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Mixed-type Reverse Order Law for Moore-Penrose Inverse of Products
of Three Elements in Ring with Involution

Long Wang?, Shuang Shuang Zhang?, Xiao Xiang Zhang?, Jian Long Chen?
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Abstract. In this paper we establish some results concerning the mixed-type reverse order laws for the
Moore-Penrose inverse of various products of three elements in rings with involution.

1. Introduction

Let R be an associative ring with unity and an involution a + a* satisfying (a*)* = a, (a + b)* = a* + I,
(ab)* = b*a*. An element a € R has Moore-Penrose inverse, if there exists b such that the following equations
hold [11]:

(1) aba =a, (2) bab =0, (3) (ab)” = ab, (4) (ba)" = ba.

In this case, b is unique and denoted by a'. The set of all Moore-Penrose invertible elements of R is denoted
by R*.

The well-known reverse order law for the ordinary inverses states that (ab)™ = b~'a™!, where a and b
are invertible in R. However, this formula cannot trivially be extended to the Moore-Penrose inverse of
ab. Many authors studied this problem and gave some equivalent conditions for (ab)! = ba’, as well as
(ab)t = b*(aTabb™)at in settings of matrices, C*-algebra and rings (see, e.g., [1]-[10] and [12]). In 2007, Y. Tian
[13] investigated necessary and sufficient conditions for a group of mixed-type reverse order laws to hold
for the Moore-Penrose inverse of a triple matrix product. Recently, N. C. Din¢i¢ and D. S. Djordjevi¢ [2]
studied mixed-type reverse order law for various products of three operators on Hilbert spaces. Motivated
by [13] and [2], we consider mixed-type reverse order law for Moore-Penrose inverse of products of three
elements in rings with involution.

Rank formulas played an important role in [13], while [2] adopted the matrix representation of operators
with respect to the orthogonal decomposition of Hilbert spaces. In contrast to the above papers, we present
a purely ring theoretical proof of some equivalent conditions related to the mixed-type reverse order law
for the Moore-Penrose inverse. Thus, some known results from [2] are extend to more general settings.
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2. Main Results
We start with some simple lemmas on Moore-Penrose inverse that will be used later on in the paper.

Lemma 2.1. The following hold true for any a € R*.
(i) a*a, aa* € R*. Moreover, (a*a)t = a*(a*)', (aa*)t = (@*)'a’ and a* = (a*a)'a* = a*(aa*)".
(ii) (aa*)t(aa*) = (aa*)(aa*)" and (a*a) (a*a) = (a*a)(a*a)*.
(iii) (aa*)" € RY and [(aa*)"]" = [(aa*)]", where n is any positive integer.
(iv) (aa*)"a € RY and [(aa*)"a]" = a'[(aa*)']" = a'[(a%)*a']" for any positive integer n.

Proof. (i) is straightforward to check.

(ii) The first equality holds since (aa*)t(aa*) = ((aa*)t(aa*))* = (aa*)*((aa*)*)* = (aa*)(aa*)’. The second can
be verified similarly.

(iii) follows by (ii).

(iv) [(aa*)"a]t = a'[(aa*)t]" follows by (i), (ii) and (iii). a'[(aa*)']" = a®[(a")a’]" follows by (aa*)t = (a*)*a’
in(@). O

Lemma 2.2. Leta € Rand b € R be such that a* = a and bR C aR. Then abR = bR if and only if abb" = bb'a.

Proof. 1If abR = bR, there exists r € R such that ab = br. Then abb' = brb" = bb'brb™ = bbtabb’ and
bbta = (bb')'a = (abb')" = (bbtabb'y = (bb)'a*(bb')* = bbTabbt = abb'.

Conversely, if abb" = bb'a then we have abR C bR since ab = abb'b = bb*ab. By hypothesis bR C aR, there
exists 7 € R such that b = ar’. Consequently, b = bb'b = bbtar’ = abb'r’. This implies bR C abR. Therefore,
abR =bR. [

Lemma 2.3. Let b € Rand a € R be such that a* = a. Then a'bR = bR if and only if abR = bR.

Proof. 1f a'bR = bR, there exist r,7’ € R such that b = a’br and a*b = br’. Then we get ab = aa'br = aa*a’brr =
(aa*)a’brr = (aY)'a*a'brr = ataa’brr = a'brr = br'rr. This implies abR C bR. Simultaneously, we have
bR C abR since b = a'br = ataa™br = (a*a)*a’br = aa*a*br = aa*b = abr’. This shows bR = abR.

Conversely, if abR = bR then (a")"bR = abR = bR. By the above argument, we have a'bR = bR. [

Next, we prove the mixed-type reverse order law for the MP-inverse of various products of three
elements. In what follows, let a1, 45,43 € R and m = aja,as.

Theorem 2.4. Suppose that a1,as,m,alma} € R*. Then the following statements are equivalent:
(i) m" = al(alma)tal.

(ii) aga;mR = mR and ajazm*R = m*R.

Proof. (i)=(ii) By hypothesis, we have the following equation
m' = al(atmal)tal
= al(@mal) @lmal)(aimal) a’

ag(a{ma;)*((a{maé)“‘)*(a’{ma;)*u{. (1)

Multiplying (1) by a3 from the left-hand side, we get

a3m+

ag,a; (a{ma;)*((aimag)‘L)*(u{ma;fai

= 61361; (ag)*(a{m)*((a{mu;f)*(a‘{ma;)*az
= (a{mag)*((a{ma;f)*)*(aima;)*ai

= (almal)*(atmal)(aimal)tal

= (a{mag)*((a{mag)Jr)*(aJ{ma;)*aI. (2)
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Multiplying (2) by a; from the right-hand side, we get

azmta; = (a{maé)*((a{magf)*(a{mag)*a‘{al
= (a{ma;f)*((a{ma;)*)*(a{mag)*=(a{ma§)+, 3)
whence
(a*mag)(aera;)* = a{magag,m*al =a‘{mm+a1.
+

It follows that almm®a; = (atmm'a,)". Multlplymg it by a; from the left-hand side and 4] from the right-
hand side, we get awlmm*alal = m(atmm’ar)'a;. Note that ayaimm*ara; = mm*ara] and al(almm*al) a =
may(m*ym*(al)'a; = aya;mm’. So we have

mm'aa; = majmm'. 4)

Similarly, one can verify

t t

(a{ma%)*(a{ma;) = asm al(aimag) =asm ma‘g,

from which we can see that azmmal = (a3m"mal)*. Multiplying it by a} from the left-hand side and a3 from
the right-hand side, we get
a§a3m+ma§a3 = ag(angfma}:)*ag.
This yields
ayazm'm = mmajas. (5)
Since m = aiapa3 = (ala;)((ai)*aga;;) and m* = ayasa; = (a 113)(err 543), it follows that mR C (a14})R and
m'R C (a3a3)R. By (4), (5) and Lemma 2.2, we have a1a}mR = mR and ayazm R = m*R.

(ii)=(i) By hypothesis and Lemma 2.2, we have mm*ala’; = am;mm* and ajazm*m = m*majas. Multiply
the first equation from the left-hand side by a! and from the right-hand side by (a?)*, and multiply the
second equation from the left-hand side by (a})* and from the right-hand side by !, then we get almm*a; =
aymm’® (at)* and azm® mal, = (al) m*maj.

Now, it is stralghtforward to check (a'mal)" = asm'a;. Finally, we have

t S . toot t
a3(a1ma3) 111 = azazm ma; = aazm mm’* alal (m ma3a3) mt aya;
= m*mm*ala‘{ = m*(alalmer) = m'(mm*)" = m".

O

If a1 and a3 have MP-inverse then a1aa3 = (a})*(a}a1a2a3a3)(al)*. Substituting a1 = (a})*, @, = a}a1a2a3a;,
and a3 = (a‘;)* for ay, a; and a3 respectively in Theorem 2.4, we can establish another representation for mt

under suitable conditions.

Theorem 2.5. Suppose that a, a3, m,a;ma; € RY. Then the following statements are equivalent:
(i) m" = ay(aymay)ta;.

(ii) ga;mR = mR and ajasm*R = m*R.
Proof. By hypothesis, m = ajapa; = (u{)*(a’ialazaggag)(ag)*. Let

= @), a = a\marazas, a; = (al)".

Then we have m = a1aa3, a1,a3 € R* and (a1)"'m(as)" = ajma; € R*.

According to Theorem 2.4, we know that the following conditions are equivalent:

(i) m* = @) (@) m@)) @)’

(ii) a1 (a1)*mR = mR and (a3)*asm'R = m*R.
Note that (a3)"((@1)'m(a3)")"(@)" = ay(ayma3)’a;, a(@)" = (a})'a] = (a1a})" and (a3)'a5 = aj(a3)" = (a3a3)". Thus
(i) and (ii") can be restated as follows:
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(i) m" = as(aymay)a;;
(ii’) (a14})'mR = mR and (aja3)'m'R = m*R.
By Lemma 2.3, (ii’) is equivalent to (ii). Therefore, the result follows. [

Using a similar method as in Theorem 2.5, we obtain the following result based on Theorem 2.4.

Theorem 2.6. If a;,a3,m, ((um‘;)*)km((ag%)*)l € R, then the following statements are equivalent for all positive
integers k and I:

(i) m" = ((@ya3)") (@) Ym((@3a3))) (@a;) ).
(ii) (a1a})*mR = mR and (aa3)*m*R = m*R.

Proof. By Lemma 2.1(iii), we have ((a3a3)")' = ((a3a3))" and ((a14})")F = ((a14})"). Thus condition (i) can be
restated as

(i) m" = ((a3a3)) (@) 'm((a3a3)) ") ((@ra))'. B B
Noteihatm = (ala’i)k((ala])*)k‘liﬁ):az(ag)*((a§a3)+)"1(a§a3)’. We deﬁn(ilej (ma))f,a; = ((am’i)*)k‘i(a;)*cg(ag)*((ag%)*)l‘l
and a3 = (aja3)'. Then m = aiazas. By Lemma 2.1(iii), we have a1,a3 € R'. In addition, (a7)"m(as)" =
(ma3)Ym((asas3)') € R, In view of Theorem 2.4, we know that the following are equivalent:

(") m" = (a3)"((a1)"'m(az)") (@1)";

(ii’) a1(a;)*'mR = mR and (a3)*azm*R = m*R.
But (i’) is just a restatement of (i) while (ii’) coincides with (ii) since a1(a1)* = (a14})* and (a3)a3 = (a3a3)*. O

Taking k = I = 1in Theorem 2.6, we obtain the following corollary, which will be used in the next section.

Corollary 2.7. Let a1, a3, m, (m1a;) m(ayas)t € R, Then the following statements are equivalent:
(i) m" = (aya3)" ((a147) ' m(a3as)") (ma;)".
(ii) (a1a})*mR = mR and (aya3)*m*R = m'R.

Remark 2.8. Since (a1a}) 'm(aya3)" = (a1a}) aa2a5(a303)" = (a)) a2(a3)" = (alazal)’, the equality in Corollary

2.7(i) can be written as m" = (aya3)" ((alayat)") (a1a3)".

From Theorem 2.5, we have the following result.

Theorem 2.9. Let ay,a3,m, (a1a})'m(aias)’ € R'. Then the following statements are equivalent for all positive
integers k and I:

(i) m" = (@3) (a1a}) m(ayas)) (ara))*.
(ii) (a143)*mR = mR and (a5a3)*'m'R = m'R.

Proof. By Lemma 2.1, it is easy to check
m = @) (@ma})") " (a]) ' a2(a3) " (@3a3)") ) @3a5)'.

Let a1 = ma})t, a3 = (ma})" ) (@) ax(ad) (a3a3)")!, a3 = (a3a3)'. Then m = a1a2a3. By Lemma 2.1 again,
we have a1, a3 € R'. Simultaneously, (a1)"'m(as)* = (a1a})*m(aja3)' € R* by hypothesis.

Now, Theorem 2.5 ensures that the following are equivalent:

(') m* = @) (@) m@)) @)

(ii") a1(a1)'mR = mR and (a3)*'azm*R = m*R.
Itis easy to see that (i") and (ii’) coincide with (i) and (ii), respectively. Therefore, (i) and (ii) are equivalent. [J

As a particular case of Theorem 2.9, we have the following corollary.

*

Corollary 2.10. The following are equivalent provided that a1, a3, m, a1}

(i) m" = ayas(ara;mayaz) ara;.
(ii) (a14;)*>mR = mR and (aya3)*m'R = m*R.

mayas € RY.
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Theorem 2.11. Suppose that a;, a3, m, ((alaj)"al)er((11311‘:’)1113)’r € RY. Then the following statements are equivalent
for all positive integers k and I:

(i) m* = ((a3a5)'az)" (@10} ar) m((asas) az)") ((a1a;)kar)*.

(ii) (@1a})**'mR = mR and (a3a3)**'m*R = m'R.

Proof. First, we recompose m as m = ((a1a})*a1)(((aa1) ¥ az((asa3)"))((a3a3)'a3). Then set a7 = (a1a})fay,
1> = (@jm)"az((a3a3)"), a3 = (asa3)'a3. By Lemma 2.1(iv), we have a1,a3 € R*. Moreover, (a1)"'m(a3)" =
(ara;)*ar) m((asas)'as)" € R

By Theorem 2.4, we know that

m' = (@) (@) m@)")'@)" e @@)mR=mR and (@)am'R = m'R.

Thus, the result follows from the following facts:
(1) @3)"((@1)"'m(@3)") @1)" = ((asa3)'a3)" (@143 a1) ' m((asa3)'as)") (@10 a1)";
(2) a1(@1)" = (may)**! and (@3)'a; = (aza3)**!. O

The following corollary is a special case of Theorem 2.11.

Corollary 2.12. Let a,a3,m, (ala;al)*m(a3a§a3)+ € R*. Then the following statements are equivalent:
(i) m" = (azayas)t (a1a]a1) m(azasas)) (ara;ar)’.
(ii) (a1a})>mR = mR and (aya3)>m*R = m'R.

Theorem 2.13. Suppose that a1, a3, m, ((ala’i)kal)*m((a3a§)la3)* € R'. Then the following conditions are equivalent
for any positive integers k and I:

(i) m" = ((aza3)'az) (a3 ar ) m((azas) as)") ((ara})kar)*.
(ii) (@1a})**'mR = mR and (a3a3)**'m*R = m'R.

Proof. Let ay = (m1a})fay, @3 = ((aja1)") az2((a3a3)"), and a3 = (a3a})'a3. Then m = 31a2a5. As a consequence of
Lemma 2.1(iv), we have a1,a3 € RY. Moreover, (a1)'m(a3)* = ((a1a}) a1)*m((asa3) as)* € R*.
By Theorem 2.5, m* = (a3)*((a1)'m(a3)*)"(a1)" if and only if a;(a1)*mR = mR and (a3)*azm*R = m*R. It can
be verified that
(@) (@) m(@s)) (@) = ((asa3) as)" ((@1a}) 1) m((aza3) az)") (@r1a}) ar)",
@ (@) = (ma})**! and (a3)as = (a5a3)**!. This completes the proof. [

By taking k =/ = 1 in Theorem 2.13, we obtain the following corollary.

Corollary 2.14. Let a1,a3,m, (a1a}a1) " m(asazas)” € R'. Then the following statements are equivalent:
(i) m" = (asasas) (majar) m(azasas)’) (aagar)".
(ii) (m143)*>mR = mR and (aya3)°m'R = m*R.
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3. Some Equivalencies

In this section, whenever we write at we will assume a € R has Moore-Penrose inverse.

presented in previous section are connected as follows.

Theorem 3.1. The following statements are equivalent:

i) m* = al(atmal)tal.

i) m" = ay(a;may)tar.
iii) a}(a} ma*)* 1= (ﬂ a3)+((ﬂ1ﬂ§)+m(ﬂ§ﬂs)+)+(ﬂ1ﬂ§)Jr-

(
@
(
(iv) a (a mu*)*a = ayazmtara).
(
(
(

vi) a (a ma Vi = ayas(aa;masas)tara).
vii) a1a] mR mR and azasm R m'R.

Proof. (i)e(ii)<(vii) follows from Theorem 2.4 and 2.5.
(iii)=(vii) First we have
as Ya ma3)+
(@3a3)" (a1} 'm(aza3)") (@1a7)"
(a305)" (may) "m(@3as) ") (@1a}) 'm(aza5)" (@17) 'm(azas)") (@1a)"
(@505)" (@) (@) (@) m(aas) )Y (@) m(@as) ) @),

Multiplying (6) by a3a; from the left-hand side, we have

(a305)(@! (@l ma)al)

(ma)) ' m(ayas) ") ((wa;) 'm(ayas)") ) ((aa)) 'm(ayas) ') (a1ay)*
(@) maa)"y (@)

(@) a0y (@@} m(@as) ) (@a) masa)'y @)

Multiplying (7) by a14] from the right-hand side, we have

(a303)(a3(ayma3)" ay)(aray)
(a1a))'m(a3a3)") " ((ra}) 'm((a3a5) ")) (@ra}) m(azas)")
((a1a7)"'m(aa3)")".

+)+ *

Hence ((a1a}) 'm(aya3)")" = (aja3)(al(almal) al)(a1a?) = a3(almal)’a;. This implies

((ala])*m(aé%)*)a%(a{ma;fa]
tyer ot At Nt
(ay)"(aymaz)(a;maz)’a;

By the condition (3) in the definition of MP-inverse, we have

(may) 'm(azas)") (i) 'm(asas)")'

[(a{)*(a‘{mag)(a‘{ma;)*a’i]* = (@) (@l mal)(@aimal)ta;
Multiplying it from the left-hand side by a} and from the right-hand side by 4;, we obtain

o TSR 7S SO S SRS S N
al[(al) (aymas)(a;mas) ”1] m

ayar((atmad)") @atmal)ata

TS NVSE S A S
ay(ay) (aymaz)(aymaz) ajay,

@mal)@tmal) aiay,

oyt tye (o tye ot PP S S N
ajar((aymaz)") (mas)*(a;) aja (aymaz)(a;maz)'aja;
and

a]al(aima;f)(aimu;f)* = (a{mag)(alrma;)*a]al.

2002

The results

(6)



L. Wang, S.S. Zhang, X.X. Zhang, ].L. Chen / Filomat 28:10 (2014), 1997-2008 2003
Then we have a}a1(aimal) = aja1(atmal)(almal)’ (aTmal) and by (8) we get
a]mag = (a{ma;)(a{magf(ajal)(airma;) 9)
Multiplying (9) from the left-hand side by a; and from the right-hand side by a3, we get ajajm =
ar(atmal)(atmal) (@;a1)atm = mal(atmal)*am. Consequently, it follows that a;amR C mR.
By (3.3), we also have

t ot
aymay

TP NS N S
(aymas)(a;maz)’ (a;mas)

(aJ{ma;)(aJ{ma;)*(a;al)(a{(u{)*az@ag)

(a’ial)(u}maé)(a{maé)*(a{(a{)*azag;a}:) (10)

Multiplying (10) by a; from the left-hand side and a3 from the right-hand side, one can see
m= awjma;(a{maé)*a{(a{)*aza&

which induces mR C ajajmR. Thus, mR = ayajmR.
Similarly, we have

(@) m(@za)") (@1a7) m(aza5)")

a; (aImag)*a’i ((am])*m(a;ag)*)

a (a‘{mag)*(a{ma;)(a;)*.
By the condition (4) in the definition of MP-inverse, we have
(ag(a{ma%)*(a{ma’;)(a;)*)* = ag(aimagf(a{mag)(a;)*
and hence
a;f(a‘{ma;)*((a‘{ma;)*)*ag = aé(a{maé)*(u‘{mag)(u;)*. (11)
Multiplying (11) by a3 from the left-hand side and 4 from the right-hand side, we get

+ * * \t * %
a3a§(a{ma3)*((a1ma§)+)*a3a3 = a3a3(a‘{ma3) (a{mag)(a;f) ay,

ie.,
(a{m@)*(a’{ma;)awg = awé(a{ma;)*(a;rma;). (12)
This implies
w7 Fy\% _ w7 T Fy*
aam’(a;)" = azaz(aymas)

NS S N D N
azay(aymay)’ (a;maz)(a;maz)*

(aImag)*(a{mag)agag(aimag)*. (13)
Multiplying (13) by 4 from the left-hand side and 4] from the right-hand side, we get
ayasm*(al)'a; = ay(aimal) (almal)) asal(almalya;
and
azazm’ = m*(a{)*((a{ma}:)*)*agag(a{mag)*a;,

from which one can see that azazm'R € m*R.
By (12) we also have

too+ tootyE byt t
(aymaz)” = (aymaz) (aymay)(aymay)*
to ot t T T TR
= (aymaz)’(aymaz)(asaz)((a3) az(a2) ajaq)

(a3a3)(ayma3)" (ayma3)((a3)"a3(a2)"ajay). (14)
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Multiplying (14) from the left-hand side by a3 and from the right-hand side by 4], we obtain

dy(aimal)'a; = a(azas)(@imal) (a]mak)") (ab) al(az) alay)a;.
Since m* = aj(al) m*(al)a} = a(atmal)'a; and

azasm’(a})’ ((ayma3)') (a}) aj(az)'a;
@yazay(ay) m’ (a]) (ayma3)")" (ah) a}(az)' @y
@, (azas)(@ima3) (a]ma3)")"((a}) al(a2) aim)a;,
it follows that m"R C ajazm*R. So we have m*R = aja;m*R.
(vii)=(iii) By hypothesis, we have (alaz)sz = mR and (ﬂ§ﬂ3)2m*R = m*R. In view of Theorem 2.4 and

Corollary 2.7, it follows that m" = ai(atmal)tal and m" = (ajas)*((a1a}) 'm(asas)") (a1a;)". Hence

al(afmaly'al = (@3a3)' (na}) masas) (@a))'.

(vi)e(vii) Let a1 = (a})", @3 = ajamazazay and a3 = (al)*. Then m = @1a,a3. From the proof of (iii) & (vii),
one can see the following conditions are equivalent:

(Vi) (%)K(EI)JFW(E;)JF)JF({ZV =~(€7§iﬁ§)+((ﬁ{ﬁf)*m(ﬁé*ﬁé)*)*(ﬁ{ﬁf)*;

(vii’) a1(a1)*mR = mR and (az)‘asm*R = m*R,
where (vi’) coincides with (vi) since (a1)" = @}, (a3)" = a5, (@1)" = a} and (a3)* = al. Moreover, (vii’) can be
translated into

(vil”) (@ma;)'mR = mR and (ajas)'m'R = m'R,
which is equivalent to (vii) by Lemma 2.3.

(iv)=(v) Suppose that a}(atma’)*a; = ajasm’aia;. Multiplying this equation by (af)* from the left-hand
side and by (a!)* from the right-hand 51de, we obtam

(a3)*a3(a ma3) (al) = a3a3(a ma3)*a m = (ug)*agag,m*alal(a;r
Note the fact: p(ap)" = (ap)" and (pa)'p = (pa)’, where p is a orthogonal projection
Since a3al and ala; are orthogonal projections, it follows that azal(aimal)tal

(@tmal)t = @)y ayasmtara; () = azm’ay.

(v)=(iv) is obvious.

(v)e(vii) By the proof of the Theorem 2.4, one can verify the following equivalence:

ala; = (almal)*. Therefore,

to vt +
(aymaz)’ = agm’ay

S ala]mmJ‘ = mm*alaz and a§a3m+m = m*ma§a3

© aaymR =mR and ajasm'R = m'R.

This completes the proof. [J

Theorem 3.2. The following statements are equivalent:
(i) m" = (aya3)" () ' m(ayas)") (arar)".
(it) m" = ajas(ara;mayas) ara;.
(iii) a} (atmal)ta® = ay(a;may)a;.

(iv) (@m1a})*mR = mR and (aya3)>m'R = m*R.

Proof. (i)&(iv) See Corollary 2.7.

(ii)e(iv) See Corollary 2.10.

(iii)=(iv) Multiplying the equation in (iii) by a3 from the left-hand side and a; from the right side,
we obtain asay(a;mas)'aar = azal(almal)’a’a;. Since azal and ala; are orthogonal projections, we have
asal(atmal)talay = (almal)t. Therefore,

(a{ma%)* = a3a; (ajmaé)*a’ial. (15)
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From which it follows that
@ma)@atmal)" = (almal)(azal(a;mas) aia)

a}mag (a;magfa;ul

(a’ial)*(ajmaé)(ajmaé)*a}al.
By the condition (3) in the definition of MP-inverse, we have
* t/ % * * £\t _* * * t/ % * * £\t _*
((a1a1)" (aymaz)(aymay) ajar)" = (aja1)’ (aymas)(aymay) aja;.
Multiplying it by aja; from the left-hand side and aja; from the right-hand side, we get
aymaiar (amas)'y (@ may) (@) ayar = alar (@)t (@) mas) @ mas) a}ara}ar.
Hence (a;a1)*(ama3y)(a;mas)t = (a;mas)(a;ma)’ (a;a1)*. Consequently,

(a]al)z(aj maé)(a}maé)*(a’i ma)

(a]al)z(a]mag)
= (a’imag)(a’ima})*(a}m)z(a]mag). (16)
Multiplying (16) by (4;)" from the left-hand side and (a3)" from the right-hand side, we get
(a])*(a]al)z(ajmag)(a’;)* = (a})*(a}maé)(aimaé)*(u’ial)z(ajmag)(ag)*,

which means (a1a})*m = maj(a;mas)*((;a1)*a;m. This guarantees (a1a})*mR C mR.
From (15) it also follows that

aymay = (a]maé)(a]maé)*(a}ma;)
= (a;mas)(a;may) (@a1)*(a! (a}) arazas)
= (a]al)Z(a’{mag)(a’{maé)*(a{(a{)*azag,a;).
Whence
m = (a{)*a]mag(ag)*

= (@) (@ ) (a;mas)(@ymas)' (af (a]) azasa3)(ah)’
= (ma))may(a;may)'al(al) azas.
This implies mR C (a14})*mR. So we have mR = (a14})*mR.
By a similar argument, one can show (a3a3)*m‘R = m'R.
iv)=(iii) First, we claim that (¢*a;)?a*ma:R = a*ma:R. Indeed, since (a1a*)?mR = mR, there exist
1 L 17145 1
r1,72 € R such that (;9a*)?m = mr; and m = (a1a*)?>mr,. This induces a* (a1a* >m = a*mrq, (a*a1)%a’ ma’, =
1 1 1\hdy 1 1 17145
aymriay = aymay(al) ray and aymay = @) (a1a)) > mroay, = (aya1)a;mas(al) roay. Thus, (@)a1)?a;maR = ajma;R.
Similarly, it follows that (a3a§)2(a;ma§)*R = (ayma;)'R.
Now, in view of Lemma 2.2, we have

@ a0)2(@;may)(@ymay)t = (amas)(@;may)’ (a]a1)?

and
(a3a§)2(a’i ma§)+(a’;ma§) = (a}ma})*(a’i mag)(%ag)z.

Based on these two equations, one can verify

@)@ may)@may) @a)t = (@) (@ja) (@ mas) (@ mas) (@)

= (@) (@ymay) @ mas) (a2 (@ o)t

(a’{al)*(a; ma)(a; maé)*(a’iul)
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and
* % s\t _* % \T s\t / _* s\t _* % %
(azaz)(aymay)’ (aymay)(azas)’ = (a3a3)’ (aymaz)’ (aymay)(asas).
Combining these with the fact that al = (2a1)"a} and a} = a;(aw;)* it is easy to check that (afmal)" =

asay(@;may) a;ar. Therefore, al(a! ma*)* = a;aga;(a’imag)*a mal = ay(@ymay)ta;. O

Theorem 3.3. The following statements are equivalent:
@) m* = (a3aya3)" (araya1) ' m(asayas) ) (@ayan)'.
(i) m" = (asaya3)" ((a1a;01) m(azazaz)’) (ara;a1)".
(iii) a*(a Ymal)tat = ayas(aamaias) o,
(iv) (@tmal)t = azaas(ama;mayas)tayaiar.
(v) (a1a1)3mR mR and (aya3)*m'R = m'R.

Proof. (i)e(ii)e(v) follows from Corollary 2.12 and 2.14.
(iii)=(iv) By hypothesis, it is clear that
agagag(ala’imagag)*ala]al = a3a§(11{ma§)+a‘{a1.
Moreover, we have asal(atmal)'a’
(@mal)t = azaas(ma;mayaz) amaja;.
(iv)=(v) By Lemma 2.1(iv), we have

= (almal)" since aza’ and afa; are orthogonal projections. Therefore,

@ma)@atmal)' = (almad)asaias(araimaias)taralan

a‘{ma;ag (alaimagagfala;al

(alazal)*(a1a’ima§a3)(a1a’ima§a3)+a1a§a1.

By the condition (3) of the definition of MP-inverse, we get
(@) (ma;mayas)(aa;mayas) adim)* = (mam) (a0 mayas)(aa;mayas) aaa;.
Multiply it by a1aja; from the left-hand side and (a14ja1)" from the right-hand side, we can see
ala’ial(ala’ial)*((ala’imagag)*)*(alazmagag)*
= (alu’imagag,)(ala’imagag,)*ala]al(alaial)*,
which can be simplified as
(ala])3’((111/1]maga3)(ala§ma;‘,,ag)Jr = (ala]magag)(ala]magag)‘L(alaj)3. (17)

Consequently, we have

(ala’;)“” (a1a)maas) (ala’i)3(a1aj ma;a3)(a1a§ma§a3)+(a1a’i mazas)
= (ala;magag)(ala]ma§a3)+(a1a1)3(a1a’ima§a3).

Multiplying it by a}(a})" from the right-hand side, we get
(@a})* (aaymazas)(as)' (@h)” = (araymayas)(araymayas) (a1ay)’ (aaymayas)(as)' (ai)',

ie.,

(ala’i)‘lm = (alajma§a3)(a1ajma§a3)+(a1a’i)4m
Multiplying it by (af)*al from the left-hand side, we have (ma})*m = majas(a1a;mayas) (a1a;)*m. Hence
(a143>mR € mR.
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On the other hand, (17) induces

mamasas (1 mayas)(ara;mayas)’ (araymasas)

(a1a)mazas)(ara) ma§a3)+(a1a’;)3 (am])*(a‘{)"azawg%

(ala])3(alajma§a3)(a1a;ma§a3)+(a1a’i)‘L(a{)*a2a3a§a3.

Multiplying itby (a!)*a! from theleft-hand side and a¥(a})" from the right-hand side, we getm = (a14;)*majas(a1a;maya3)* (a14;
from which we can see mR C (a14})*mR. Hence, (a14})*mR = mR.

The equality (23a3)>m*R = m*R can be proved in a similar way.

(v)=(iii) First, we claim that (a1a§)3a1a]ma§a3R = ma;mayaz;R. Indeed, since (ala;)BmR = mR, there exist
11,12 € R such that (a14})>m = mry and m = (a1a})*mr,. Hence

3 _ _ +
(may)’aiaymazaz = amaymriazaz = aja;mayaz(a;as)’ r1a;as

and
aya;mazaz = ala](ala’i)Smrzagag, = (a1a1)3a1a’ima§a3(a§a3)+r2a§a3.

Now, (a1a1)3a1a;maga3R = maymazazR is clear.
Simultaneously, a similar argument shows (11’:;113)3 (araym*ayas)R = (aaym’ayas) R from (a§a3)3m* R =m*R.
By Lemma 2.2, we know that

(ala])3(111[/1’;7111/13513)([/1141’{rrza§a3)Jr = (ala]magag,)(ala]ma;ag,)*(ala;)‘?’ (18)

and

(a;a3)3 (ma] ma§a3)+(a1a] mayaz) (ma] ma§a3)+(a1a§ma§a3)(a§a3)3. (19)

Then by (18), we have
() (maymayas)(maymayas)t (arajar)'y
= (ma ) (aa})* (ma;masas) (@ a;mayas) (aaar)'

(ma;m) (a1 masas)(araymasas) (aa})® (maiar)')

(alajal)+(a1a’ima§a3)(a1a]ma§a3)+(a1a’;a1).

Similarly, by (19), we have
(azazaz)(a1a; ma§a3)+(a1a’i ma§a3)(a3a§a3)+
= ((a3a3a3) ") (maymasas)  (ama;masas ) (asasas)".

By Lemma 2.1(iv), we have a! = (a1a}a1)"a14% and af, = aja3(asajas)’. Consequently, it is not hard to check

t T\t 1t T, \t t — 1 * * 1 * ) * * 1t *
(ayma3)" = asayas(a1aymaas) arajar. Therefore, aj(aymaz)'a] = ajasaias(a1aymayas) anajaa) = azas(aaymazas)’ ara). O

We conclude this section by a corollary which follows from Theorem 2.6 and 2.9.

Corollary 3.4. The following statements are equivalent:
(i) m" = ((a303) (1)) ' m((a3a3))") (a1 ).
(if) m" = (a33)* (1) m(a3a3)%)" (ma;)?.

(iii) (m14;)*mR = mR and (aya3)*m'R = m*R.
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