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Abstract. In this paper, zero points of m-accretive operators are investigated based on a viscosity iterative
algorithm with double computational errors. Strong convergence theorems for zero points of m-accretive
operators are established in a Banach space.

1. Introduction

Zero points of accretive operators have been investigated based on iterative algorithms recently. Interest
in accretive operators stems mainly from their firm connection with equations of evolution is an important
class of nonlinear operators. It is known that many physically significant problems can be modelled by
initial value problems of the form

X' (t) +Ax(t) =0, x(0) = xo, (1.1)

where A is an accretive operator in an appropriate Banach space. Typical examples where such evolution
equations occur can be found in the heat, wave or Schrédinger equations. If x(f) is dependent of ¢, then
(1.1) is reduced to

Au=0, (1.2)

whose solutions correspond to the equilibrium points of the system (1.1). Consequently, considerable
research efforts have been devoted, especially within the past 40 years or so, to methods for finding
approximate solutions of the equation (1.2). An early fundamental resultin the theory of accretive operators,
due to Browder [1], states that the initial value problem (1.1) is solvable if A is locally Lipschitz and accretive
onE.

The organization of this paper is as follows. In Section 2, we provide some necessary preliminaries. In
Section 3, we study zero points of m-accretive operators based on a viscosity iterative algorithm. Strong
convergence theorems for zero points of m-accretive operators are established in a Banach space. It is
proved that the zero point is also a solution to some variational inequality.
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2. Preliminaries

In what follows, we always assume that E is a Banach space with the dual E*. Let U = {x € E : ||x]| = 1}.
E is said to be smooth or said to be have a Giteaux differentiable norm if the limit lim; o by oists for
each x, y € Ug. E is said to have a uniformly Giteaux differentiable norm if for each y € Uk, the limit is attained
uniformly for all x € Ug. E is said to be uniformly smooth or said to have a uniformly Fréchet differentiable norm
if the limit is attained uniformly for x, y € Ug. Let C be a nonempty closed convex subset of a real Banach
space E and E* be the dual space of E. Let (-, -) denote the pairing between E and E*. The normalized duality

mapping J : E — 2F is defined by
J(x) ={f € E": {x, f) = P = 1IfIP)

for all x € E. In the sequel, we use j to denote the single-valued normalized duality mapping. It is known
that if the norm of E is uniformly Gateaux differentiable, then the duality mapping | is single valued and
uniformly norm to weak" continuous on each bounded subset of E.

Recall that a closed convex subset C of a Banach space E is said to have normal structure if for each
bounded closed convex subset K of C which contains at least two points, there exists an element x of K
which is not a diametral point of K, i.e., sup{llx — yll : v € K} < d(K), where d(K) is the diameter of K. It is
well known that a closed convex subset of uniformly convex Banach space has the normal structure and a
compact convex subset of a Banach space has the normal structure; see [2] for more details.

Let T : C — Cbe a mapping. In this paper, we use F(T) to denote the set of fixed points of T. Recall that
T is said to be contractive if there exits a constant a € (0, 1) such that

ITx - Tyll < allx—yll, VYx,yeC
For such a case, we also call T an a-contraction. T is said to be nonexpansive if
ITx =Tyl <llx-yll, VxyeC
T is said to be pseudocontractive if there exists some j(x — y) € J(x — y) such that
(Tx =Ty, jx-y) <llx-yl>, Vx,yeC

Let D be a nonempty subset of C. Let Q : C — D. Q is said to be contraction if Q* = Q; sunny if for each
xe Candt € (0,1), we have Q(tx +(1- t)Qx) = Qx; sunny nonexpansive retractction if Q sunny, nonexpansive,
and contraction. K is said to be a nonexpansive retract of C if there exists a nonexpansive retraction from C
onto D.

The following result, which was established in [3,4], describes a characterization of sunny nonexpansive
retractions on a smooth Banach space.

Let E be a smooth Banach space and C be a nonempty subset of E. Let Q : E — C be a retraction and j
be the normalized duality mapping on E. Then the following are equivalent:

(1) Q is sunny and nonexpansive;

() [1Qx — QUIP < (x — v, j(Qx — Q)), Vx,y € E;

@) (x—0Qx,jly—-0Qx))<0,VxeE, yeC.

Let I denote the identity operator on E. An operator A C E X E with domain D(A) = {z € E : Az # 0} and
range R(A) = U{Az : z € D(A)} is said to be accretive if for each x; € D(A) and y; € Ax;, i = 1,2, there exists
j(x1 — x2) € J(x1 — x2) such that (y1 — y2, j(x1 — x2)) = 0. An accretive operator A is said to be m-accretive if
R(I +rA) = E for all r > 0. In a real Hilbert space, an operator A is m-accretive if and only if A is maximal
monotone. In this paper, we use A~1(0) to denote the set of zero points of A.

For an accretive operator A, we can define a nonexpansive single-valued mapping J, : R(I + rA) — D(A)
by J, = (I + rA)~! for each r > 0, which is called the resolvent of A.

One of classical methods of studying the problem 0 € Ax, where A C E X E is an accretive operator, is
the following:

X0 €E, Xy = ]r,,xn/ ¥n >0,
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where J,, = (I + r,A)"! and {r,} is a sequence of positive real numbers.

The classical method was first proposed by Martinet [5] and generalized by Rockaffellar [6] and [7]. This
method and its dual version in the context of convex programming have been extensively studied; see, for
instance, [8-10] and the references therein. This method is known to yield as special cases decomposition
methods such as the method of partial inverses, the Douglas-Rachford splitting method, and the alternating
direction method of multipliers. Regularization methods recently have been investigated for treating zero
points of accretive operators; for [11-25] and the references therein. However, as pointed in [26], the ideal
form of the above method is often impractical since, in may cases, to solve the problem exactly is either
impossible or the same difficult as the original inclusion problem. Therefore, one of the most interesting
and important problems in the theory of accretive operators is to find an efficient iterative methods to
compute approximately zeros of A.

In this paper, zero points of m-accretive operators are investigated based on a viscosity iterative algorithm
with double computational errors. Strong convergence theorems for zero points of m-accretive operators
are established in a reflexive Banach space.

In order to prove our main results, we also need the following lemmas.

Lemma 2.1 [27] Let {a,}, {b,}, and {c,} be three nonnegative real sequences satisfying
ap1 < (1 —t)a, +b, +c,, Yn=0,

where {t,} is a sequence in (0,1). Assume that the following conditions are satisfied
(a) ZZO:O ty = coand b, = o(t,);
() Yoo € < 0.

Then lim,, o a, = 0.

Lemma 2.2 [28] Let E be a Banach space, and A an m-accretive operator. For A > 0, u > 0, and x € E, we have
o (H H
Jax = Ju(Fx + (1= 5 )a),

where [, = (I+ AA) ™ and ], = (I + pA)™.
Lemma 2.3 [29] Let {x,,} and {y,} be bounded sequences in a Banach space E, and {B,,} be a sequence in (0, 1) with

0 < liminfp, <limsupp, < 1.

n—eo n—oo
Suppose that x,41 = (1 = Bu)Yn + PuXn, Y1 = 1 and
lim sup(||yn+1 = Yall = X041 = x4ll) < 0.

n—oo
Then limy o0 |y — Xl = 0.

Lemma 2.4 [30] Let E a real reflexive Banach space with the uniformly Gateaux differentiable norm and the normal
structure, and C be a nonempty closed convex subset of E. Let S : C — C be a nonexpansive mapping with a fixed
point, and T : C — C be a fixed contraction with the coefficient a € (0,1). Let {x;} be a sequence generated by the
following x; = tTx; + (1 —)Sx;, where t € (0,1). Then {x;} converges strongly as t — 0 to a fixed point x* of T, which
is the unique solution in F(T) to the following variational inequality (Tx* — x*, j(x* — p)) 2 0, Vp € F(S).

3. Main Results

Now, we are in a position to state our main result.

Theorem 3.1. Let E be a real reflexive Banach space with the uniformly Gateaux differentiable norm and let A be an
m-accretive operators in E. Assume that C := D(A) is convex and has the normal structure. Let T : C — C be a fixed
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a-contraction. Let {a,}, {Bn}, {yn}, o'}, {Bn"} and {y,'} be real number sequences in (0,1). Let Qc be the sunny
nonexpansive retraction from E onto C and {x,} be a sequence generated in the following manner: xo € C and

{yn =a,’'x, + ﬁn,]rn(xn + en41) + Vn,QC(fn)r

Xpe1 = W Txy + BpXy + Yuln, Yn 20,

where {e,} is a sequence in E, {f,} is a bounded sequence in E, {r,} is a positive real numbers sequence, and
Ji = (L+1,A)7L. Assume that A=1(0) is not empty and the above control sequences satisfy the following restrictions:
@ap+Bp+yn=a) +B,+v,=1;
(b) im0 ayy = limy o ), = 0and Y"1 aty = 00;
(c) 0 < liminf, e B, < limsup,_, . <1;
(d) Yoy llenll < coand Y02y y), < o0;
(e) limy o |,B;1 - ‘8:1+1| =0;
(f) ra > e foreach n > 1 and limy_,co [ty — Tn41| = 0.
Then the sequence {x,} converges strongly to X, which is the unique solution to the following variational inequality

(Tx-%,j(p—x) <0, VYpeA0).

Proof. First, we prove that {x,} is bounded. Fixing p € A~1(0), we see that

llyo = pll = llao” (x0 = p) + o’ (Jry (X0 + €1) = p) + 70" (Qc(fo) = p)II
< ag’llxo = pll + o'l (xo0 + e1) = pll + 70’ 1Qc(fo) — plI
< (1 =yollxo = pll +lleall + yo'llfo = pll.
It follows that
llx1 = pll < aollTxo — pll + Bollxo — pll + Yollyo — pll
< apa|lxo — pll + aollTp — pll + Pollxo — pll + yollyo — pll
< agallxo — pll + aollTp = pll + Bollxo — pll + (1 = yo)yollxo — pli
+ llexll + Yoyl fo = plI
< (1= ao(1 = @)llxo = pll + aollTp = pll + lleall + ylifo — pll.

ITp—pll
7 1-a

Put M; = max{l|xo — pll } < co. Next, we prove that

n n—1
bty = pll < My + Y lledll+ Y VIfll (3.1)
i=1 i=1

It is easy to see that (3.1) holds for n = 1. We assume that the result holds for some n. Notice that

lyn = pll = llan (xn = p) + B’ (Jr, (Xn + €n41) — p) + 72" (Qc(fu) — P
< ' |1xn = pll + B II]r, (o + €ns1) = pll + v IQc(fn) = Pl
< (@ =yplixn = pll + llensall + 21l fu = plI.
It follows that
lxne1 = pll < anllTxn = pll + Bullxn = pll + yullyn = pli

< anallxy — pll + aullTp = pll + Ballxn — pll + yullys — pll

< agallxy = pll + aul|Tp = pll + Bullxn = pll + (L = y1)vullxa = pli
+ llensall + yuyallfu = pll

< (1= an(@ = @))lxw — pll + aullTp = pll + llewaall + 31l = pll

n+l n

<M+ Y lell+ ) Villfl
i=1 i=1
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This yields that the sequence {x,} is bounded. Next, we show that
Hm [l = 24l = 0. (32)
It follows from Lemma 2.2 that

“]r,1 (xn + en+1) - ]r,,,,l (xn+1 + 3n+2)||

T+l Tn+1
]rm( :+ (n + ens1) + (1 - :l,+ )]rn (X + en+1)) = Jrwo (X1 + €n42)
n n

)(],” (xn + ens1) = (g1 + €n+2))H (3.3)

Tn+l Tn+l

< ((xn + en+1) - (xn+1 + en+2)) + (1 - r
n n

T,
= ”((xn + €n+1) - (xn+1 + en+2)) + (1 - :+1
n

)(]r,, (xn + en+1) - (xn + €n+1))”
M,
< = xpall + llensall + llens2ll + ?|rn+1 = Tal,
where M is an appropriate constant such that

MZ > Sup{”]‘r,,(xn + en+1) - (xn + en+1)||}'
n>1

Notice that
Yn+1 — Yn
= a;,+1(xn+l - Xp) + xn(a;H.l - a;)
+ ﬁ;,+1(]r,,+1 (xn+1 + en+2) - ]rn (xn + en+1)) + ]r,1 (xn + en+1)(ﬁ;+1 - ﬁ;lq)

+ y;,+1(QC(fn+1) - QC(fn)) + QC(fn)(V;lﬁl - V;,)/
which yields that

||]/n+1 - ]/n”

<) xne = xull + llxpller)

n+1
+ ‘B:l+1||]7n+l (41 + €ns2) = Jr, (0 + eIl + 15, (X0 + en+1)”|,6:1+1 - ,8;1|

+ ¥ l1Qc(fus1) = Qc(fll + 1Qc(flllly 4y — Vial-
Substituting (3.3) into (3.4), we find that

— a;l|
(3.4)

1yn+1 = Yall < X1 — xall + ||xn|||04;,+1 - a;l
M,
sl + llensall+ 22y — 1,

+ 1y, (e + ense1)ll1Br1 — Brl

+ ¥ 1llQc(fas1) = Qe(flll + 1Qc(filllly ey — Val-

(3.5)

Put g, = x*ll_;gx’ That is,
Xn+1 = (1 - ﬁn)gn + ﬁnxn/ n>0. (3.6)

Now, we compute ||,+1 — gxll. Note that

A1 TXpiq + Vn+1Yn+1 ayTx, + VnYn

In+1 — Gn = 1= ,Bn+1 1= ﬁn
Myt Vn+1 ay Vn
T Bt " T B ™ T 1B T T
27788 ]

Ay
- 1— ﬁn+1 (Txn+1 - yn+1) + Yn+1 — E(Txn - yn) — Yn.
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This yields that

an

1-8,

a
st = Gall € ——F—1IT %1 = Yustll + Ys1 = yull + ITxn = Yall- (3.7)

1-Bun
Substituting (3.5) into (3.7), we find that

1gn+1 = gull = X041 — x4l

o
< n+1

1= n+1

ITXp1 = Ynaall + ||xn”|a;z+1 - a;ll

M,
+ llepsall + llensall + ?|7”n+1 = 1l + 5, (n + ens)IIB), — Brl

’ ’ ’ a
+ V1 l1Qc(fre1) = Qe(fi)ll + 1Qc(fllly ey — ¥l + I _"ﬁ T = yall-
From the restrictions (b)-(f), we see that
tim sup ([Ig1 = gull = I = xpial) < 0.
It follows from Lemma 2.3 that
lim [|lg, — x4l = 0.
In view of (3.6), we have
Xp1 — X = (1 = ,Bn)(gn - Xy).
Hence, we find that
lim [|26,41 — Xu[| = 0. (3.8)
Notice that
Xn+1 — Xp + an(xn - f(xn))
Yn —Xn = .
Vn
In view of the restrictions (b) and (c), we find from (3.8) that
lim ||y, — x,l| = 0. (3.9)

Notice that
”xn - ]r,,(xn + en+1)”

< Moen = Xngall + sr = yaull + 1yn = Jr, (60 + €41l
< laew = Xpaall + @l fGen) = yull + Bulln = yull + 1y = T, (X0 + €ns)ll
< Mn = Xurall + anll f(xn) = yall + Bullxn — yall

+ 0(;,||xn - ]r,,(xn + el + V;,HQC(fn) - ]r,,(xn + en41)ll-

In view of the restrictions (b) and (d), we find from (3.8) and (3.9) that

lim ||x,, = J, (x4 + €ns1)ll = 0. (3.10)

Notice that
[l — ]rnxn” < lx, — ]rn(xn + en+1)” + ||]rn(xn + en+1) - ]r”xn”

< lx, — ]r,,(xn + en+1)|| + llen41ll-

Since Y4 llex|| < o0, we see from (3.10) that

lim [jx,, — ], xull = 0.
n—oo
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Take a fixed number r such that € > r > 0. In view of Lemma 2.2, we obtain that

ek = Jrkall = W (=% + (= ) %) = ol
<11 = D)0 = 3 (311)
< “]r,,xn - xn”-

Note that
1y = Jexall < 0 = Jr, Xull + 1,20 = Jrxnll
< 2||x, — ]rnan-

Using (3.11), we see that
’}ijrolo“xn = Jrxull = 0. (3.12)
Next, we claim that lim sup(x — T%, j(x, — X)) < 0, where ¥ = lim;,0z;, and z; solves the fixed point

n—oo
equation z; = tTz; + (1 — t)],z;, ¥t € (0, 1), from which it follows that
Iz — 2l = (1 = )(Jrze — x0) + H(Tzt — 2)|l.
For any ¢ € (0, 1), we see that

llze = xall® = (1 = oz = X, j2e = x0)) + KTz = X, (20 = X))
= (1= )(rze = I, j (@ = X0)) + o = X, (@1 — 1))
+ KTz — 2y, j(z¢ — Xn)) + Kzt — X, j(2¢ — X))
< (1= B)(llzr = 2l + 1o = alllze = x,ll)
+ KTz, — 21, j(z — %)) + Hize — 2l

2 .
<lze = xall” + 150 = xullllze = xull + 6Tz = 24, j(2¢ — X0))-

It follows that .
(zt = Tz, j(z¢ — xu)) < ?H]rxn = Xullllze = xull YVt € (0,1).

In view of (3.12), we see that
lim sup(z; — Tz, j(z: — x4)) < 0. (3.13)

n—oo

Since z; — X, as t — 0 and the fact that j is strong to weak" uniformly continuous on bounded subsets of E,
we see that

KTx — %, j(xn — X)) = (2t — Tz, j(ze — x))
< KTx - %, j(xn — X)) = (TX = X, j(xn — 1))
+(Tx = %, j(xn = 2)) = {2t = Tz, j(2¢ = x))
< KTx =X, j(xn = X) = j(tn = 2e)) + KTX = % + 24 — Tz, J (X0 — 24))
< Tx — =l jCen — %) — jlxn — z)ll + ITX — % + 20 = Tzillllxy — 2l > 0, ast—0.

Hence, for any € > 0, there exists A > 0 such that V¢ € (0, A) the following inequality holds
(TX — X, j(xy — X)) < (2t — Tz, j(zt — xn)) + €.
This implies that

limsup(Tx - %, j(x, — X)) < limsup{z; — Tz, j(z: — x,)) + €.

n—oo n—00



S.Y. Cho, S.M. Kang / Filomat 28:10 (2014), 2175-2184 2182
Since € is arbitrary and (3.13), we see that limsup,_, (TX — %, j(x, — X)) < 0. This implies that

lim sup(Tx — %, j(xy+1 — X)) < 0. (3.14)

n—oo

Finally, we show that x, — X as n — co. Note that

lyn — 2l < ajlixn = Xl + Boll]r, (Xn + ens1) — Xl + y311Qc fu — |
< (), + By — x| + llensall + 3l fu — =l (3.15)
< by = 2l + llewnll + 7, Mo,

where M = sup,., IIfn — ZlI. Put 6, = llexs1ll + ,Ma. In view of the restriction (d), we see that Yoy Oy < 0.

Notice that 5
[ly41 = XII° < au(Tx, — X, ](xn+1 - X))+ ﬁn”xn = xlllxp1 — Xl

+ allyn = s 3
< (Tt~ %, jeuss = D)+ 2~ 2P + s — 5P
+ Ly = 2P + b - 5IP).
It follows from (3.15) that

11 — fllz <20 (Txy — X, j(xps1 — X)) + 5n||xn - J_CHZ + Vaullyn — 3_5”2

< 20,(T, = %, j(¥ns1 = X)) + Bullt — 2 + yully — 5P (3.16)
+ Y202 + 27, 0nllx, — %l |

< (1 - an)”xn - x”2 + 2an<Txn - X, j(xn+1 - f)) + 6nM3/

where M3 is an appropriate constant such that M3 > sup, {6, + 2||x, — Zll}. Let y, = max{{Tx, — X, j(xp41 —
%)),0}. Next, we show that lim, . tin = 0. Indeed, from (3.14), for any give € > 0, there exists a positive
integer ny such that

(Tx, — %, j(xpt1 — X)) <€, Vn=mny.

This implies that 0 < u, <€, ¥n > ny. Since € > 0 is arbitrary, we see that lim, . t, = 0. It follows from
(3.16) that

[1Xp1 — Jz”2 <@ - apllx, - JZ”2 + Zan[vln + 6,Ms3.
Puta, = ||x, — %% t, = an, by = 2a, 1y, and ¢, = 0,M3 for every n > 0. In view of Lemma 2.1, we find the
desired conclusion. [

If the mapping T maps every point in C to a fixed element, then we have the following results.

Corollary 3.2. Let E be a real reflexive Banach space with the uniformly Gateaux differentiable norm and A be an
m-accretive operators in E. Assume that C := D(A) is convex and has the normal structure. Let {a,}), {B,), {yn),
{ae'}, By} and {y,,'} be real number sequences in (0,1). Let Qc be the sunny nonexpansive retraction from E onto C
and {x,} be a sequence generated in the following manner:

xg € C,

Yn = ay'x, + ﬁn,Ir,,(xn +epe1) + Vn/QC(fn)/
Xp+1 = Qpld + ﬁnxn + VYnlYn, Yn > O/

where u is a fixed element in C, {e,} is a sequence in E, {f,} is a bounded sequence in E, {r,} is a positive real numbers
sequence, and J,, = (I+r,A)™. Assume that A~1(0) is not empty and the above control sequences satisfy the following
restrictions:

@an+putyn=ad +p,+y, =1
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(b) im0 @y = limy o), = 0and Y07 | oty = 00;
(c) 0 < liminf, e By < limsup, . <1;
(d) Yoy llenll < 0o and Y32 y;, < o0;
(©) limy - |8}, = B, = 0

(f) rn = € foreach n > 1 and lim,,_,c0 [ty — ry41| = 0.
Then the sequence {x,} converges strongly to X, which is the unique solution to the following variational inequality

(U= Qi j(p — Qay)) <0,  ¥p e A7(0).

If y;, = 0, then Corollary 3.2 is reduced to the following.

Corollary 3.3. Let E be a real reflexive Banach space with the uniformly Gateaux differentiable norm and let A be

an m-accretive operators in E. Assume that C := D(A) is convex and has the normal structure. Let {a,}, {B), {vn),
{a,'}, and {B,"} be real number sequences in (0,1). Let {x,} be a sequence generated in the following manner:

x0€C,

Yn = ay'x, + ﬁn,]r,,(xn + €nt1),
Xp+1 = Qnlh + PpXy + ValYn, Y120,

where u is a fixed element in C, {e,} is a sequence in E, {r,} is a positive real numbers sequence, and J,, = (I + r,A)7L
Assume that A™1(0) is not empty and the above control sequences satisfy the following restrictions:

(a) ay +Bu+ Yn :anl"'ﬁ;l =1

(b) im0 ¢y = limyeo ), = 0and Y. | ay = o0;

(c) 0 < liminf, e By < limsup, . <1;

(d) T3 lleall < oo;

(e) lim, - |B), — ,8,’1+1| =0;

(f) ry = € foreach n = 1 and lim,,_,c0 [ty — ry41| = 0.
Then the sequence {x,} converges strongly to X, which is the unique solution to the following variational inequality

<M - QA—l(O)u, ](p - QA‘l(O)u» <0, Vp S A_l(O)
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