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Degree Distance of Tensor Product and Strong Product of Graphs
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Abstract. In this paper, we determine the degree distance of G x Kiyriprn, and GR K, - . where X
and ® denote the tensor product and strong product of graphs, respectively, and K, ,,..,»,_, denotes the
complete multipartite graph with partite sets Vo, V1,...,V,_; where [Vl =r;, 0 < j<n-1andn > 3.
Using the formulae obtained here, we have obtained the exact value of the degree distance of some classes
of graphs.

1. Introduction

In this paper, all graphs considered are simple, connected and finite. Let G = (V(G), E(G)) be a connected
graph of order n. For any u, v € V(G), the distance between 1 and v in G, denoted by d¢(u, v), is the length of
the shortest (1, v)-path in G. The degree of a vertex w € V(G) is denoted by dg(w). For S € V(G), (S) denotes
the subgraph of G induced by S. For two subsets S, T C V(G), by dg(5, T), we mean the sum of the distances,
in G, from each vertex of S to every vertex of T, thatis, dg(S,T) = ), dc(u,v).ForS, T C V(G),let D(S,T),

u€esS, veT

denote the sum ), dg(x, y)ldg(x) + dc(y)]. Let P, and C, denote the path and the cycle on n vertices,
x€S, yeT

respectively. We call K3 a triangle. Notation and definitions which are not given here can be found in [1] or
[2].

A topological index is anumerical quantity related to a graph that is invariant under graph automorphisms.
A topological index related to distance is called a “distance-based topological index”. The Wiener index
W(G) is the first distance-based topological index defined as W(G) = ), dg(u,v) = % Y, dg(u,v)

{u,0}CV(G) u,0eV(G)
with the summation runs over all pairs of vertices of G. The topological indices and graph invariants based
on distances between vertices of a graph are widely used in mathematical chemistry[19]. The Wiener index
is one of the most used topological indices with high correlation with many physical and chemical indices
of molecular compounds. It is used in the study of paraffin boiling points [20].

There are some topological indices based on degrees such as the first and second Zagreb indices of
molecular graphs. The first and second kinds of Zagreb indices have been introduced more than 30 years
ago by Gutman and Trinajsti¢ in [10] (see also [9]). The developement and uses of these indices can be
found in [11] and [14]. The first Zagreb index M;(G) and the second Zagreb index M;(G) of a graph G are

defined as M1(G) = Y, [dg(u)+dg(v)]= Y, dZG(v) and M>(G) = Y, [dg(u)dg(v)].
uveE(G) veV(G) uveE(G)
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The degree distance was introduced by Dobrynin and Kochetova [6] and Gutman [8] as a weighted
version of the Wiener index. The degree distance of G, denoted by DD(G),is defined as DD(G) =

Y de(u,v)dg(u) +dg(v)] = % Y. de(u,v)[dc(u) + dg(v)] with the summation runs over all pairs of
{u,0lCV(G) u,0eV(G)

vertices of G. The degree distance is a structure descriptor based on molecular topology, of quantitative
relations between structure and activity. Its physico chemical applications range from the prediction
of boiling points to the calculation of velocity of ultrasound in organic materials. In [3], it has been
demonstrated that the Wiener index and the degree distance are closely mutually related for certain classes
of molecular graphs. In [18], Ioan Tomescu proved one of the conjectures and disproved the other, made
by Dobrynin and Kochetova [6] on the minimum and maximum values of the degree distance of a graph.

The tensor product of Gi and G, denoted by Gi X Gy, has the vertex set V(G1 X Gy) = V(Gy) X V(Gy)
and the edge set E(G1 X G2) = {(1, x)(v, y) : uv € E(G1) and xy € E(Gy)}. The cartesian product of the graphs
G1 and Gy, denoted by G; O G, has the vertex set V(G1OGy) = V(G1) X V(G2) and (u, x)(v, y) is an edge of
G10Gyifu = vand xy € E(Gy) or, uv € E(G1) and x = y. The strong product of the graphs G; and G, denoted
by G1 ® G, is the graph with vertex set V(G1) X V(Gz) and (1, x)(v, y) is an edge whenever (i) u = v and
xy € E(Gy) or, (if) uv € E(G1) and x = y or, (iii) uv € E(G1) and xy € E(G,). In fact, G1 R G, = G1 X G2, @ G10G,
where @ denotes the edge disjoint union of two graphs. The wreath product of the graphs G; and G, denoted
by Gi o Gy, is the graph with vertex set V(G1) X V(Gz) and (1, x)(v, y) is an edge whenever (i) uv € E(G;) or
(i1) u = vand xy € E(Gy).

In [16], the degree distance of the graphs G10G; and G; o G, have been obtained.

In this paper, we obtain the degree distance of the tensor product G X Ky, ,,,. and the strong product

cr -1
n—-1

G® Ky, r,.., 1, Where K, . is the complete n-partite graph withr = )} rjand n > 3. In K, ,, .. r,_,, if
j=0

ro = 1 = ... = 1,1 = s, then we denote K, ;,, ., by K. Using the formulae obtained here, we have

obtained the exact degree distance of some classes of graphs.

2. Degree Distance of the Tensor Product of Graphs

In this section, we compute the degree distance of G X Ky r,, .. 1.,
Let G be a simple nontrivial connected graph with V(G) = {uo, u1, ..., U1}, m = 2. In Ky 1y, 1.y, let
n—1

r= Y riand n > 3. Let Vo, Vi, ..., V,_1 be the partite sets of K, ,,,.
i=0

In the graph G x Ky, 1,,..r,.,, let Zij = u; x Vj, u; € V(G) and 0 < j < n — 1. We call Z;;, the (i, j)th block of

and let |[Vj| =7;,0<j<n-1

-1

n—-1
G X Ky, 14, ..,r.q (do not be confused with the block of a graph.) Clearly S; = 'Uo Zjj is an independent set of
]:

m—1
GX Ky, oyraqg and V(G X Ky 11, ry) = U Si. We call S; a layer of G X Ky 1, . r,_,- Throughout the paper, we
i=0

denote Ky 1,,... .., by K and e(K(7})) denote the number of edgesin K\ V;.
It is clear that the degree of the vertex (x,y) € G X K is dgxx (¥, ¥) = dc(x)dx(y); very often we shall use
this fact for our computation.

Lemma 2.1. Let G be a nontrivial connected graph. Let Z;j and Z,, be two blocks in H = G X K. Then
2ri(ri—1), ifj=gq,
(a) du(Zij, Zig) = =1 f] 1
2rjty, ifj#aq,
(b) if uiuy € EG),
ritg,  fj#q,
Au(Zij, Zpg) = 2r]2., if j = q and u;uy, lies on a triangle of G,

3r]2., if j = q and u;u, does not lie on a triangle of G,
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(c) if uiuy, ¢ E(G),
ritgdc(ui, wp),  ifj #q,
dH(Z1]/ qu) - r?dc(uj, up)r lf] =q.
Proof. Let Z;j and Z,,; be two blocks in H = G X K.
Proof of (a).
Suppose i = p, j = q. By the nature of the graph H and G # Kj, any two vertices of Z;; are at distance 2.
There are r(r; — 1) pairs of distinct vertices in Z;; and hence dy(Z;j, Z;;) = 2rj(r; — 1).
Suppose i = p, j # q. In H, distance between a vertex of Z;; and a vertex of Zj; is 2. There are 77, such pairs
of vertices and hence dy(Z;j, Zi;) = 2rj1,.
Proof of (b). uu, € E(G).
Suppose j # q. If uju, € E(G), distance between a vertex of Z;; and a vertex of Z,; in H is 1. There are 7,7,
such pairs of vertices and hence dy(Zij, Z,;) = rj1,.
Suppose j = g and u;u, lies on a triangle of G.
If uju, € E(G) and u;u, lies on a triangle of G, distance between a vertex of Z;; and a vertex of Z,; in H is 2.
There are r}z, such pairs of vertices and hence dy(Z;j, Z,;) = 21’?.
Suppose j = g and u;u, does not lie on a triangle of G.
If u;u, € E(G) and u;u;, does not lie on a triangle of G, distance between a vertex of Z;; and a vertex of Z; in
H is 3. There are 1’]2. such pairs of vertices and hence dH(Z,-]-, ij) = 31?.
Proof of (c). u;u, ¢ E(G).
Suppose j # g.
If uju, ¢ E(G), distance between u; and u,, in G is dg(u;, 1) and hence the distance between a vertex of Z;;
and a vertex of Z,; in H is dg(u;, u,). There are r;r, such pairs of vertice and hence dy(Z;j, Z,;) = rjrgdc(ui, uy).
Suppose j = 4.
As above, the distance between a vertex of Z;; and a vertex of Z,; in H is dg(u;, up). There are r]g such pairs
of vertices and hence dy(Z;j, Zp;) = r?dg(u,-, up).

From the definition of the tensor product, the following lemma follows.

Lemma 2.2. Let G be a nontrivial connected graph. Let (u;,v;) € V(H) and let v; € V;. Then the degree of (u;, v}) is
du((ui, v))) = do(ui)dk(v)) = de(u;)(r = 1j).

Theorem 2.3. Let G be a nontrivial connected graph and let K = Ky, 1, r,,, 1 = 3, denote the complete n-partite
graph. Let Eq(resp.E,) denote the set of edges which lie (resp. do not lie) on a triangle of G. Then DD(G X K) =

n-1 n-1
{8(r = 1)e(G) + 2rDD(G) + rMy(G) + rDo(G)Je(K) — {M1(G) + Do(G)} X 7,e(K (7)), where r = ¥, 1, Do(G) =
j=0 j=0
Y [dc(u,-) +dG(up)] and DD(G) and M (G) denote the degree distance and the first Zagreb index of G, and e(K(r}))
uiup€Ey

is the number of edges in K — V.

Proof. Let H = G X Ky, 1,,.,r,., = G X K. Then

1 m—1 n—-1 m—1 n-1 n—-1 m—1 m—1 n-1
poE) = o Y Y D@y Zi)+ Y, Y Dz + Y, Y. DZiZy)+ Y. Y, DZis 24|
i=0j=0 i=0jq=0 j=0ip=0 ip=0jg=0
j#q i#p i#p j#q
1
= E[Al + Ay + Az + Ay, (1)

where A1-A4 are the sums of the above terms, in order.

We shall calculate A; to A4 of (1) separately.
m-1n-1 n—1

First we compute A; = ), Y, D(Z;;, Z;j). For this, first we calculate Y, D(Z;;, Z;j). As G is connected and
i=0j=0 j=0
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nontrivial, any pair of distinct vertices in Z;; are at distance 2; also there are r;(r; — 1) such pairs of vertices
and we have

n—1 n—1
Z D(Zij, Zij) = Z 2r(rj = W{dc(uwi)(r - r;) + dc(uw;)(r — r;)}, by Lemmas 2.1 and 2.2,
j=0 j=0
n-1 n-1 n—1 n-1
= 4dg(u;) {r}z.(r —rj) —rj(r— )} = 4dc(u,-){ Z rjz.(r 1)) = (1’2 — r?)}, asr= Z 7,
j=0 j=0 j=0 j=0
n-1 n-1 n-1 n—1 n-1
= 4dc(ul){ rfrq - Z r]rq}, asr—rj= Z ry and - Z rf = Z rirg (2)
jq=0 jq=0 q=0 j=0 jq=0
j#a j#a %] j#q
n—-1 n-1
Now, by using (2), we have  A; = 8¢( G){ Z rzrq Z rjrq}. 3)
=0 79=0
#q #q
m—-1 n-1
Next we compute Ay = ), Y, D(Z;j, Zy). For this, first we calculate Z D(Zij, Ziy). As there are r;r; pairs
i=0jq=0 jq=0
j#q j#q

of vertices with the first vertex in Z;; and the second vertex in Z;;, j # q and they are at distance 2 in H, we

have
n-1 n—1

Z D(Zij, Ziy) = Z 2rjrq{dc(ui)(r =) +dg(u)(r — rq)}, by Lemmas 2.1 and 2.2,
=0 =0
i*a i*q
n-1 n—1 n—-1
= 2ds(u;) Z r]-rq{Zr— rj—ry1 = 4dc(u; ){r Z rit, Z r q}. 4)
jrg=0 =0 jrq=0
i#a j#aq i#q
n—1 n—-1
Now, using (4), we get A, = 8€(G){r Z Tty = Z r?rq}. (5)
jq=0 jq=0
j#q j#q

Next we calculate Az = Z, Z D(Zij, Zp;). For this, first we obtain Z D(Zij, Zpj).

j=0i,p=0 i, p—
i#p 1£p
Let E; = {uv € E(G)| uvis on a K3 of G} and E, = E(G) — E; and hence |E; U E;| = €(G).
m=1 m—1
Y D(Zi, 2, = Z D(Zij Zy)+ Y, D(Zij Zyy)
i,p=0 i,p=0 i,p=0
i#p i#p i#p
uiup¢E(G) u;uy€E(G)
m-1 m=1 m—1
= Z D(Zij, Zyj) + Z D(Zij, Zy)) + Z D(Zij, Zy))
i,p=0 i,p=0 i,p=0
i#p i#p i#p
u»upéE(G) uy€E; uiu,€Ey
m—=1
= Z do (i, up)r? [ da () (r = 17) + de ) (r = 1)] + Z 273 da(us)(r — 7))
i,p=0 p:
i#p i#p

uiupyE(G) u; upeEl
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m—1
+dc(up)(r—rj)]+ Z Srﬁ[dc(ui)(r—rj)+dG(up)(r—rj)], by Lemmas 2.1 and 2.2,
ip=0
z‘p#p
u,'MPEEz
m=1 m=1
=r§<r—rj>{ Y doui,uy)[do() + do(uy)] + Y, (da(us, uy) +1)[de(w:) + do(uy)]
e ip=0
ip;ﬁp ip;ﬁp
uuy¢E(G) ;€L
m—1
+ Y (dotus ) +2)[do () + dc)]|, since dou, ) =1,
ip=0
ip;tp
ujup€E,
m—1
—r2<r—r]){ Z do (i, w)dc () + da(up)] + Y do(ui, up)[do(us) + do(u,)]
i,p=0 i,p=0
ip:&p ip;ép
u;uy €E(G) uup€E;
m-1 m—1
+ Y ot wldo () +dcau)lf + 2= r){ Y [dee) + dotuy)]
ip=0 ip=0
ip;tp lpip
u;uy€Ey uup€E;

m—1 m=1
+ Y [dotw) +dc@)]} + 2 -r) Y [do + dotwy)]

i,p=0 i,p=0
i#p i#p
uiuy€Ey uiu,€Ey
- (ZDD(G) +OMG)+2 Y [dotu) + dc(up)])r?(r —r). ®)
u,-upEEz
n—1
Using (6), we get ~ As = {ZDD(G) +2MG) + Y [dotun) +dc(up)]} Pr,. %
u;uy€Ey j,9=0
j#q
m-1 n-1
Finally, we calculate Ay = }. Y. D(Zjj, Z,;). For this, first we compute Z D(Zij, Zp). As there are 77,
i,p=0jg=0 jq=0
i£p  j#q j#4

pairs of vertices of Z;; and Z,, with its first vertex in Z;; and the second vertex in Z,,; at distance d¢(u;, up),
we have,

HZ D(Zij, Zpg) = i da (i, up)rjre|dc(ui)(r — ;) + dc(uy)(r — ,)|, by Lemmas 2.1 and 2.2,
w =
n-1
= rdc(u;, up)[d(u) + da(uy)] Z rity = da(u, ) de () + do ()| Y Pry. 8)
]796170 ]7¢40
n—1 n-1
Using (8), we get A4 =2DD G){r ritg — Z T rq}. 9)
7,9=0 j,4=0

j*q J#q
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Using (3), (5),(7) and (9) in (1), we have

n-1 n-1 n-1
DD(H) = 46(G)((r— nYy rjrq)+ (MG + Y [etn) +dG(up)]) Y 2r,+DDE) Y 17y

j9=0 uitty€E, ig=0 i9=0

7#q j#q j#q

n-1 r n-1 1 n—1
= (4~ De(G) + rDD(G)) Y, 71y +(M1(G)+ Y [dc(ui)+dc(up)])(§ Y. rin-5 ). rjrqu),
jq=0 uju,€Ey jrq=0 Jrq.k=0
J#4 J#q jEq#k
n-1 n-1 n-1 n-1 n-1
using the identity 2 Z r?rq = ( rj)( Z rjrq) - Z ritgry and r = Z ri,
j17=0 j=0 " jg=0 jq,k=0 j=0
J#q J#q j#gEk
n—-1
= {8(r - 1)e(G) +2rDD(G) + rMi (G) + rDy(G)}e(K) — {M1(G) + Do(G)} Z rie(K(T7),
j=0
where Dy(G) = Z [da () + da(uy)].
ujup€Er
We use the following Remark in the next corollary.
n-1
Remark 2.4. Thesum }, rjryty, Whenry=ry=...=1r,1 =s,can be given as
iq,k=0
]]th;&k
n-1 n-1
Z Fitglc = 22 rie(K(r)))

J4:k=0 j=0
jEq#k

=2rpe(K = V) + 2rie(K—= V1) +--- + 2ry16(K — Vy—1)
= 2s[ne(K - V)|, since K—Vo=K-V;i=12,...,n-1
=n(n—1)(n - 2)s°.

If r;=5,0<j<n-1,in Theorem 2.3, we have the following corollary, using the Remark 2.4.

Corollary 2.5. Let G be a nontrivial connected graph with |V(G)| = m. Let Eq denote the set of edges of G which lie
on a triangle and E; = E(G) — E1. Then DD(G X Kys)) = n(n — 1)52[4€(G)(Tl5 — 1)+ nsDD(G) + sM1(G) + sDO(G)],
wheren > 3and Do(G) = ), [dc(u;) +dg(uy)], DD(G) and My(G) denote the degree distance and the first Zagreb

u;ul,eEZ

index of G, respectively.
As K, ~ K1), we have the following corollary.

Corollary 2.6. Let G be a nontrivial connected graph with |V(G)| = m. Let Eq denote the set of edges of G which lie
on a triangle and Ey = E(G) — Ey. Then DD(G x K,,) = n(n — 1)[4€(G)(n — 1) + nDD(G) + Mi(G) + Do(G)|, where
n23and Do(G) = Y [dc(ui) + dc(up)] and DD(G) and M1(G) denote the degree distance and the first Zagreb

uiup€E,

index of G, respectively.

A graph is chordal if every cycle of length at least 4 has a chord, that is, an edge joining a pair of
nonconsecutive vertices of a cycle of length at least 4. If G is a 2-edge connected chordal graph, then in the
above notation, E, = 0 and hence we have Dy(G) = 0; consequently we have the following corollary.
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Corollary 2.7. Let G be a 2-edge connected chordal graph. Then DD(G X K) = {8(r — De(G) + 2rDD(G) +

er(G)}e(K) - Mi1(G) nil ri€(K(r})), where DD(G) and M (G) denote the degree distance and the first Zagreb index
of G, respectively. ]=0

In particular, if G = K,;, m > 3, then the exact value of DD(G X K) can be given as DD(K,, X K) =

m(m — 1){[3rm +7r— 4]6(1() —(m- 1)72: rje(K(?D)}. Further, if ro =71 = ... = 1,1 = 5, then DD(K,;, X Ky5)) =

mn(m—1)(n — 1)52{s(mn +m+n—1)— 2} and if s = 1, then DD(K,,, X K,,) = mn(m — 1)(n — 1){mn +m+n-— 3},
where n > 3.
For a triangle free graph, in the above notation, E; = @ and hence E, = E(G); consequently, Dy(G) =

Y. [dc(u) +dc(up)] = Mi(G). Using this in Theorem 2.3 we get the following corollary.
u;iuy€E(G)

Corollary 2.8. Let G be a nontrivial connected triangle free graph. Then DD(G X K) = {8(r —1e(G) + 2rDD(G) +
2rM1(G)}e(K) - 2M;(G) nil rje(K(?})), where DD(G) and M;(G) denote the degree distance and the first Zagreb
index of G, respectively. "
The following lemma is proved in [8].
Lemma 2.9. Let G be a tree on m vertices. Then DD(G) = 4W(G) —m(m — 1), where W(G) is the Wiener index of G.
If G is a tree on m vertices, by Lemma 2.9, DD(G x K) = {2(m — 1)[4(r — 1) — rm] + 2[4W(G) + Ml(G)]}e(K) -
2M1(G) nil r]-e(K(?})), where W(G) and M;(G) denote the Wiener index and the first Zagreb index of G,
respecti]v:e(iy

Ifrj=s,0<j<n-1,in Corollary 2.8, we have
Corollary 2.10. Let G be a nontrivial connected triangle free graph. Then DD(G X Kys)) = n(n — 1)52(4e(G)(ns -
1) + nsDD(G) + 25M1(G)), where n > 3 and DD(G) and M;(G) denote the degree distance and the first Zagreb index
of G, respectively.

In particular, if G is a tree on m vertices, by Lemma 2.9, DD(G X K)) = n(n — 1)52{(m - 1)[4115 — nsm —

4] +2s [ZnW(G) + M1(G)]}, where W(G) and M;(G) denote the Wiener index and the first Zagreb index of G,
respectively.

If s = 1 in the Corollary 2.10, we have
Corollary 2.11. Let G be a nontrivial connected triangle free graph. Then DD(G x K,;) = n(n — 1)[46(G)(n -1+
nDD(G) + 2M1(G)], where n > 3 and My (G) is the first Zagreb index of G.

In particular, if G is a tree on m vertices, by Lemma 2.9, DD(G X K,;) = n(n — 1){(m - 1)[4n —nm — 4] +

2[2nW(G) + Ml(G)]}, where W(G) and M;(G) denote the Wiener index and the first Zagreb index of G,
respectively. The following lemma is proved in [7].

Lemma 2.12. Let G be a connected graph with m vertices and diameter two. Then DD(G) = 4(m — 1)e(G) — M1(G)
where My(G) is the first Zagreb index of G.

Using Lemma 2.12 in Theorem 2.3, we have the following corollary.
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Corollary 2.13. Let G be a connected graph with m > 2 vertices and diameter two. Let Eq denote the set of edges
which lie on a triangle and E; = E(G) — Eq1. Then DD(G X K) = {S(rm - 1e(G) —rM1(G) + rDO(G)}e(K) — {Ml(G) +

Dy(G)} i: rie(K(r7), where Do(G) = ¥, [dc(ui) + dG(up)] and My(G) is the first Zagreb index of G.
iz

ujup€Ey
For our future reference we quote the following Lemmas.

Lemma 2.14. ([17]). Let P, and C, denote the path and the cycle on n vertices, respectively.

1. Forn > 2, W(P,) = tn(n® - 1).

3 . .
5, ifniseven

2. Forn >3, W(C,) = _
(Cw) {@,ifﬂisodd.

Lemma 2.15. ([7, 18]). Let P, and C,, denote the path and the cycle on n vertices, respectively.

1. Forn >2,DD(P,) = sn(n — 1)(2n - 1).

%3, if n is even
2. Forn =2 3,DD(Cy) = | yie-1) ., .
———,ifnisodd.
From [16], we have DD(K5)) = n(n—1)(ns+s—2)s?> and DD(Qy) = 22'k?, where Qy, k > 1is the hypercube of
dimension k. It can be easily verified that DD(K,,) = n(n—1)?,and W(K,) = %n(n —1)and W(K,,,) = n(3n—2).
From [13], we have M;(C,) = 4n, n > 3, My(P,) = 4n — 6, n > 1, M;(P;) = 0 and M;(K,,) = n(n — 1)*. Also
n-1 \3 n—-1 n—1 n-1
from [13], we have M(Qy) = 2k2, k > 1 and My(Ky, 1,,..r,,) = ( y rj) + ( r?) - 2( y rj)( Yy r?) Using
i=0 j=0 i=0 j=0
Theorem 2.3, Lemmas 2.14 and 2.15, we obtain the exact degree distance of the following graphs.

—1)s?
1. Form > 2, n >3, DD(P,, X Ky) = w

nn—-1)

{m = )[12(n5 = 1) + nsm(2m - 1)] + 1252m - 3)}.

2. Form>2,n>3,DD(P,, XK,) =

3. Form>3,n>3,

{2nm3 — 3um? + 13mn + 12m — 12n — 24}.

—1)s?
M[wsﬁ + 8ns + 165 — 8], if m is even,

DD(Cm X Kn(s)) = mn(n - 1)52

5 [nsm2 +7ns + 16s — 8], if m is odd.

4. Form>3,n>3,

-1
M[ﬂmz +8n + 8], if m is even,
DD(Cm X Kn) =
nm?> +7n + 8], if m is odd.

mn(n — 1)[
2
Form > 2, n > 3, DD(Ky; X Kys)) = mn(m — 1)(n — 1)sz[s(mn +m+n-1)- 2].

Form 22, n 2 3, DD(Ky X Ky) = mn(m = 1)(n = 1)[mn +m +n —3].

Form > 1, n > 3, DD(Ky;, m X Kys)) = 2n(n — 1)m252[3mns +ms — 2].

For m 21, n 2 3, DD(Ky,m X Ky) = 2n(n = 1)m?[3mn + m - 2|.

Form > 1, n > 3, DD(Qu X Ky)) = 2"mn(n — 1)52[2(715 — 1)+ 2" lsmn + 2ms].
10. Form > 1, n 2 3, DD(Qy X Ky) = 2" mn(n = 1)[m +n — 1 + 2" 2mn]

© ® N o O
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3. Degree Distance of the Strong Product of Graphs

In this section, we compute the degree distance of G R Ky r,, .. 1, ;-

Let V(G) = {uo, u1, ..., uma}t, m22. Ky 1, . vt Vis Zij, e(K(?})) are as defined in the Section 2.

The proof of the following lemmas follow easily from the properties and structure of GR K, 1.
hence we give them without proof.

-1 and

Lemma 3.1. Let G be a nontrivial connected graph. Let Zj; be the (i, j)™ block in H = G ® K. Then the degree of a
vertex (u;, vj) in Zjj in H is

du((ui,v)) = de(ui) + (r = rj) + (r — rj)dc(u;).
Lemma 3.2. Let G be a nontrivial connected graph. Let H = G ® K. Let Z;j and Z,; be as defined above. Then
2ri(ri=1), ifj=q,

(a) dy(Zij, Zig) = S
S Tty ifj+q,

(b) if uju, € E(G),
@rj=Dr,  ifj=q,
Titq, ifj#q,
(c) if uiuy ¢ E(G),

rzd (ui/u )/ Z = 7
A2y, Z,g) = 100ty =
rirgdc(ui, up),  ifj#q.

Au(Zij, Zpg) =

Proof. Let Z;j and Z,,; be two blocks in H = G® K.

Proof of (a).

Supposei = p, j = q. By the nature of the graph H, any two vertices of Z;; are at distance 2. There are r;(r; — 1)
pairs of distinct vertices in Z;;. Hence dy(Z;j, Z;j) = 2rj(rj — 1).

Suppose i = p, j # q. In H, distance between a vertex of Z;; and a vertex of Zj; is 1. There are 77, such pairs
of vertices. Hence dy(Z;j, Ziy) = rjry.

Proof of (b). uju, € E(G).

Suppose j = q.If uju, € E(G), distance in H, between a vertex of Z;; and its corresponding vertex in Z,; in H is
1 and for the rest of the (r; — 1) vertices of Z,; in H is 2. Therefore the sum of the distances from a vertex of Z;;
to every vertex of Z,; in His 2(r; — 1) + 1 = 2r; — 1. There are r; vertices in Z;;. Hence dy(Z;j, Z,;) = (2r; — 1)r;.
Suppose j # q. If u;u, € E(G), distance between a vertex of Z;; and a vertex of Zy, in H is 1. There are r;r,
such pairs of vertices and hence dy(Zij, Z,) = rj7y.

Proof of (0). uu, ¢ E(G).

Suppose j = q. As u;u, € E(G), the distance between a vertex of Z;; and a vertex of Zy; in H is dg(u;, up) > 2.
There are 72 such pairs of vertices and hence Au(Zij, Zpj) = rjz.dc(uf, up).

Suppose j # q. If u;u, ¢ E(G), distance between u; and u,, in G is dg(u;, up) and hence the distance between a
vertex of Z;; and a vertex of Z,; in H is dg(u;, up). There are rjr; such pairs of vertices and hence dy(Z;j, Z,;) =
ritadc(ui, up).

Theorem 3.3. Let G be a nontrivial connected graph with |V(G)| = mand let Ky +,, .. r,.,, 1 = 3, denote the complete
n-partite graph. Then DD(G B Ky, r,,...1,.,) = {4€(G) + DD(G) + My(G)}r* - {4€(G) + My (G)}r + {8(r — 2)e(G) +
m@3r — 4) + (r — H)M1(G) + 2rDD(G) + 4rW(G)}e(K) - {m + 4¢(G) + Ml(G)} 72: r]-e(K@)), where v = 72: rj and
DD(G), W(G) and M1(G) are the degree distance, the Wiener index and the first Zagreb index of G, respectively.
Proof. LetK =K, ;. , andlet H =GR K.

m—1 n—-1 m—1 n-1 n-1 m-1 m—-1 n-1

DD(H) = %{ZZD(Zij, Zi)+ Y, Y, DZuZi)+ Y, Y, DZiZy)+ Y, Y, DZiis 7))

i=0j=0 i:Oj,q:O j:Oi,p:O i,p:Oj,q:O
J#9 1#£p 1#Ep J#q
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1
= E[Al + Az + A3 + A4], (10)
where A1-Ay4 are the sums of the above terms, in order.

We shall calculate A; to Ay of (10) separately.
m=1n-1

First we calculate A; = Z Z D(Z;j, Zij). For this, first we compute Z D(Zij, Zij). Any pair of distinct
i=0j=0 j=0

vertices in Z;; are at distance 2 and we can find r;(r; — 1) such pairs of vertices. Consequently, we have

n-1 n—-1
Z D(Zij, Zij) = Z 2ri(rj — 1){2[dc(u,-) + (r—rj) +do(u;)(r - rj)]}, by Lemmas 3.1 and 3.2,
j=0 j=0

n—=1
{ u)Zr](r] -1+ 1+dG(u) Z[r r—r])—r](r—r])]}
=0
n-1 n-1 n-1 n—1
= 4dg(u;) Z ri(ri—=1)+ 4(1 + dG(u,-)){ 1’]2‘1’,7 - rjrq}, asr—r;= Z rg. (11)
j=0 Jq=0 Jrg=0 7=0
i*q i*a %]
Using (11), we get
n-1 n—1 n-1
A = 8(—:(G)(r(r -1)- Z r]-rq) + 4(m + 2€(G))[ r?rq - rjrq],
q=0 q=0 jq=0
j#q j#aq i*q
n-1 n—1
sincezr]—raner =r Z rirg
j= i9=0
j*q
n—1
=8e(G)r(r—1) - (16e(G) + 4m) Z Tty + 4 m +2¢(G Z rzrq (12)
jiq=0 Jjq=0
i*q i*q

1 n-1
Next we calculate A, = Z, Y D(Zl], Zig). For this, first we compute Z D(Zij, Zij). As there are r;r, pairs
i=0jq= Jq=
Jiq #q
of vertices with the first vertex in Z;; and the second vertex in Z;; and they are at distance 1 in H, we have

n—-1 n—-1
Y D Zig) = Y rirg{[dws) + (= 1) + A = )] + [dws) + (= rg) + dui)r = 7]},
jg=0 jg=0
j#q j#q

since <Zij U Z,-,,> is a complete bipartite graph

n-1 n-1 n—1
= 2d(u;) Z ritg + 2r(d(ui) + 1) Z ritg = Z(d(ui) + 1) Z r?rq
jq=0 jg=0 jq=0
J#4q 1#q J#4q
n-1 n-1
= 2((r + D)d(w;) + 1) Z rirg — 2(d(u;) +1) Z rr,. (13)
i e
n—1 n—1
Using (13), we get Ay = (4(r + De(G) + 2rm) Z riry — 2(2€(G) + m) Z 71y, (14)
jq=0 jq=0

J#q J#q
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n-1 m-1
Next we calculate A3 = Y, )Y, D(Z;j, Z;). For this, initially we compute Z D(Zij, Zy)). Since the sum
j=0ip=0 ip=0
i#p i#p

of the distances in H from each vertex of Z;; to every vertex of Z,; is (2r; — 1)r;, if u;u;, € E(G) and the sum
of the distances in H from each vertex of Z;; to every vertex of Z,; is r?dc(ui, uy), if uju, ¢ E(G), we have

m—1 m—1 m=1
Y D@ZiyZy)= Y, D@y Zy)+ Y. D(ZiZy)
ip=0 ip=0 ip=0
i#p i#p i#p
uiuy€E(G) uiup¢E(G)

m—1
Z @r; = Dri{[dau) + (r = 1)) + da(ui)(r = )] + [da(uy) + (r = 1) + da(uy)(r - 1)]}
zipzpo
ui, €E(G)
m=1
+ ) ot u){[do(w) + (=) + do(i)(r = r)] + [do(uy) + (r = 7)) + do(u)(r = )]},
zipi:po
uiy¢E(G)
by Lemmas 3.1 and 3.2,
m—1
= Z ([1+ doui, up)]r; = V)ri{[dou) + da(uy)] + 20 = 7)) + [da(us) + deuy)|(r = 7))}
zlp:po
uiuy€E(G)
m—1
+ Y Pdeu,w)[do(u) +dew,)] + 20 = 1)) + [de ) + de () |(r = ),
ilp:po
u;iuy€E(G)
since 2 = dg(u;, up) + 1, when uu, € E(G)

m—1
= 2M1(G)(r - r])[l + (r— r])] (r + rz(r =) ( Z de(u;, up)[dc(ui) + dc(up)]

ip=0
i#p
uiuy€E(G)
m=1 m—1 m—1
£ Y douudotw) +dew)]) + 2730 =) Y, dotw )+ Y, dot,uy)
ip=0 ip=0 ip=0
i#p itp itp
uiup¢E(G) uiup€E(G) uiuy¢E(G)
2 .
+ 4[R2 = 1)) = 1i(r = 1)]e(G), since Mi(G) = Z |dc(u) +da(uy)],
u;up€E(G)

= Z[r — 1417 (r ri) = ri(r— V,)]M1(G + 2[7’ + 7’2(7” =) ]DD(G)

+473(r = rYW(G) +4[r3(r = 1)) = ri(r = 1)) |e(G). (15)
Using (15), we get
n—1 n-1 -1 n—1 n—1 n-1
As = 2( P Z Py Z rq)Ml(G) +2(Zr vy A rq)DD(G 14 Z Pr,W(G)
j=0 jq=0 jq=0 j=0 jg=0 jq=0
J#q J#q J#q J#4q
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(erq Zrﬂ’q)e(G) asr—Zr]andr—r] Z

jq=0 /q=0 q=0
i#q #q j#q
n—1
= 24(DD(G) + Mi(G)) - 2rMy(G) + 2(Mi(G) + DD(G) + 2W(G) + 2¢(G)) Z g
jq=0
j#q
n—-1 n—-1 n—-1
~2(DD(G) + 2M; (G) + 2¢(G) Z riry as Zr Z rity. (16)
jq=0 =0 /9=0
#a i*a
m—-1 n-1
Next we calculate Ay = ). Y. D(Zjj, Z,,). For this, initially we compute Z D(Zij, Zp,). Since the sum of
ip=0jq=0 jq=0
i#p  j#q i*#q
the distances in H from each vertex of Z;; to every vertex of Z,, is rr,dc(u;, u,), we have
n—-1 n-1
Y. DZij,Zp) = Y, riradetu, up){[datu) + (= 1) + (= rda ()| + [dcup) + (r = )
jrq=0 /q=0
#q #q
+ (r - rq)dG(up)]}, by Lemmas 3.1 and 3.2,
n—-1 n-1
= (1 + r)da(us, wy)[da(uy) + do(uy)] Z ity + 2rd (i, 1) Z ity
jq=0 jq=0
j#q i*a
n—-1 n—-1
= 2d(u;, uy) Z rjz.rq —dg(u;, up)[dc(ui) + dc(up)] Z r?rq. 17)
jq=0 jg=0
i*q i
Using (17), we get
m-1 m—1
As={40) Y dotu,u)[dotw) + dotup)] + 20 Y, dotus )| Z ring - {2 Z do(us, 1)
i,p:O ip:O jq=0 ip=0
1£p 1£p j#q i#p
n—-1
- Z e, 1) [ () + dg )]
i,p=0 jq=0
1£p J#q
n—1 n—-1
- (2(1 +NDD(G) + 4rW(G)) Y - (4W(G) + ZDD(G)) Y i, (18)
jq=0 jq=0
j#q #a

Using (12), (14), (16) and (18) in (10), we have

DD(H) = {4€(G) + DD(G) + My(G)}* — {4€(G) + My (G)}r + {2(r — 4)e(G) + m(r — 2) — 2M;(G) + rDD(G)

n-1 n-1
+2rW(G)] Z ity + {m +46(G) + My (G)) Z 71y

jrq9=0 jq=0

J#q J#q

= {46(G) + DD(G) + My(G)}? — {4€(G) + My(G)}r + {2(r — H)e(G) + m(r — 2) - 2M;(G) + rDD(G)
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n-1 n-1 n—-1

r 1
+ 2rW(G)} Z ritg + {m +4¢e(G) + Ml(G)}(E Z ritg = 5 Z rjrqu),
Jq=0 =0 k=0
#q #q JEa#k
n-1 n-1 n-1 n—1 n-1
using the identity 2 Z r?rq = ( rj)( Z rjrq)— Z ritgry and r = Z 7,
j19=0 =0 " jg=0 g, k=0 i=0
Jj#q #q J#azk
= {46(G) + DD(G) + My(G)}* — [4€(G) + My(G)}r + {8(r — 2)(G) + m(3r - 4)
n—=1
+ (r = 9My(G) + 2rDD(G) + 4rW(G)Je(K) — {m + 4€(G) + My (G)} Z rie(K()),
i=0

where m denote the number of vertices of G.

Ifrj=s,0<j<n-1,in Theorem 3.3, we have the following corollary.

Corollary 3.4. Let G be a nontrivial connected graph with |V(G)| = m. Then DD(G B K)) = (4€(G) + DD(G) +
Mi(G))n?s?—(4e(G)+M(G) s+ 2(ns+25 —4)e(G) +nsDD(G) +2nsW(G) + (s—2)My (G) +m(ns+s-2) [n(n—1)s?,
where n > 3 and DD(G), W(G) and M1 (G) are the degree distance, the Wiener index and the first Zagreb index of G,
respectively.

In the above corollary, if s = 1, then we have the following corollary.

Corollary 3.5. Let G be a be a nontrivial connected graph with |V(G)| = m. Then DD(GRK,) = n*DD(G) +2n*(n —
1)e(G) + 2n%(n — 1)W(G) + mn(n — 1)?, where n > 3 and DD(G) and W(G) are the degree distance and the Wiener
index of G, respectively.

From [4], we have W(Qy) = k41, k > 1. Using Theorem 3.3, Lemmas 2.14 and 2.15, we obtain the exact
degree distance of the following graphs.

— 1Dn?
1. FormZZ,nZ?),DD(Pm&Kn):M

2. Form>3,n>3,

{3mn —-m— 1} +n(n— 1){3mn —-2n - m}

@[n(mz +4) - 4], if m is even,
DD(C ®Ky) = -
W[n(mz +3)-4], ifmisodd.

3. Form > 1, 1> 3, DD(Ky, i 8 Ky) = 2(3m — 2)m?n® + 2mn(n — 1)[4mn —n - 1],
4. Form 21, n2 3, DD(Qy & Ky) = 22" 1n?[nme? + m(n = 1)| + 2"n(n = D)[mn +n - 1],
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