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Abstract. In this paper, a class of boundary value problems of nonlinear nth-order differential equations
and inclusions with nonlocal and integral boundary conditions is studied. New existence results are
obtained by means of some fixed point theorems. Examples are given for the illustration of the the results.

1. Introduction

We discuss the existence of solutions for the following boundary value problems of nonlinear nth-order
differential equations and inclusions with nonlocal and integral boundary conditions:

ul(t) = f(t,u(t)), tel0,1],

u(0) = uo + g(u),

w(0)=0, u”(0)=0,...,u"2(0) =0,

m

Ci
oqu(l) + 621/(1) = Z Kif uI(S)dS, 0<G<1,
0

i=1
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where f : [0,1] X R — R, g : C([0, 1], R) — R are given continuous functions, 01,0, x;,C;, (i =1,2,...,m)
are real constants and

u™(t) € E(t,u(t)), ae. tel0,1],
u(0) = ug + g(u),
w(0)=0, u”(©0)=0,...,u"20)=0
m Ci
S1u(1) + 6u’(1) = ; "(s)ds, 0<Ci<1,
(1) + 620 (1) Z;Kﬁtu@s <<

where F : [0,1] X R = P(R) is a multivalued map, and P(R) is the family of all subsets of R.

The existence results for the problem (1) are based on Banach’s contraction principle and a fixed point
theorem due to D. O'Regan [12], while the results for the problem (2) rely on the Nonlinear Alternative
for contractive maps and a selection theorem due to Bressan and Colombo for lower semicontinuous
multivalued maps with nonempty closed and decomposable values.

Nonlocal conditions were initiated by Bitsadze [1]. As remarked by Byszewski [3-5], a nonlocal condition
can be more useful than a standard initial condition to describe some physical phenomena. For example,
g(x) may be given by g(x) = X!, cix(t;), where ¢; are given constants and f; are the interior points of the
interval under consideration. For more details on initial and boundary value problems with nonlocal
conditions, we refer to a survey paper by Ntouyas [11].

The paper is organized as follows. Section 2 is devoted to a lemma which plays a crucial role in the sequel.
Section 3 contains the existence and uniqueness results for the problem (1), while the existence results for
the problem (2) are presented in Section 4.

2. An Auxiliary Lemma

m

Lemma 2.1. Let 61 + (n — 1)0, # 2 x;C!. For any y € C([0,1], R), the unique solution of the boundary value
i=1

problem

u®(t) = y(t), teo,1],

u(0) = uo + g(u),

w(0)=0, u”©0)=0,...,u"20)=0
S1u(1) + du’' (1) = Zm:;cf w'(s)ds, 0< (<1,

i=1

is given by

_ o1 U Ci —g)-1
u(t) zf %y(s)d5+At” 1{ZK1 (C( _Si)' y(s)ds

n—1 —g)n—2 4
_1f(1 s) d—bzf(l s) y(s)ds} (4)

+[1 - 61A1" 1][uo +gu)],

where

A= ! . ()

m

o1+ (n=1)on = Y i

i=1
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Proof. It is well known that the solution of the differential equation in (3) can be written as

f(t—sy!
u(t) = f Wy(s)ds Foo+at+0t+ .+ cpatE+ Y, (6)
0 - .

where ¢;,i = 0,1,...n — 1 are arbitrary real constants. Using the boundary condition u(0) = uy + g(u), we
get co = ug + g(u). Using the boundary conditions u’'(0) = u”(0) = ... = u"=2(0) = 0 in (6), we find that

Ci
€1 =¢ =...= ¢y = 0 and applying the boundary condition: 61u(1) + 6,1’ (1) = Z Ki f 1’ (s)ds, we obtain
i=1 0

m Ci _ -1 1 _ -1
Cho1 = A(Zki 0 (C(n _Si)' y(s )ds_élﬁ %y(s)ds
_ o2
-5, f a S)z)' y( s)ds) = 61\ [up + g(w)],

where A defined by (5). Substituting the values of ¢y, ¢1, 2, . .., cp—2 and c,-1 in (6), we get (4). ]

3. Existence Results - The single-valued Case
We denote by C = C([0, 1], R) the Banach space of all continuous functions from [0,1] — R endowed

with a topology of uniform convergence with the norm defined by ||x|| = sup{|x(t)| : t € [0, 1]}.
In view of Lemma 2.1, we define an operator F : C — C by

(Fu)(t) = (1= 1A )ug + ()] + f (= f(s u(s))ds

1)'

m Cl —
+At”‘1{z K ((zl i)‘ f(s,u(s))ds (7)

_ o1 n-2
_51f a ) f(s u(s))ds—ézf( )2)' f(s,u(s))ds}

where A given by (5). Observe that the problem (1) has solutions if and only if the operator equation Fu = u
has fixed points.
Define two operators from C — C, respectively, by

n-1
e ﬂwmu@m

n—1
+At”1{ f Ui Si)l f(s,u(s))ds (8)

_ -1 n=2
o [ O st o [ S s o),

and
(Fau)(#) = (1 = 51 A8 )[ug + g(a)]- ©)
Clearly

(Fu)(t) = (Fiu)(t) + (Fau)(#), t€[0,1]. (10)



B. Ahmad, S. Ntouyas, H. Alsulami / Filomat 28:10 (2014), 2149-2162 2152

For computational convenience, we set the notations:

1 Zz 1K ICn 6] 62
o= M = S Y o

(11)

and

ko :=1+161lAl (12)
Theorem 3.1. Let f : [0,1] X R — R be a continuous function. Assume that:
(A1) If(,0) = ft, I <Llx -y, Vt€[0,1], L>0, x,y € R;

(A2) there exist a positive constant € < ky Y and a continuous function ¢ : [0,00) = [0, 00) such that ¢(z) < €z and
19() = gl < P(llx — ylI) for all x, y € C([0, 1]).

(A3) Y= Lp() +€k0 <1
Then the boundary value problem (1) has a unique solution.

Proof. For u,v € C and for each t € [0, 1], from the definition of F and assumptions (A;) and (A;), we obtain
Lt =s)t
|(Fu)(f) — (Fo)())] < {f fl),If(sr u(s)) — f(s, v(s))lds
HAE 1'(2 w [ G o) — s ol
- 1)!

n-1
ol [ I ) st ool

n-2

ol [ O s st o |

+1 - 6:1A8" M lg(u) — g(v)|

< { ! |A|(Z’ G o], Bl )} e ol

n! n! n—1)!

+C[1 + |6l Allllx = wll,

which, in view of (11) and (12) together with (A3), becomes

[[Fu — Fol| < yllu -l

As y < 1by (A3), F is a contraction map from the Banach space C into itself. Thus, the conclusion of the
theorem follows by the contraction mapping principle (Banach fixed point theorem). a

Next, we introduce a fixed point theorem due to O’Regan [12], which will be used to establish the next
main result.

Lemma 3.2. Denote by U an open set in a closed, convex set C of a Banach space E. Assume 0 € U. Also assume
that F(U) is bounded and that F : U — C is given by F = Fy + F», in which F; : U — E is continuous and
completely continuous and Fy : U — E is a nonlinear contraction (i.e., there exists a nonnegative nondecreasing
function ¢ : [0, 00) — [0, 00) satisfying ¢(z) < z for z > 0, such that ||[Fa(x) — Fa(y)ll < ¢(llx — ylI) for all x,y € U).
Then, either

(C1) F has a fixed point u € U; or
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(C2) there exist a point u € dU and A € (0,1) with u = AF(u), where U and JU, respectively, represent the closure
and boundary of UL

Let
Q, ={u e C(0,1, R) : llull < r},

and denote the maximum number by
M, = max{|f(t, u)l : (t,u) € [0, 1] X [-7, r]}.

Theorem 3.3. Let f : [0,1] X R — R be a continuous function. Suppose that (A1) and (Az) hold. In addition we

assume that

(A4) 9(0) =0;

(As) there exists a nonnegative function p € C([0,1], R) and a nondecreasing function ¢ : [0, o)
that

— [0, o0) such

[f(t, w)| < p®)P(lul) forany (t,u) € [0,1] X R;

r 1
A g , where po, ko are defined by (11) and (12) respectively.
o re(o,go) koluol + poyp()lipll kol Po, %o fi Yy p y

Then the boundary value problem (1) has at least one solution on [0, 1].
Proof. Consider the operator F : C — C defined by (10), that is,
(Fu)(t) = (Fiu)(#) + (Fau)(®), t€[0,1],

where the operators F; and F, are defined respectively in (8) and (9).
From (Ag) there exists a number ry > 0 such that

ro 1
> . 13
Koliol + podGolpll - 1= kot (13)

We shall prove that the operators F; and F, satisfy all the conditions of Lemma 3.2.
Step 1. The operator Fy is continuous and completely continuous. We first show that F;(Q),,) is bounded. For

any u € Q,, we have

t n—1
\f(( D (s, u(s))lds

L
HAWH{]\f G s s
+wnj‘( ifv&u@m%+bﬂj‘ G s wois|

This proves that F1(€,,) is uniformly bounded.
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Next, for any t3,t;, € [0,1], t; < t, we have

[(F1u)(t2) — (F1u)(t1)]

ty 5]
T B e A OO f (b2 — 5" f(s, u(©)ds

n-1
+|A”tn 1 tn 1|(ZK1f (Cl i)' |f(s u(S))lds

n—1 _ o2
ot [ S o+l [ S o

M, |2(t2 — )"+ =

IA

N D L T Y
My Al - 8] 1'(17” G _21),)” I

which is independent of u, and tends to zero as ¢, — t; — 0. Thus, F; is equicontinuous. Hence, by the
Arzela-Ascoli Theorem, F1(Qr0) is a relatively compact set. Now, let u, C Qro with |Ju, — u|| — 0. Then
the limit ||u,(t) — u(t)ll = O uniformly on [0, 1]. From the uniform continuity of f(t, 1) on the compact set
[0, 1] x [=ro, 0], it follows that || f(t, u,(t)) — f(t, u(t))]l = O is uniformly on [0, 1]. Hence ||F1u, — Fiul| = 0 as
n — oo which proves the continuity of F;. Hence Step 1 is completely established.

Step 2. The operator F, : Q,, — C([0, 1], R) is contractive. This is a consequence of (Aj).

Step 3. The set F(Q,,) is bounded. For any u € Q,, we find by (Az) and (A4) that

IF2(u)ll < (1 + [6allAD (|0l + £0),

which, together with the boundedness of the set F;(Q),,) implies that the set F(Q,,) is bounded.
Step 4. Here, it is shown that the case (C2) in Lemma 3.2 does not occur. On the contrary, we suppose that
(C2) holds. Then, there exist A € (0,1) and u € dQ,, such that u = AFu. So, we have ||u|| = rp and

n—1
Fu)®H) = A1-6A 1)[u0+g(u]+/\ f (t= 5)1), f(s, u(s))ds
m Cx n-1
+/\At”_1{21<i | (C(In i)' f(s,u(s))ds

_ o1 n-2
—5 f a S)l)' (s, u(s))ds — 6 f (1= )2)' £, u(s))ds}.

In view of the hypotheses (A4) — (A¢), we have

Lis kG |6 |62
r D ol T o)

ro < 1#(?0){ + IAI( )}IIPII + (1 + |01l AD)(Juol + £ro),

which implies that
ro < koCro + koluol + po(ro)llpll-

Thus,
ro 1

< 7
koluol + poy(ro)llpll = 1 — kot

which contradicts (13).
Thus the operators F; and F satisfy all the conditions of Lemma 3.2. Hence, the operator F has at least one
fixed point u € Q,,, which is the solution of the problem (1). ]

Now we present some illustrative examples for our results obtained for the single-valued case.
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Example 3.4. Consider the following boundary value problem

1 |l .
"’ - . 1 1
' (t) (27 1+|u|+ +sin“t, 0<t<l,
1 ,
u0)=1+ Ru(é), u'(0) =0, (14)
3 Cl
u(l)+u'(1) = K,‘f u'(s)ds, 0< (< 1.
0

i=1

Here £ = 1/16, & = 1,6, = 1,( = 1/4, = 1/2,35 = 3/4,%1 = 1,k = 1/3,x3 = 2/3 and f(t,u) =

T _'_12)2 " lrl|u| +1+sin’t. As [f(t,u) — f(t,0) < }Llu — v|, therefore (A1) is satisfied with L = 411 Further
y= L{% + |Al(% + 'fl—l,' + (n|(j2|1)!)} + €[1 + |61]IAl] = % <1
Thus, by Theorem 3.1, problem (14) has a unique solution on [0, 1].
Example 3.5. Let 0 > 0 and consider the following boundary value problem
w”(t) = O sin’x, 0<t<1,
u0) = 2+ tu(), W) =0, (15)

1/4 1/3 1/2
u(l)+u'(1) = 64f u’(s)ds + 27f u’(s)ds + 8[ u’(s)ds.
0 0 0

We shall prove that the problem (15) admits at least one solution provided that [{| < 1 and 0 < 0 <

2
(1)
In order to show the validity of this claim, we need to verify that all conditions in Theorem 3.3 are

satisfied. Note that here f(t, u) = 012 sin® u, uy = 6/7, gu) =L€u(€),01 =1,00=1,11 =64,k =27,k3=8,(; =
1/4,6,=1/3,5 =1/2.

The function g(u) = fu(&) is contractive because |g(x) — g(y)| < [€]-|Jx—yl| for any x, y € C([0, 1]). Moreover
g(0) = 0. Hence the condition (A4) is satisfied. With p(t) = 6t and ¢ (1) = u?, the condition (As) is satisfied,
that is,

If(t, u)| < |0t sin®u| < Otu?, forany (t,u) € [0,1] X R.

1 7
With the given values, it is found that py = %, ko = & lpll = 6 and hence we obtain the estimation:

r r 1 36 1

su = su _ = _—
oy Kolttol + podOIIPl ~ ooy 1+ 222 ~ 2V 136~ 1-Z

2
provided |[{] < 1and 0 < 0 < % (1 - glfl) . This means that (As) is satisfied as long as both |[£| < 1 and
7 \2
0<0< 19—3 (1 - EI{’I) hold. Therefore, according to Theorem 3.3, we can conclude that problem (15) has at

least one solution on [0, 1].

4. Existence Results - The Multi-valued Case

We begin this section with some preliminary concepts of multi-valued maps [6, 8].
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For a normed space (X, || - I), let Pu(X) = {Y € P(X) : Yis closed}, Pp(X) = {Y € P(X) : Y is bounded},
Pep(X) = {Y € P(X) : Yis compact}, and P, (X) = {Y € P(X) : Y is compact and convex}. A multi-valued
map G : X = P(X) is convex (closed) valued if G(x) is convex (closed) for all x € X. The map G is bounded
on bounded sets if G(B) = U,cpG(x) is bounded in X for all B € Py(X) (i.e. sup, gi{sup{lyl : v € G(x)}} < o0).
G is called upper semi-continuous (u.s.c.) on X if for each xj € X, the set G(xp) is a nonempty closed subset
of X, and if for each open set N of X containing G(xo), there exists an open neighborhood Nj of xj such that
G(No) € N. G is said to be completely continuous if G(B) is relatively compact for every B € Py(X). If the
multi-valued map G is completely continuous with nonempty compact values, then G is u.s.c. if and only
if G has a closed graph, i.e., x, = X, ¥u» = VY», Yn € G(x,) imply y. € G(x.). G has a fixed point if there is
x € X such that x € G(x). The fixed point set of the multivalued operator G will be denoted by FixG. A
multivalued map G : [0; 1] = P4(R) is said to be measurable if for every y € R, the function

t—d(y, G(t)) = inf{ly — z| : z € G(t)}

is measurable.
Let L([0, 1], R) be the Banach space of measurable functions x : [0,1] — R which are Lebesgue integrable
1

and normed by [|x||.: =f |x(¢)|dt.
0

Definition 4.1. A functionu € C""([0, 1], R) is a solution of the problem (2) if u(0) = uo+g(u), u’(0) =0, u”(0) =
m
0,...,u"2(0) =0, 61u(l) + 6u’'(1) = Z Klf u'(s)ds, and there exists a function f € L}([0,1],R) such that
0

F(b) € F(t, u(t) a.e. on [0,1] andi -

)nl

ult) = (1 A" 1)[u0+g(u)]+f (= e —————f(s)ds

e (G =)
+At 1{2 Ki Wf(S)dS

_ -1 1 _ 2
o [ G s [ G2 o)

4.1. The Carathéodory Case
Definition 4.2. A multivalued map F : [0,1] X R — P(R) is said to be Carathéodory if

(i) t — F(t,u) is measurable for each x € IR;
(i) x V— F(t, u) is upper semicontinuous for almost all t € [0, 1];
Further a Carathéodory function F is called L'—Carathéodory if
(iii) for each &1 > O, there exists @5, € L}([0,1], RY) such that
IE(E, w)ll = supflol : v € F(t, u)} < s, (£)
forall ||u|| < 01 and fora. e. t € [0,1].

For each u € C([0, 1], R), define the set of selections of F by
Sk = {v € LY([0,1], R) : v(t) € F(t, u(t)) for a.e. t € [0,1]}.

We define the graph of G to be the set Gr(G) = {(x,y) € X X Y,y € G(x)} and recall two results for closed
graphs and upper-semicontinuity.
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Lemma 4.3. ([6, Proposition 1.2]) If G : X — P(Y) is u.s.c., then Gr(G) is a closed subset of X X Y, i.e., for every
sequence {xylhen C X and {Yuluen C Y, if when n — o0, X, = X., Yy — Y. and y, € G(x,), then y. € G(x.).
Conwversely, if G is completely continuous and has a closed graph, then it is upper semi-continuous.

Lemma 4.4. ([10]) Let X be a Banach space. Let F : [0,1]1 X X — P, (X) be an L'~ Carathéodory multivalued map
and let © be a linear continuous mapping from L'([0, 1], X) to C([0, 1], X). Then the operator

© 0 Sp: C([0,1], X) = Pep,o(C([0,1], X)), x> (© 0 Sp)(x) = O(SEx)
is a closed graph operator in C([0, 1], X) x C([0, 1], X).

To prove our main result in this section we will use the following form of the Nonlinear Alternative for
contractive maps [13, Corollary 3.8].

Theorem 4.5. Let X be a Banach space, and D a bounded neighborhood of 0 € X. Let Zy : X — P (X) and
Z3 : D = Py o(X) two multi-valued operators satisfying

(a) Zy is contraction, and

(b) Zy is u.s.c and compact.
Then, if G = Zy + Z, either

(i) G has a fixed point in D or

(ii) there is a point u € D and A € (0,1) with u € AG(u).
Theorem 4.6. Assume that
(H1) F:[0,1] XR — Py, (R) is L'—Carathéodory multivalued map;

(Ha) there exists a continuous nondecreasing function ¢ : [0, 00) — (0, 00) and a function p € C([0, 1], R*) such
that
IE(t, w)llp == supflyl : y € F(t,u)} < p(O)g(llull) for each (t,u) € [0,1] X R;

(H3) there exists a constant L, < kal such that
lg(u) — g(v)| < Lylu —v|, Yu,v€eR;
(Ha) there exists a number M > 0 such that

(1 - Lyko)M
Y(Mpollpll + (1 + 16111 AD o]

where po and ko are given by (11) and (12) respectively.

>1, (16)

Then the boundary value problem (2) has at least one solution on [0, 1].

Proof. Transform the problem (2) into a fixed point problem. Consider the operator N : C([0, 1], R) —
P(C([0, 1], R)) defined by

h e C(0,1],R) :
(1= 1A g + g ()] + f (t=

N = ~ R I A (T
W) =] +At 1{ZK, oD S f(s)ds

_ -1 n-2
5 f o s = o f S f(s)ds}

S)” 1

R
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for f € Spy.
Now, we define an operator A : C([0, 1], R) — C([0, 1], R) as

Aut) = (1 - 1A g + g(u)], (17)
and a multi-valued operator 8 : C([0, 1], R) — P(C([0, 1], R)) by

he C([0,1],

_ -1
f(t 5)1)' F(5)ds
Ci (7. _ -1
+Atn_1{Z;Ki£ —((Eln _Si)! f(s)ds

(1 — syt

g (m=1)
11 -s)n2

i —(n—Z)! f(s)ds}.

Clearly N = A + B. We shall show that the operators A and 8 satisfy all the conditions of Theorem 4.5.
The proof consists of a sequence of steps and claims.

Bu) = (18)

h(t) =

-0 f(s)ds

-5y

Step 1: We show that A is a contraction on C([0, 1], R). Let u, v € C([0, 1], R). Then

Aut) - Ao = 1(1- 61 )g(w) - g@)]|

Lykolu — 9.

IA

Taking supremum for t € [0, 1],
AU — Av|| < Lykollu —ol|.

This shows that A is a contraction as Lyko < 1.

Step 2: We shall show that the operator 8 is compact and convex valued and it is completely continuous. This
will be given in several claims.

Cram I: B maps bounded sets into bounded sets in C([0, 1], R). To see this, let B, = {u € C([0,1], R) : ||u|| < r} be
a bounded set in C([0, 1], R). Then, for each i € B(u), u € B,, there exists f € Sg, such that

(= sy Gy
ol < f o O IA 1'{;Klfo =1y f s

n-1 n-2
+oul f =2 + o f i f(S)IdS}

: L2 I
< | + e S B By

which, by taking maximum on the interval [0, 1] together with (11), yields

Il < P(r)polipll-

Cram II: Next we show that B maps bounded sets into equi-continuous sets. Let t1,t, € [0, 1] with ; < t; and
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u € B,, where B, is a bounded set of C([0, 1], R). For each € B(u), we obtain

h(t) —h(t) < ! tlt =l (¢t =1 f(s)d
(t2) — h(t)l < mfg[@—s) ~ (b - sy fe)ds

12
+ f (ty —s)" f(s)ds

m n—-1
N 1|( - f 9" sy
i=1

—1)!

n—1 _ o\n—2
+|51|f S)l), |f(5)|d5+|52|f a 5)2)' £ )|ds)
1//( r)

IA

o 2 =)+ 1 = Bllipl

Zi:l IKZ|C:1 + @ + |62| || ||
n! nt o (m=0T

+¢(r)|A||t3‘1 - tﬁ"ll(

2159

Obviously the right hand side of the above inequality tends to zero independently of u € Bast, —t; — 0. As
8 satisfies the above two assumptions, therefore it follows by the Arzela-Ascoli theorem that the operator

B:C([0,1], R) — P(C([0,1], R)) is completely continuous.

By Lemma 4.3, 8 will be upper semi-continuous (u.s.c.) if we prove that it has a closed graph since 8 is

already shown to be completely continuous.

Cram III (B has a closed graph.) Let u, — u., h, € B(u,) and h, — h.. Then we need to show that h. € B(u.).

Associated with &, € B(u,), there exists f, € Sr,, such that for each t € [0,1],

(t - sy e Y- syt
hu(t) f —1)! ————fu(s)ds + At 1{;7@ o (=1 oy [r(8)ds

_ o1 n-2
f(l s)l)' Fa(s)ds — 62f (1- 5)2)' fuls )ds}

Thus we have to show that there exists f. € Sr,,. such that for each ¢ € [0, 1],

m

t (t S) . Ci (Cz _ S)n—l
h*(t) = L W_f (S)dS + At 1{2 K Wﬂ(S)dS

i=1 0
_ -1 1 -
-5 f a S)l), fi(s)ds — f (1= )2), f(s)ds}

Let us consider the continuous linear operator ® : L}([0, 1], R) — C([0, 1], R) given by

t— S)n—l

— = t(— n-1 - G (e S)nl
f 0 = fo TERALGRR {ZK TR

i=1
_ o1 n-2
_61f a )1)' f(s)ds — 62 ( ) f( )ds}
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Observe that

top -1
)~ BB = ‘ fo (E%),Ws)—ﬂ(s»ds
+At"-1{z1<i e

(n

_ o1
o [ O e - o

_ o2
o [ O 00 - o] o,

as n — oo. Thus, it follows by Lemma 4.4 that ® o Sr is a closed graph operator. Further, we have
h,(t) € ©(Sgy, ). Since u, — u., therefore, we have

t ( S)n—l . m Ci (Cz _ S)n—l
h*(t) = f ﬁf (S)dS + At 1{2 Ki Wﬁ(S)dS

i=1 0

a-smt T(-9?
_61f 1)' (S)ds—ézf (}’I——Z)'ﬂ(S)ds},

for some f. € Sg,,. Hence B has a closed graph (and therefore has closed values). In consequence, the
operator 8 is compact valued.

Therefore the operators A and B satisfy all the conditions of Theorem 4.5. Thus, the conclusion of
Theorem 4.5 yields either condition (i) or condition (ii) holds. We show that the conclusion (ii) is not
possible. If u € AA(u) + AB(u) for A € (0, 1), then there exists f € Sg, such that

_ o1

u(t) = A(1- 51 A8 )ug + g(w)] + A f % f(s)ds
m Cz _ n—1

+)\At"‘1{Z K; (C(l Si), F(s)ds (19)

_ o)1 _ -2
51f d S) f()ds—ézf d S)z), }

Consequently, we have

_ -1 n—1
O (t )1), £ (s)lds + |AF" 1|{ K,f (G- i)' £ (s)lds

n—1 _ o2
Hol f L T
H1+ A o]+ Lyl

0 3y S IC
wmmn{— +IAL 1|(1n—_ et _21)!)}“;9”

IA

+(1 + (01 [[AD (ol + Lyllll)
Lita il 164 |62
1/’(”“”){ |A|(—. ot = 1)!)}”19”
+(1 + 161 /IAD (ol + Lylluell)- (20)

IA
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If condition (ii) of Theorem 4.5 holds, then there exists A € (0,1) and u € dBy such that u = AN(u). Then, u
is a solution of (19) with |[u|| = M and hence the inequality (20) implies that

(1 - Lko)M 1
PM)pollpll + (1 + 161 11AD[uol —

which contradicts (16). Hence, N has a fixed point in [0, 1] by Theorem 4.5, and consequently the problem
(2) has a solution. This completes the proof. m]

4.2. The Lower Semi-continuous Case

This section deals with the case when F is not necessarily convex valued. The combination of the
nonlinear alternative of Leray-Schauder type and the selection theorem due to Bressan and Colombo [2]
for lower semi-continuous maps with decomposable values is applied to establish the existence result for
this case.

Let us mention some auxiliary facts. Let X be a nonempty closed subset of a Banach space E and
G : X = P(E) be a multivalued operator with nonempty closed values. G is lower semi-continuous (l.s.c.)
if the set {y € X : G(y) N B # 0} is open for any open set B in E. Let A be a subset of [0,1] X R. Ais L® B
measurable if A belongs to the o—algebra generated by all sets of the form J x D, where J is Lebesgue
measurable in [0, 1] and D is Borel measurable in R. A subset A of L'([0,1],R) is decomposable if for all
u,v € Aand measurable J C [0, 1] = ], the function ux g +vxj-g € A, where x g stands for the characteristic
function of .

Definition 4.7. Let Y be a separable metric space and let N : Y — P(LY([0, 1], R)) be a multivalued operator. We
say N has a property (BC) if N is lower semi-continuous (l.s.c.) and has nonempty closed and decomposable values.

Let F : [0,1] X R = P(R) be a multivalued map with nonempty compact values. Define a multivalued
operator ¥ : C([0, 1] x R) — P(L!([0, 1], R)) associated with F as

F(u) = {w € LY([0,1], R) : w(t) € F(t, u(t)) for a.e. t € [0,1]},
which is called the Nemytskii operator associated with F.

Definition 4.8. Let F : [0,1] X R — P(R) be a multivalued function with nonempty compact values. We say F is
of lower semi-continuous type (l.s.c. type) if its associated Nemytskii operator F is lower semi-continuous and has
nonempty closed and decomposable values.

Lemma 4.9. ([7]) Let Y be a separable metric space and let N : Y — P(LY([0,1],R)) be a multivalued operator
satisfying the property (BC). Then N has a continuous selection, that is, there exists a continuous function (single-
valued) g : Y — LY([0, 1], R) such that g(u) € N(u) for every u € Y.

Theorem 4.10. Assume that (H), (Hz), (Hs) and the following condition holds:
(Hs) F:[0,1] x R — P(R) is a nonempty compact-valued multivalued map such that

(a) (t,u) — F(t,u) is L ® B measurable,

(b) u v F(t,u) is lower semicontinuous for each t € [0, 1].

Then the boundary value problem (2) has at least one solution on [0, 1].

Proof. It follows from (H>) and (Hs) that F is of L.s.c. type. Then, by Lemma 4.9, there exists a continuous
function f : C([0,1],R) — L([0,1], R) such that f(u) € ¥ (u) for all u € C([0, 1], R).
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Consider the problem
ut) = fut), 0<t<1,
u(0) = uo + g(u),
w(0)=0, u”(0) = 0,;1. -, u"2(0) =0 @

Ci
o1u(l) + ou’(1) = Z K,‘f u'(s)ds, 0<(<1.
i=1 0

Observe that if u € C"71([0, 1], R) is a solution of (21), then x is a solution to the problem (2). Now, we

define operators ‘A’ : C([0, 1], R) — C([0, 1], R) and 8B’ : C([0, 1], R) — C([0, 1], R) by

Au(t) = (1- 61At”‘1)[u0 +gw)], (22)
—syt
Ci (7. _ \n—1
Bu(t) = +At"-1{2 “ [ %ﬂu(s»ds 3)
n—1 _ o\n—2
o [ O s [ 4= o0}

It is obvious that the operators A’ and B’ are continuous. Also the argument used in the proof of Theorem

3.1

guarantees that A’ and B’ satisfy all the conditions of the Nonlinear Alternative for contractive maps

in the single valued setting [9] and hence the problem (21) has a solution.
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