B)
p(A—B) =T pA-B ° A-B

P
formSAsl.

@) If f(z) =2 + Z,‘fzzp a,2" € Ryx(A, A, B), then it follows from (2.9) and (2.10) that

(1+/\)(1 B)Z| et

n=2p

Hence we have

A-B
Gl <|z|P+|z|2PZ|an|<|z| O e i

Zs A+ A -5
and .
FEN 2 P = Y a2 ¥ = sl > 0,

n=2p

The bounds in (2.7) are sharp for the function f defined by

flz) =2+ z% € Ry (A, A, B).

(1+A)(1-B)
(i) If f(z) =2" + Z;T:zp anz" € Tyx(A, A, B), then (2.9) and (2.10) yield
1+M)A-B) Z alan] < 1.

" pA-B) =

This leads to (2.8).

2114

(2.6)

2.7)

2.8)

(2.9)

(2.10)
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The bounds in (2.8) are sharp for the function f defined by

f@)=2"+5 A-B

= 2
R B)Z € T,,,k(/\,A,B).

Next, we derive certain convolution properties of functions in the classes R, (1, A, B) and T,x(A, A, B).
Theorem 3. Let f € R,x(A, A, B). Then

(f*ho)2)#0 (zeU\{0} 0€C, lol=1), (2.11)

where
_ 2A(1 +Bo) z%  A(1 + Bo) ' 2 (1-24)(1 + Bo)

WO =L AT 1o pe(-B) (128 o(A-B)

gp,k(z)

and

2 (ren),
gp,k(z) = liz[%]ﬂ)m p
: 1—2k (E ¢ N) :

Proof. For f € R, x(A, A, B), from Lemma 1 we have (1.4), which is equivalent to

A 1+ Ao
_ -p o+l g . —
1 =Mz fi(z) + pz f'(z) # T+ Bo (zeU; 0€C, lo]=1,1+Bo #0),
or to
(1+Bo)[(1 - A)fyi(z) + %zf’(z)] —(1+A0)Z#0 (zeU\{0};0€C, |ol=1). (2.12)
Obviously
2= f()+2
and
zf'(z) 1w
=f@@) 2" += ) nz"
222;7 ZZp+1
= *|zP
f(2) (z + Tz _2)2). (2.13)
If we put
fok(2) = f(2) * (2 + gpi(2)), (2.14)
then for % €N,
Gpr(@) = ) Oupp” = Y = (2.15)
n=2p =0 —Z
and for % ¢ N,
> : k([F]+1)+p
_ K([E]+)+p _ 2
gpr(z) = ) 2D - (2.16)

I=1
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Now, making use of (2.12) to (2.16), we arrive at

f(z)* {(1 + Bo) [(1 - + gp,k(Z)) cale s 252p Z2p+1

1 + p—(l —z)z)] -1 +Aa)zf7} #0

forz € U\ {0}, 0 € Cand |o] = 1. This gives the desired result (2.11). The proof of the theorem is complete.
Corollary 1. Let f € T, (A, A, B). Then

f@)+zhl(z) #0 (zeU\{0}); 0€C, o]l =1),

where /1,(z) is the same as in Theorem 3.
Proof. Since f € T, (A, A, B) if and only if

zf'(2)
P

€ Ryx(A,A,B),

it follows from Theorem 3 that

@) 26
oy

f(z) the(z)#0 (zelU\{0}; o€, |ol=1).

Thus we complete the proof.
Finally, we derive some results of the partial sums of functions in the classes R, x(A, A, B) and T), (A, A, B).
Let f € A(p) be given by (1.2) and define the partial sums s1(z) and s,,(z) by

2p+m—2
51(2) = 2 and sp(z) = 2 + Z a,2" (m e N\ {1}). (2.17)
n=2p

For simplicity we use the notation a,, (n > 2p) as following;:

(1= B)[An+p(1 = )y

= 2.1
i pA-B) 219
Theorem 4. Let f € R, x(A, A, B) and let
A-B p
—— <AL 2.1
maX{Z(l—B)'p+1}_A_ (2.19)
Then for m € N, we have
1
Re( @ ) >1- (z e l) (2.20)
Sm(z) a2p+m—1
and
Sm(z) Q2prm—1
Re > . 2.21
( f(Z) ) 1+ a2p+m—1 ( )
The bounds in (2.20) and (2.21) are best possible for each m.
Proof. For n > 2p, we have from (2.18) and (2.19) that
1-B)[An +p(1 - A)d, -
_ A= B)iAn+p( = Monpil 200 -B) _ (2.22)

n (A - B) = "A-B
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and

(1= B)[A(n +1) + p(1 = A)dps1,pk]

Ap+l =

p(A - B)
_ (1 - B)[A + P(l A)(6n+1pk - npk)]
St p(A—B)
(1-B)A-p1-7A)]
>y, + p(A — B)
> . (2.23)

Let f € Ryk(A, A, B). Then it follows from (2.22) and (2.23) that

2p+m-2 o0 0
Y lad+ g Y Ial <) adal <1 (meN\(1)). (2.24)
n=2p n=2p+m-1 n=2p
If we put
(z
pi(z) =1+ X2p+m—1 ( ];(Z)) 1

forz € Uand m € N \ {1}, then p;(0) = 1 and we deduce from (2.24) that

o —
A2p+m—1 Zn:2p+m—1 a,z"F
2p+m—2 _ 0 ~
2 (1 + Z}’l:2p anzn p) + a2p+m—1 Zn=2p+m_1 anZ" 4

a2p+m—1 Z:o:2p+m—1 |an|

p1(z) - 1‘ _
pi(z) +1

22870 ] — o1 Lolapemer Il
<1 (el meN\{1}).
This implies that Re(p1(z)) > 0 for z € U, and so (2.20) holds true for m € N \ {1}.

Similarly, by setting
m(z)

p2(2) = (1 + a2psm-1) @) - Qopim-1,

it follows from (2.24) that

—(1 + azpem-1) Z:’:zpm—l a,z"?
(1 + Zzpm - anz”‘i’) + (1 = agpem-1) Lntopem—1 anz" P
1+ X2p+m— 1) Zn =2p+m—1 ||
“a- 2550 laul = (@apmet = 1) Loy 1l

<1 (zeU,meN\{ .

pa(z) - 1’
pa(z) +1

Hence we obtain (2.21) for m € N \ {1}.
For m =1, replacing (2.24) by

(o) [o¢]
a2p Z lan| < Z aglan) <1

n=2p n=2p

and proceeding as the above, we see that (2.20) and (2.21) are also true.
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Furthermore, taking the function f defined by

Z2p+m—1
flz)y=2"+ € Ryx(A,A,B),
A2p+m—1
we have s,,(z) = 2,
. .
Re(f())—>1— as zaexp(L)
Sm(2) Qopm-1 p+m—1

and

Ao
Re(s'"(z)) ol s a1,
f(Z) 1+ a2p+m—1

Thus the proof of the theorem is completed.
Corollary 2. Let the assumptions of Theorem 4 hold. Then, for z € U, we have

o) { B, e
7 )7 A ()
and
w2 | T e
f@ rees (REN).
The results are sharp.
Theorem 5. Let f € T,,x(A, A, B) and let the condition (2.19) be satisfied. Then for m € N, we have

Re(&) >1-¢ P (z e U) (2.25)

Sm(z) ZP +m— 1)0(2p+m—1

and

Re (sm(z)) @p+m-Daopenr (2.20)

f@ ) p+@p+m—Dagm
The bounds in (2.25) and (2.26) are sharp for the function f defined by
p22p+m—1

fe)=2"+ € Tyx(A, A, B).

@p+ 1= Doz

Proof. In view of the assumptions of Theorem 4, it follows from (2.22) and (2.23) that

pim=2 (Zp +m - 1)a2p+m_1 = > n
Y, lal+ Y, <) aal<1 meN\ (1) (2.28)
n=2p P n=2p+m-1 n=2p P
and
Qop Z Ianl < Z Ea’rnmnl <1 (229)
n=2p n=2p p
If we put
@p +m = Dagpim-1 { f(z)
pi(z) =1+ ’ @ 1
and (2 1) (2 1)
+m— m=1\ Sm +m-— e
Pz(z)=(1+ P T 1)5 ® = Ty
p f@@) p

then (2.28) and (2.29) lead to Re(pj(z)) > 0 (z € U; m € N; j = 1,2). Hence we have (2.25) and (2.26).
Sharpness can be verified easily.
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