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New Transformation Formulae of Quadratic 7F¢-Series
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Abstract. The modified Abel lemma on summation by parts with the “ remainder term” is employed to
investigate the partial sums of a quadratic ;Hy-series. Several unusual transformation formulae for these
sums are established. As consequences, some new transformations of quadratic yFe-series are deduced,
especially two of which respectively generalize two known 3F,(1)-series summation formulae due to Watson
and Whipple (1925).

1. Introduction and Motivation

For a complex x and an integer n € Z, define the rising shifted-factorial by
() = T'(x +m)/T(x)

where the I'-function is given by the Euler integral
I'(x) = f Fle7tdt with R(@t) > 0.
0

When n € Ny, it reduces the usual rising shifted-factorial
x)=1 and ), =x(x+1)---(x+n—-1) for nelN.

For the sake of brevity, the quotients of shifted factorials and I'-function will be abbreviated respectively as
|:C¥, ﬁ/ Tty )/] — (O‘)n(ﬁ)n()/)n
A/ B/ ttty C n (A)n(B)n(C)n

r[a,ﬁ,---,y] _ @U@ 1)
B, ,C| T(A)L(B)---T(C)’
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Following Bailey [1] and Slater [6], the unilateral and bilateral generalized hypergeometric series for an
indeterminate z is defined by
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Z]: Z |:10/b1/.”rbr:| Zk,
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o
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rHS [bll b2/ Tty bs

where {g;} and {b;} are complex parameters such that no zero factors appear in the denominators of the
summands on the right hand sides. For the bilateral ,H,-series, we shall denote by ,H," and ,H;" the partial
sums consisting of some and all terms with nonnegative indices respectively as follows

n—1
_ ai, az, -+, ar k
Z] - Z[bl, by, - ,bs]kz ’
_ ai, az, -+, ar k
Z] _Z[blr bZ/"' /b5:|kz ’

k=0
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Hl’l
m bl/bZI'“/bS

ay, az, -, 4y
H+
rtis
bl,b2,"',b5

In this paper, we consider the most important case r = s for the generalized series. If the numerator
parameters and the denominator parameters can be paired up so that each column has the same sum, i.e.

1+€lo={11+b1="':l/'lr+by

then the 1..F,-series is called well-poised. In particular, it is said to be very well-poised if we have a; = 1+ap/2.
Similarly, we say the .H,-series is well-poised when

m+bi=ay+bp=---=a,+b,
and is very well-poised if
a1+b1:a2+b2:~--=a,+b,=1+2b1.

Instead, when the numerator parameters and the denominator parameters satisfy

m+2by=a+2by=---=a,+2b, =2 +ay,
2cy +d1 =2C2+d2="'=267+dr=1+ﬂ0,

we call the series

a,
1+§U,El1,"',ﬂy,C1,"',C7

1s2rH142 | a
[ ?O/ bl/“'/brrdlr"'rdr

:

quadratic. Letting by = 1, the last series will be reduced to the quadratic 1.,,F,.-series

Recently, Chu and Wang [2, 3] have utilized Abel’s lemma on summation by parts to deal with the
terminating hypergeometric series. The purpose of the present work is to explore the same lemma with the
“ remainder term” to investigate the following partial sum of the quadratic yH7-series

a9
12F2 a0/1+§/a2/”'/arlcll”'/Cr
+2rL2r ag
37 bZ/"'/br/dl/”'/di’

1+ ., d, l+a-b-d, ¢ e %+a—c—e|]

4 b
3/
-b —d 1+b+d
5, 1+5, 1+55, 5%, 1+a—-2c, 1+a—2e, 2c+2e—a

Qn(a/ b,C,d,e) = 7H7n [
2
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Some transformations from Q,-sum to another quadratic series, well-poised series and other series as well
as fast convergent series expressions for Q-sum will be established. These transformations and expressions
will further lead to several summation and transformation formulae on 7F4-series.

In order to facilitate the subsequent applications, we reproduce Abel’s lemma on summation by parts
with the “ remainder term” as follows. For an arbitrary complex sequence {14}, define the backward and
forward difference operators v and A, respectively, by

VT = T — Tk and A Tx = Tk — Tis1-

It should be pointed out that A is adopted for convenience in the present paper, which differs from the
usual operator A only in the minus sign. Then Abel’s lemma on summation by parts with the “ remainder
term” may be modified as follows:

[y

B,V A, = {An_an - A_lBo} +Y AnB, (1)
0

n—-1

=

o
I}
)
=~
i}

where A,_1B, — A_1By is the so-called “ remainder term” which will help to derive transformations between
series.

Proof. According to the definition of the backward difference, we have

n-1 n—-1 n—1 n—-1
B, VA, = Z Bk{Ak - Ak—l} = Z ArBr — Z Ay_1Bxk.
k=0 k=0 k=0 k=0

Replacing k by k + 1 for the last sum, we can reformulate the equation as follows:

n—-1 n—-1 n-1

Y BeVAc=AuiBy— AuBo+ Y AdBi— Buun) = AiBy— AiBo+ ) Awa By,
k=0 k=0 k=0

which is exactly the formula stated in equation (1). O

Throughout the paper, if (), is used to denote partial sum of some series, then the corresponding letter
Q without subscript will stand for the limit of €3, (if it exists of course) when n — co.
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2. Reciprocal Relation of Q-Sum

For two sequences given by

Ay =

1+b,2+a—-b—d, 1+c, 224 —¢ B = d-1, 2+2c—d, e, $+a-c-e |
1405t Bd 94 g-0c, 242c—d| 7 T |1+ 52, 24—, 14a-2e, 2c+2e—af’

it is almost trivial to compute the relations
(a=-b)a-2c0)b+d—-1)(1+2c—d)
2bc(l+a-b-da+d-2c-1) "’

AvaBy _1+2c—d+n| b, d-1, 1+a-b-d, c, e, 3+a—-c—e |
A4By ~ 1+2c—-d |%51+%%, B a-2c,1+a-2e2c+2—a)’

®:=A_ 1B =

R1 =

and the following differences

oa - @+30@-1+K@-b-20)b+d-2-1)[ b, 1+a—b—d, ¢, =l _o
k= 2bc(l+a—-b-d(a+d—2c—1) 1+t Lbtd 4 2c 242c—d|

AB _ (I+a+3k)(a—2c+k)(1+2c+2e—a—d)(d+2e—a—-2) d—l, 2+42c—d, e %+a—c—e
T Qra-d@a+rd—20-1)Q2c+2e-a)2e—a—1) |2+ 5L, 24 a—2¢1+2c+2e—a

By means of the modified Abel lemma on summation by parts, we can manipulate the following Q,-series

a@—b—-2c)b+d—-2c—-1)d- 1)
c(l+a-b-d@a+d—20-1 ZB"VA"‘ Ry 1)+ZA"AB"

Writing the last partial sum explicitly

Qula,b,c,d,e) x

n-1
ArA By =
k=0

1+a)(1+2c+2e—a—d)(d+2e—a—2)a—2c)
R+a-da+d—-2c-1)2c+2e—-a)(2e—a—1)

n-1
1+a+3k
X —_—
Z 1+a

k=0

1+b, d-1, 2+a-b—-d, 1+c, e 3+a-c—e
1+ 50,0468 Lbd g _2c,240-2e,1+2c+2e—a|
we find the following recurrence relation.

Lemma 2.1 (Recurrence relation).

Qu(a,b,c,d,e)=0Q,1+a,1+b,1+c,d—1,¢)
(I+a)bc(l+a—b—d)(c+e+ )1 —e+ 54)(2c—a)
a(2c +2e —a)(c + 52)(c + E)(1 - d)(1 + 52)(1 +a — 2e)
b-a)2c—a)b+d—-1)(1A+2c—4d)
aRc+b—-a)1+2c—b—-d)(1-4d)

{1-Ri(@a,b,cd,e)}.

Iterating the last relation m-times, we get the following transformation

1+ab, c,1+a-b-d,2c— ac+e+1§d1 e+

a,1-d,2c+2e—a, 1+a—2€c+b“ c+1bd 1+

Q..l&.

Qula,b,c,d,e) = Qn(m+a,m+b,m+c,d—m,e)[

off

m
b-a)b+d-1)2c—a)1+2c—d) 5= 1+2c—d+3k
aRc+b—a)(1+2c—-b-d)(1-4d) e 1+2c—d

{1=Ri(k+a,k+b, k+c,d—k,e)}

b,c, 1+a—b—d, 1+2c—a, c+e+1‘“‘d 1—e+ 54
2—d2c+2e—a,1+a—2e1+c+ 2 c+3bd1 “Tk
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Reformulating the R;-function by singling out k-factorials

1+2c—d+n+3k
1+2c—d+3k
b+k, d-1-k 1+a-b-d+k c+k e L+a-c—e
%,1+%’+k,b+dT‘1,a—20—k,1+a—2€+k,2€+2€—a+k]n

_1+2c—d+n+3k[b d—1, 1+a-b—-d, ¢, e, l+a—c—e]

Ritk+a,k+b,k+c,d—ke) =

1+2c—d+3k 1+“db+gla—2c1+a—262c+26—a

n+b2-d,l1+a-b-d+n,n+c,1+2c—a—-n,1+a—-2e¢,2c+2e—a
b2-d-n1+a-b-d, ¢c,1+2c—a,1+a—-2e+n,2c+2e—a+n .

and then denoting by Q,,(a,b, ¢, d, €) another quadratic partial sum

1+1+2;d b, 1+a-b- d1+2c—a cc+e+1“d

1—-e+
“zzfdc+3bd1+c+ 1+t 02— d1+a—2e2c+2e—a‘]

7H7"

we establish the following transformation formula on quadratic series.

Theorem 2.2 (Reciprocal relation on quadratic series). For five indeterminate a, b, c, d, e, there holds

_ 1—a—d afd
Qn(a,b,c,d,e)=Qn(m+a,m+b,m+c,d—m,e)[l+ab1+a b d2c acc+e+ 11—+ 52 ]

a,c+ =t ad 1 _ d1+a—2620+26—

(b—a)(b+d—1)2c - a)(1 +2¢ —
aRc+b—a)1+2c—b—-d)(1-4d)
[b d-1, 1+a-b-d, c, e, 3+a—-c—e 2+2c—d]}

b4 a8 o, 1+a—2e 2c+2—a,1+2c—d
n

{ m( b,c,d,e) Q;n(3n+a,n+b,n+c,n+d,n+e)

This relation is said to be reciprocal because the right member in braces {- - -} can be obtained from the left
member under the exchange m = n and the parameter substitutionsa - A +a,d > A+dande — A +e
with A =1+ 2c —a —d. If applying again this relation to that member in braces {- - - }, then we shall get back
to the difference on the left hand side. Some consequences of this theorem are exhibited as follows.

Firstly, lettingm = n—1,b — a,c = 1 —n in Theorem 2.2 and shifting 7 to n + 1 in succession, we see that
the last two lines are annihilated and the Q,-sum on the right hand side of the first line reduces to one. We
recover the following known 7F¢-series identity.

Corollary 2.3 ([5, Eq. (1.7)].

a,1+5%,
a
3

7F6| ’

d 1-d, e, l+a-e+n, -n | Haq4+4 1+dg”—el—e+
1+42 Ld 1 4 g2, 2e—a—2n, 1+a+2n 1+”+d qted

Secondly, lettingm =n—-1,d - 1 —b, b = 1 — n in Theorem 2.2 and then shifting n to n + 1, we derive
the summation formula.

Corollary 2.4 ([3, Cor. 16]).

F a,1+%, ¢ e, 3+a-c—el+n, -n | 1+a2c-ac+e— 2, 1 e
776 5, 1+a-2c,1+a-2e, 2c+2e—a, 1+”T*”,l+‘% - 20+26—11,1+a—2e,c—’”7”,”“T*”n

Finally, letting m = nand ¢ = 1—n in Theorem 2.2 leads directly to the following transformation formula.
Corollary 2.5 (Transformation formula on quadratic series: A =3 —2n —a —d).

G-a)b+d-1)2-2n-a)(3-2n-4d)
a2 -2n+b-a)3-2n-b-d)(1-4d)

Qu(a,b,1—n,d,e) = QuA+a,b,1—-n,A+d,A+e).
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In view of the limiting relations

n—1 1
. e, s+a—-c—e
lim Q,(m +a;m +b,m+c,d—m,e) = D i ebed | -
m—00 1+_, i+o+a
= 2 2 Ik
i
limQ;n(3n+a,n+b,n+c,n+d,n+e): E
n—oo k_O

~ o

2

b—a 3-b-d
1+c+ =, c+ ==

7

[c+e+1_“_d, 1—e+“%d
k

we derive, by letting m, n — oo in Theorem 2.2, the nonterminating transformation formula.

Proposition 2.6 (Nonterminating quadratic series transformation: R(2c +d —a) > 0).

|

cte+ 1_§_d,1—€+ ‘?”"1
T+c+ 58, o B4

-bb+d-1)Q2c—a)1+2c-4d) .
(a—Db)( )(2c —a)( c )Q(a,b,c,d,e)
ac+b—-a)1+2c-b—-d)(1-4d)
r a,1-d1+a-2¢2c+2 —a,c+ L4 c+ 521+ 4 o el+a-c—e
h 1+a,c,c+e+1‘%1,1—6%%1,b,l+a—b—d,2c—a2 2 1+ 5k, Libed

Qa,b,c,d, e) +

r

4,1+ %21+ 54 Bl 1 4 g2, 1+a—-2¢2c+2e -0
1+a, b d, 1+a-b-d, c, e %+a—c—e .

b— 1-b—d
(c+ B8y (c + 1=

+

2012

Two nonterminating yFs-series transformations can be deduced by this proposition.
Firstly, letting b — a in Proposition 2.6 and then recalling Gauss’s theorem (cf. [1, §1.2])

a,bl.| ~|lcc—a-b
zFl[ C|1]_r[c_arc_b], R(c—a—b) >0,

we get the following three-term transform formula.

Corollary 2.7 (Nonterminating transformation between quadratic yF¢-series and H;'-series: R(2c + d —a) > 0).

a

F—a,1+%, c, e, d 1-4, %+a—c—e|
7Ol g, 14+a-2c,1+a-2¢, 1+ %%, 0 2ci2e—¢

2 7
[(1+a—2e, 2c+2¢—a, c+1*%i, 1+“%d, Lravd c+dz—“]

2

1-a—d —d 1+a+d d—
| 1+a,ct+e+ =5, 1-e+ 55 2c—a, =3 —¢,cte+ 5

—1+”%d,“%”’,l+a—2c,1+a—2€,2c+2€—a,c+1‘3“1 Je+e+ 12t 1 —e 425t
+ T 21y 1].

2
| 1+a, d, 1-d, 1+¢, e %+a—c—e,c+3*%i 1+c, c+3*g—*z7
Instead, letting ¢ — a/2 in Proposition 2.6, we get another transformation.
Corollary 2.8 (Nonterminating transformation between quadratic yF¢-series and H;"-series: R(d) > 0).

, 1

NI

2

+
-b —d 1+b+d
5, 1+5, 1+%¢5, =5, 1+a-2e 2

a=b a—d 1+b+d 1-d a—d
1+T, 1+T’ = 1+a-2e 28]2H2+[6+_'1_€-Z_T|1].

7Fg

5 b d 1l4+a-b-d, e, 1ﬁ—6'1]
e

=2

1+4 14b,d2+a-b—d, e —¢ 1+35, 3abd
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3. Transformation from Q-Sum to Very Well-poised Series
Alternatively, define the two sequences by

_|1+b,1+2a-b—-2c—2¢, 1+c, 1+e

A = 1+5t, T+c+e+ 52, 1+a-2c, 1+a—2e By =

dl+a-b-di+a—c—el+c+e+ "
L 1454, B0 14 2c42e—a,20—b—2c—2¢ |,
We have no difficulty to check the relations
(b—a)(a—2c)(a—2e)(c+e+ 52
2bce(b + 2¢ + 2e — 2a) !
ﬂn_an_C+€+%+ﬂ b, d, 1+a-b—-d, ¢ ¢ t+a-c—e |
‘%b,l+“%d,“Zﬂ,a—Zc,a—Ze,l+2c+2€—an’

w = ﬂqBo =

Rz = =
A1 By c+e+ l%”

and calculate the finite differences

(a+3k)2c+2e—a+k)2c—a+b)b—a+2e)
4bce(b + 2c + 2e — 2a)
b, 2a—-b-2c-2e c, e

x[1+%,1+c+e+%,1+a—2e,1+a—2€]k’

@+3k+2)1+b+k)(1—a—-d+2c+2e)(b+d+2c+2e—2a)

T Qra-d)A+b+d)1+2c+2e—a)b+ 2 + 2e — 2a)

d 1+a-b-d, Y+a-c-e 1+c+e+52 ]
k

VA =

A.(Bk

X

244 3 940042 —a,1+20—b—2c—2e

Then by means of the modified Abel lemma on summation by parts, the Q,-sum can be manipulated as
follows:

alb—a+2c)b—a+2e)(2c+2e—a
4bce(b + 2c + 2e — 2a)

2+a)(1+b)(1+2c+2e—a—-d)b+d+2c+2e—2a)
1+b+d)2+a-d)(A+2c+2e—a)(b+2c+2e—2a)

Ql’l (a/ b/ C/ d/ e) X

n-1 n-1
) = ZBkVﬂk = (D{ﬂz - 1}+Zﬂkﬁ8k
k=0 k=0

=ca{7€2 —1}+Qn(2+a,2+b,1 +c,d,1+e)

Rewriting the last equation, we get another recurrence relation for Q,-sum.
Lemma 3.1 (Recurrence relation).

@2 +a)ce(c + e+ ) (c+ e —a+ Bh)(b),
a(c + 5% (e + ) ()1 + S4)(2c + 2¢ — a)

(@a—b)a—2c)(a—2e)b+2c+2e—a)
alb+2c—a)(b+2e—a)2c+2e—a)

Qua,b,c,d,e)=0Q,2+a,2+b,1+c,d,1+e)

{1 - RZ(a/ br c, dr e)}

Iterating the last relation m-times, we get

b 1+b 1-a—d

1+4%,3, =%, ¢ce,c+e+ c+e—a+ 2
Qua,b,c,d,e)=Q,2m+a,2m +b,m+c,d,m+e) a 2 211—112 " Ia b—a 2b—la 1+b+d ajl
E’C+E+T’C+E_E’E+T’C+T’T’1+T m

(a—b)a—20c)a—2e)(b+2c+2e—a) \~ c+e+ 58 +2k
ac+b—a)(2e+ b —a)(2c+2e—a) — c+e+b2;ﬂ

[ b B¢ e cte+ B, cte—a+ B }
k

a 1-a b-a b—a 1+b+d a—d
1+c+e—2,c+e+ 5 Jl+e+ 5 ,1+c+ 7, =5 L1+ 5

{1-Ra(@2k +a,2k + b,k + ¢, d, k +¢))
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Denoting by W,(a, b, c,d, e) the very well-poised partial sum

H 14 22eboa L LD o c+e+1‘§ d  cte- a+l;2*—d
Zeadesbos ) pcye—Scte+ B8 1 ve+ 58,140+ 58, Ll ] 4 o

and then reformulating the R,-function by singling out k-factorials

Ro(2k +a,2k + b,k +c,d, k+e) =

c+e+—+n+2k[b d l+a-b-d, ¢ e, —+a—c—e}
a

c+e+ =240k Sb 14 a8, b g _2c,q—2e,1+2c+2e—a

272
b 1+4b na 1+na1+ +11 1+b+d+n

27

X[“” Libtn o4y e+n, l+c+e-9, c+e+— 1+“2d “g*‘i]

we establish another transformation formula for Q,-sum.

Theorem 3.2 (Transformation from quadratic to very well-poised series).
1-a—d

b 1+b b+d
3 2, ,C e, cte+ ,Cte—a+ 3¢
b—a
m

1+
a,b,c,d,e 2m+a,2m+bm+c,d,m+e
Qui@ab,c,d e) = Qu ) +e+— cte—4 e+ 58, o bon Librd 4 ad

(@a—="b)a—-2c)a—2e)(2c+2e+b—a)
ac+b—a)e+b—a)(2c +2e—a)
X[b d 1+a-b-d, ¢, e, %+a—c—e, 1+c+e+l%“

1+ 52 B g 2c,0—-2e,1+2c+2e—a,c+e+ 52

{Wm(a,b,c,d,e) -W,@Bn+an+bn+cn+dn+e)

J

Firstly, letting m = n -1, e — a/2, c = 1 — n in Theorem 3.2 and then shifting n to n + 1, we derive the
summation formula.

Corollary 3.3 ([3, Cor.13]).

JF 5 1+5, b, d l+a-b-d, % +n,  -n ‘ _ 1+ &, 1k L g 4 eched
¥ g, 1+5L 1454, Lk oy T4a42n 11+ 6k, 1y e 1ekd |

Secondly, letting n = 14+ 0 +2m, ¢ = a/2, b = 1 —n with 6 = 0,1 in Theorem 3.2 and noting that
Qu(a,—6,a/2,d,e) =1 - 6, we find another summation formula.

Corollary 3.4 ([5, Eq. (1.8)]).

11 a 1-d a—d
s 1+5,e+ 54, 1—-e+ 52
cl8 148 d e Lo _el+a—d+n, -n,] - [i — . 2 B o n=2m
Ol 2,1+ 58,1 40— 2¢,2¢, 181 1 4 221 Stttz mett e te,
’ 0, n=2m+1.

Finally, letting m = n and e = 1 — n, we get from Theorem 3.2 the following result.
Corollary 3.5 (Transformation between quadratic and very well-poised series).
(a—b)(a-2c)(a+2n-2)(2+b—a+2c—2n)

ac+b—-a)(2+b—a—-2n)(2+2c—a—2n)
We remark that the summation formula displayed in Corollary 2.4 can also be derived by applying Dougall’s

identity [4] (cf. [1, §5.1]) to the last transformation.
In view of the following limiting relations

Qn(a/ b/c/d/]- - Tl) = Wn(a, b, C,d,]. - n).

= d1+a b—d,1 sta—c—e
lim 2m+a,2m+b,m+c,d,m+e) :E R T
maoan( ’ ’ T e b 44— 2c 1+a—2e|
m=1 1ad b+d
. ct+e+ c+e—a+—
lim W,3n+a,n+b,n+cn+dn+e)= ,
n—oo pr 1+C+ 1+e+ X

we derive, by letting m,n — oo in Theorem 3.2, the nonterminating series relation.
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Proposition 3.6 (Nonterminating transformation formula on quadratic series:R(1 + a + b — 2c — 2¢) > 0).

(@a—Db)a—-2c)(a—2e)(2c+2e+b—a)

rbl rdr - VV> /br rd/

Q@ b,c,d,e) (2c+b—a)(2e+b—a)(2c+2e—) @b,c,d,e)

_r|seret Lacte—fe+ 558 c+ 50,1+ 54, L Hat d1+a b- d,%+a—c—e|
1+”, g L, e cte—a+%t cre+ | |14 14021 +a-2e

a,1+5b 1+ 54 B 14 q-2c,1+a—2e,2c+2—a
~ l+a b, d, 1+a—b d ¢ e i+a-c—e H+C+€+1%dc+€—ﬂl+m
c+54e+5 T+c+ 52, 1+e+52

1)
Letting ¢ — a/2 in Proposition 3.6 and noticing the ;H3*-series can be summed by Watson’s sum [7](cf. [1,

§3.3])

a, b, ¢ 114 o Lensb lzazh | .
3F2[ 1+g+h 2 1:| = 1"[%+a2 1+b 1202 151, R@+b-20)<1, @

we get the following transformation formula.

Corollary 3.7 (Nonterminating transformation from quadratic ;Fs-series to ,H, " -series: R(1 + b — 2¢) > 0).
ry g q

(2, 1+2, b, d l+a-b-d, e Moo
7F6_2 g,31+ﬂ 1+54, L q4g-2, "2 '1]

[1 1 14b _ a=b b—a 14+b+d
=T|# 21:16 1+£+d o 1+ e’hjija_ 2 ’1ed+ 2 ’a l};— 2 ’a d2 ]
= —e1+3 +_3+_1+Tl+ —e

1-d b+d—a
e+ = ,€ + 5

b b—a
1+§,1+€+T

rl 1+“b1+“"’1+a—261+b+d266+
_1+”1+bde1+a—b d“” el+e+

b-a } 2Hy™

1]

Instead, letting b — a in Proposition 3.6 and recalling Whipple’s theorem [8](cf. [1, §3.4])
a, 1- a ¢ _ g 1T+b, c + , 1+c- k
SFZ[ b;1+2C—b1]_ [%, + Ltab ab 1a+b A+c— g;—b , R@) >0, (5)

we have another nonterminating transformation.

Corollary 3.8 (Nonterminating transformation from quadratic ;F¢-series to ,H, *-series: R(1+2a—2c—2e) > 0).

F 'a,1+”3—’, d 1-d, c, e, T+a-
776 4 1+"*d M,l+a—2e,l+a—2€ 2c+2e—a
[ 3
_T c+e+—c+e g,1+ 54, Lo 1w _ o 1+”—,% e, 1+%—e
B 14+8cte+ 4t c+e+1“d badd o]+ &4 ¢, 1o e1+——e
r 1+a—2c,1+11—2@,2c+26—a,1+%’,“%*d ot c+e+1 > = c+e+"%"1
l+a, 1+c 1+e S+a-c—e d, 1-d |7 1+c 1+e :

Remark. We must point out that Watson’s theorem (4) and Whipple’s theorem (5) are indeed the
limiting cases of Corollary 3.7 and Corollary 3.8 respectively. If we substitute b by a — b, then leta — oo
in Corollary 3.7, we obtain Watson’s theorem (4). If we substitute e by a4/2 — ¢, and then let 4 — o in
Corollary 3.8, we have Whipple’s theorem (5).
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4. A Strange Transformation on Terminating 11F;o-Series

Noting Q,(a,b,c,d,e) = Qu(a,d,c,b,e) in Lemma 2.1, we have

(1+a)cd(2c—a)(1+a—b—d)(c+e+2L)(1-e+5L)

a(1-b)(1+a—2e)(2c+2e—a)(1+5L)(c+ L2)(c+ 1242)
d-a)2c—a)(b+d—1)(1+2c—b)
ac+d—-a)(1+2c-b-d)(b-1)

Qu(a,b,c,d,e) =Q,1+a,b—-1,1+c,1+d,e)

{1 —Ria,d,c, b,e)}.

Substituting the last expression into Lemma 3.1 and then simplifying the result, we get the following
recurrence relation for Q,-sum

bde(c),
(2¢ +2e —a)s
B+a)2c—a) A +a-b—-d)(c+e+ 1%‘b)(mrewt 1‘%l)(c+e—a+ %)

a(l +a—2¢e)(1+ 521+ 50)(c + B2)(c + G2 (o) (c + 249)
(@a-d)yc—a)b+d—-1)(1+2c-b)
ac+d—-a)(1+2c-b-d)(b-1)
cdl+a—-b—-d)(c+e+ l%)(c+e+ 1‘T“‘b)(20—11)2
b - 1)(c + 52)(c + By (e + ) (20 + 26 — ),

Qu(a,b,c,d,e) =0,83+a,1+b,2+c,1+d,1+¢)

{1 —Ri(a,d,c, b,e)}

(1-R(+a,b-1,1+¢1+d,0)}.

Iterating the last relation m-times, we get the expression

(C)2m
(2c +2e — a)3y,
1+3% bd1+a—b dec+e+1“bc+e+1”dc+e +b+d2C a
g 1+“b, 1+44, Likd 1+a—2e c+ 55, o+t o4l d]m
(a—d)(2€—a)(b+d—1)(1—b+2c)
a(b—l)(Zc+d—a)(1+2c—b—d)

Qu(a,b,c,d,e)=Q,Bm+am+b2m+c,m+d,m+e)

1-b+2c+3k (©)ak
XZ 1—b+2c {1—R1(3k+ﬂ,k+d,2k+c,k+b,k+€)}m

b-1,d1+a-b-dec+e+ 2L cre+ 4 cteo— a+M1+2c—a]
K

1+4tb,  od bl 1+a—2e c+h", T+c+ 52, c+ ¥

(c+e+ 5B5)cd(1 +a—b—d)(c+e+ o=by(2c —a),
alb-1)(c+ lﬂ)(c + d—;’)(c + 1‘—S“”)(Zc +2¢e —a)

m—=1

c+te+ 5%+ 2k
X _5_ —h{l—R2(3k+1+a,k+b—1,2k+1+c,k+1+d,k+e)}
c+e+ St
k=0

= 1+d2+a—b dec+e+3”bc+e+1§dc+e a+ﬂ2+20—
1+ b, 1+44, L 4g-2e, 1+c+%5%, 1+c+48, c+ 34|

(1+ )%
(2+2c+2e—a)z;
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Reformulating the both R-functions by singling out k-factorials
Ri1(Bk+a,k+d,2k+c,k+bk+e)

1+42c-b+3k+n[b-1, d, 1+a-b-d, ¢, e %+a—c—e] (c+ n)xy

1+2c—b+3k 1+”2b,”2d,b+d la—2c,1+a-2e,2c+2e—a| (2c+2e—a+n)x

b-1+nd+ne+nl+a-2e1+a-b- d+n1+2€—a—n1+7 ‘%‘ﬂ“gfl
b—1,d,el+a—2¢e+nl+a-b—d1+2c—a1+%0+n S +n, 2L 4y .

R2(3k+1+a k+b—-1,2k+1+ck+1+dk+e)

b-1, 1+d, 2+a-b—-d, 1+c, ¢, 1+a—-c—e (1+c+n)y
c+e+bT“+2k 1+50, 1+ 58 B8 g —2c—1,1+0a-2¢,2+2c+2e—a| (2+2c+2e—a+n)y

[b—1+n,1+d+n,e+n,1+a—2€,2+a—b—d+n2+2c— n1+ 1+’”ll+b+d]‘
k

c+e+ 4 +2k+n

b-1,1+del+a—-2e+n2+a-b—-d2+2c—a,1+%2+n1+4%4 +n1+b+d+n

and then denoting by U,.(a,b,c,d,e), Viu(a, b, c,d, e) the following two partial series respectively

1412 p1, d e, 1+a—b—d, 1+2c—a,c+e+ 122 cte+ 204 cte—g+ 254, £ L
(o

Hy" _ b
114111 1+23c b,1+a b a 1+€l 2e, h+d 1 C+ba 1+C+d” C+3 b d 2c+§ea 1+2c;r2ea 2+2c§2 a

4
27|

14 Zc+2etb-a b 1,1+d,e,2+a—b—d,2+2c—a, c+e+3‘§ b ot 1za=d Llogd 4 cte— a+8d L 148

Hi™ Z
114111 2C‘+26+b—ﬂ 1+ 1+a—d 1+a—2e, 1+h+d 1+C+b—a 1+C+ +3—b—d 2+2C‘+?-)2€ u, 34—2c+5—‘23 a 4+2C‘+?-)2€ a

4
27|’
we establish the followmg six-term transformat1on formula.

Theorem 4.1. For five indeterminatea, b, c, d, e, there holds

(C)Zm
(2¢c +2e — a)3y,

Lid ctre—a+ 24, 20-4q ]
m

Qu(a,b,c,d,e)=0Q,Bm+am+b,2m+c,m+d,m+e)

[1+“bd1+a—
X 1bd

1+ ¢ 1+“d “’”" 1+a—2e c+— c+ 5t o+ A
(@—d)2c—a)b+d—1)1+ e - b)
ab-1)Q2c+d—-a)(1+2c—b-d)

b-1,d, 1+a-b-d, c, e, 3+a—c—e, 2+2c—b
[1+%,%,b+g1,a—2c,1+a—2€,20+2€—a,1+2c—b]n}

cdic+e+ )1 +a-b-d)(c+e+ =2=t)2c-a
- ( 2\ X 2 ) )2{Vm(a,b,c,d,e)—Vm(3n+a,n+b,n+c,n+d,n+e)

ab — 1)(c + 54)(c + L2)(c + E24)(2c + 2¢ — a),
b- 1 1+d, 24+a-b-d, 1+¢, e, %+a—c—e, 1+c+e+l% }
1+ 58,1+ 54, L g 20— 1,14+a-2¢,2+2c+2 —a,c+e+ 5| |

In this theorem, letting m = n, b — a,a — 144, e = 1 — n and shifting n to n + 1 in succession, then

recalling the summation formula displayed in Corollary 2.3, we find the following strange transformation

on terminating 11 Fjo-series.

{Um(a,b,c,d,e)— U,Bn+an+bn+cn+dn+e)

Proposition 4.2 (Terminating transformation on 11 Fjg-series ).

F a,1+%2, ¢ %,d 1-d, 2c—a,c—a-%1-nc-%—n c+ &1 —p, —n’

ntio R 2n/ch2n,1+2ﬂ3IZ =21 2 +a+2nl27
[%,Lyl“gd_c ol _ ¢ +Zd(l—d)(c—n)(Zc—Za—l—Zn)
=z 1+a 1+a-d a+d

565 -5, 5, (Q+a-da+d)(2c—a-1-2n),
o F a,1+%,%,1+§ 1+d,2-d, 1+2c— §+c— —n,c—%l—n, c+ =Ly, —n|
11110 %, 1+, 324 3+a 1+a+d 1+c— a+d JC+ 1+ 7a,1+2c3a 2n,2+2c3a 2n 3+2c3a 2n 2+a+2n 127 :
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Letting n — oo in the last proposition and then rearranging the parameters, we get the following
interesting transformation.

Corollary 4.3 (Nonterminating transformation between 7F4-series and ¢Fs-series).

E 20,1+ %, 2b, 2d, 1-2d, &b, =~ Lusb |_1 B d(1 - 2d)
76 2 a+b1+a-d a+d b+d L+b-dl 4| (1+20-2d)b+d)

XeFs

l+a+b1+a—d t+a+d 1+b+d 3+b-dl 1

—211,%—2{1, %+b—d, b+d
b, 1+b 3-d-2a,d-2af

[1+2a, o, 1+2d, 2-2d, L i 1]

=T
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