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Abstract. The duality theory is well-developed for non linear programs. Technically, a major part of such
broad framework possibly be extended to mixed non linear programs, however this has demonstrated
complicated, in minority as the duality theory does not integrate well with modern computational practice.
In this paper, we constructed a new pair of second-order multiobjective mixed dual problems over arbitrary
cones with multiple arguments, with an eye towards developing a more practical framework. Weak, strong
and converse duality theorems are then established under K-n-bonvexity assumptions. Several known
results are obtained as special cases.

1 Introduction

The term duality as used in our daily life means the sort of harmony of two opposite or complementary
parts through which they integrate into a whole. Symmetry and inner beauty in natural phenomena are
bound up with duality and, in particular, are significant in art and science. Mathematics lies at the root of
duality. In the present day, the theory of duality has become a vast subject, especially due to the modern
work in optimization, game theory, economic science, theoretical physics and chemistry, mathematical
programming, variational analysis, nonconvex-nonsmooth analysis and control, critical point theory and
in many other areas.

Mangasarian [10] introduced the concept of second-order duality for nonlinear problems. Its study
is significant due to computational advantage over first-order duality as it provides tighter bounds for the
value of the objective function when approximations are used. Gulati et al. [5] formulated Wolfe and
Mond-Weir type second-order multiobjective symmetric dual problems over arbitrary cones and proved
usual duality results under n-bonvexity/n-pseudobonvexity assumptions. Later on, Ahmad and Husain [2]
points out certain omissions and inconsistencies in the earlier work of Mishra [11] and Mishra and Wang [12].

Mixed duality is a fruitful result in traditional mathematical programming and is very useful both
theoretically and practically. Consequently, it quite interesting to extend the mixed duality theory to the
case of multiobjective second-order programs over arbitrary cones with multiple arguments. Not surpris-
ingly, it is difficult to develop a dual problem for multiobjective mixed second-order nonlinear programs
with properties similar to those observed in the Linear Programming case. Unlike the Linear Programming
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case, dual information is not easy to extract from the most commonly employed primal solution algorithms.

Xu [15] obtained usual duality theorems for mixed type duals in multiobjective fractional program-
ming. Bector et al. [3] and Yang et al. [16] formulated mixed symmetric multiobjective differentiable and
single objective nondifferentiable programming problems and then proved duality results for that program-
ming problems. Ahmad and Husain [1] studied a pair of multiobjective mixed symmetric dual programs
over arbitrary cones and established duality results under K-preinvexity/K-pseudoinvexity assumptions.
Recently, Gupta and Kailey [6] achieved duality results for multiobjective second-order nondifferentiable
mixed symmetric dual problems under second-order F-convexity/pseudoconvexity assumptions.

This paper is organized as follows: In Section 2, we introduce several notations of mixed duality
that have appeared in the literature. In Section 3, we discuss the dual formulation of mixed second-order
nonlinear programs with multiple arguments over arbitrary cones and proved the appropriate duality
theorems under K-n-bonvexity assumptions. In Section 4, some special cases of our study is discussed.
Finally, in Section 5, we talk about future research in this area.

2 Notations and preliminaries
Before beginning, we briefly introduce some terminology and notation.

Throughout this paper, let N = {1,2,...,n} and M = {1,2,...,m}, let ; € N,K; € M and J, = N\J; and
K; = M\K;j. Let|];| denote the number of elements in J;. The other symbols |]>], |K;| and |K;| are defined simi-
larly. Letx! € RVil, x> € R2l. Thenany x € R" canbe written as (x!, x?). Similarly for y* € R, > € R,y € R™
can be written as (y!, ?). It may be noted here that if J; = 0, then |[;| = 0, ] = N and therefore || = n. In
this case, R, RI2 and RV x RIK! will be zero-dimensional, n-dimensional and |K;|-dimensional Euclidean
spaces, respectively. The other situations J, = 0,K; = 0 or K, = 0 can be interpret similarly.

Consider the following multiobjective programming problem:
(P) K-minimize o(x)
subjectto x€ X’ ={xeS:—g(x) e Q}

where S C R", ¢ : S — RF, g: S — R™, K is closed convex pointed cone in R¥ with int K # ¢ and Q
is closed convex cone with nonempty interior in R™.

In contrast to single-objective optimization, a solution to a multi-objective problem is more of a con-
cept than a definition. Typically, there is no single global solution, and it is often necessary to determine
a set of points that all fit a predetermined definition for an optimum. A number of techniques have been
developed to find a compromise solution to multiobjective optimization problems. The optimality concepts
in multiobjective programming are weakly efficient and efficient solution.

Definition 1 [9, 13] A point & € X" is a weakly efficient solution of (P) if there exists no other x € X° such
that

H(®) — b(x) € int K.

Definition 2 [9] A point ¥ € X’ is an efficient solution of (P) if there exists no other x € X° such that

P(X) = p(x) € K\{0}.

We can now define positive polar cone and K-n-bonvex function.

Let C; and C; be closed convex cones with nonempty interiors in R” and R™, respectively.
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Definition 3 [9, 13] The positive polar cone C; of C; (i = 1,2) is defined as
Ci={z:x"z20, forallx € Cj}.
Suppose that S; € R" and S, € R™ are open sets such that C; X C; C 51 X S,.
Definition 4 [4] A twice differentiable function f : S X S, — RF is said to be K-n1-bonvex in the first
variable at u € S; for fixed v € Sy, if there exists a function 17 : S; X S1 +— R" such that for x € 51, (; € R”,
i=1,2,...,k
{fl(x/ U) - fl(”r v) + %C{Vxxfl(u/ U)Cl - T]{(xr M)[vxfl(u/ U) + vxxfl(u/ v)Cl]/ ey
fie(x,0) = filt, 0) + 50 Vo fi(t, 0) G = 1] (x, W) [V fictt, 0) + Vi ficlt, 0) G} € K,

and f(x,y) is said to be K-np-bonvex in the second variable at v € S, for fixed u € Sy, if there exists a
function 1, : S, X S, = R™ such thatfory € S;, ; € R",i=1,2,...,k,

Al y) = A, 0) + 507 Vi i, 0)p1 = ] (Y, )V i1, 0) + Vyy fi(u, 0)al, ..,
felw, y) = filw, ) + 50TV, filu, 0)pr = 0] (v, 0)[Vy fi(, 0) + Vyy fiu, 0]} € K.
3 Mixed multiobjective second-order symmetric dual programs

Now we consider the following pair of multiobjective mixed second-order symmetric dual programs
over arbitrary cones:

Primal problem (RP)
K-minimize
L(x1, X2, y1, Y2, A, p,7) = [Ll(xl, X2, Y1, Y2, A, P, r), Lz(xl, X2, Y1, Y2, A, p, r),

.. .,Lk(x1/x2/ yu Y2, A p, r)]

subject to - lé /\i[Vy]ﬁ(xl, y1) + Vi filxa, yl)pi] €C;, 1)
- £ T2 ) + Vot ] € G, @
()" é Az’[vyzgi(xZ/ y2) + Vi, gi(x2, y2)rz] 20, 3)
AMer =1, A eintK*, 4)
x1 € Cy, X €Cy. ©)
Dual problem (RD)

K-maximize

M(”l/ Uz, 01,02, Ar q, S) = [Ml (ulr Uz, 01,03, /\/ q, S)r MZ(Ml, Uz, 01,02, /\/ 4q, S)r
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.. .,Mk(ul, U, 01,02, A, 4, s)]

k
subject to Y /\i[vxlfi(”l/vl) + Vxlxlfi(ulrvl)qi] €Cy, ©)
i=1
k
)y /\i[sz_l]i(Mz,Uz) + vxzngi(MZ,Uz)Si] eC, )
i=1
k
(u2)" 21 Ai[szgi(uz, 02) + Vi, gi(U2, Uz)Sz] <0, (8)
i=
AMec=1, A €int K, )
v1 € C3, 12 € Cy, (10)

where A = (Al,)\z,...,/\k)T eRFand fori=1,2,...,k,

Li<x1,x2, i, v2, A, p, 7”) = [fi(xl, v1) — ()" é /\i[v%fi(xl/ va) + Vi, filxr, yl)Pi]
-1 é /\i[p,rvy]wfi(xlz ]/I)Pi] + gi(x2, ¥2) — 21TV 0, 9i(x2, yz)”z]

Mi(”l; U, 01,02, 1,4, S) = [fi(“l,?ll) - (u1)" Eki Ai[vxlfi(ulzvl) + Vxlxlfi(ulzvl)%]
-3 Ié /\i[qiTVxlxlﬁ(ul,m)Qi] + gi(u2,02) = %vaxzngi(uz,vz)si]

(i) fi: RN x RKI - Rand g; : RVZ x Rl — R are differentiable functions, e, = (1,...,1)T € Rf,
(i) pi € RKl, r; € R g, € Rl and s; € RV,

(iii) p = (pl,pz,...,pk)eRk, r= (rl,rz,...,rk) €RF, g= (ql,qz,...,qk) eRfands = (51,52,...,sk) € Rk,

Theorem 1 (Weak duality). Let (x1,x2, y1, Y2, A, p, 1) be feasible for (RP) and (u1,uz,v1,v2, A, 4, ) be feasible for
(RD). Let

(1) f(.,v1) be K-n1-bonvex in the first variable at uy and — f(x1,.) be K-n2-bonvex in the second variable at .,

(i) {g1(.,v2), g2(., v2), ..., gk(., v2)} be K-n3-bonvex in the first variable at uy and —{g1(x2,.), g2(x2,.), - . ., gr(x2, )}
be K-ny-bonvex in the second variable at y»,

(ZIZ) nl(xl, ul) +up € Cq, fOT all x1 € Cq and n2(01,y1) +Y € Cs, fOT all v1 € Cs,
(iv) M3(x2, uz) + Uz € Cp, forall x, € Cy and n4(v2, y2) + y2 € Cy, forall vy € Cy,

Then
L(xl/ X2, ]/1/ ]/2/ A/ P/ 7’) - M(ull Uz, 01,02, /\/ q/ S) ¢ _K\{O}

Proof Suppose, to the contrary, that
L(x1,x2, Y1, Y2, A, p, ) — M(uq,uz,v1,02, A, q,5) € =K\ {0}.
that is,
{[Ll(xl, X2, Y1, Y2, A, P, r), Lz(xl, X2, Y1, Y2, A, P, r), ey,
Lk(xl, X2, Y1, Y2, A, p, r)] - [Ml(ul, u,01,92,A, 4, s),
Mz(ul, Uy, 01,02, A, q,s), ... ,Mk(m, Uy, 01,02, A, q,s)]} € —K\{0}.

Since A € int K* and A # 0, we obtain
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M=

£ A [, 10 = O £ AV i1, 1) + Vo et 100

1

k
=5 LA Vauys filer, y)p) + 9ix2,y2) = 3] Va2, 21
k
= [, 00) = @) LA filur, 21) + Vo it 21)g1)

1 Z MG Ve S0, 000) + gi(02,02) = 15T Vo iz, )] < 0. (1)

By K-m1-bonvexity of f(.,v1) in the first variable at #; and K-1p-bonvexity of —f(x1,.) in the second variable
at y;, we have

{01 = i, 00) + 1] Vi fil, 00001 = 1] G, 1)V o, 20)
+ Vo filur, 00)q1), .., fi(x1,01) = filur, 01) + 397 Vi, filur, 01)gx
= 1) [V il 1) + Vi i, o)l € K,
and
{fl(xl,yl) — fi(x1, 1) = 3P1 Vi, il y1)p1 + 03 (01, y1)[Vy, fi(x1, 1)
+ Vil yopl - fillen, vi) = filxn, v1) = 3p7 Vi fillen, ya)pe
#0500, Y[V fik1, 1) + Vi, filer, yopl € K
Using A € int K, we get
% A e 20) = i, 00 + 347V Sl 1)
G, )V, filtn, o1) + Vi i, 001} 2 0, (12
and
21 Ai {fz(xl,]/l) = fix1,01) = 3p{ Vi, filxs, y1)pi
#1161, 1) + Vi, il y)pil 2 0. (19)
Since (x1, X2, Y1, Y2, A, p, 1) is feasible for the primal problem (RP) and (u1, up, v1, vy,
A, q,5) is feasible for (RD), by the dual constraint (6) and so from the hypothesis (iii), it follows that

T g
[n1<x1,u1) + ul] ) Ai[vxl Fut1,01) + Vary, ﬁ-(ul,vl)q,-] >0,
i=

which implies

K
n (v, u1) ¥ Ai[vmﬁ(ulzvl) + meﬁ(ullm)l%]
i-1
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k
2 _(ul)T ;1 Ai[vxlfi(ulz vl) + Vxlxlfi(ulr Ul)%’]- (14)
Similarly

k
iy X Ai[vylﬁ(xl, Y1) + Vo filxa, y1>pl]

k
z ()" ;1 Ai[vylfi(xl/]/l) + Vylylft(xlryl)ﬁi]- (15)
Using (14) in (12) and (15) in (13), we have

k
;1 /\i[fi(xlzvl) — filug, o) + %q,-TVxlxlﬁ(thl)Qi]

k
2-()' % Ai[vx] Filt1, 01) + Vi, ﬁ(ul,m)qz], (16)
and

k
X A i, 1) = £, o0) = 3T Vo i w0

k
2 ()" L A Vi fies, 90 + Vo fiGer, yp|-— (17)

Adding the above inequalities and using ATe; = 1, we obtain
é /\i{[fi(xl, y1) — ()" é /\i[Vylfi(xl, Y1) + Vi, filxy, yl)Pi]
- %éAi[Pijylylﬁ(xlryl)pi]] - [fi(”lrvl) - ()" ié /\i[vxlﬁ(ul,vl)
+ Vg filr, 01)gi] - %é Ai[aT Vs, fi(ul,vl)qi]]} 20. (18)
By K-n3-bonvexity of {g1(., v2), g2(., v2), . . ., gi(., v2)} in the first variable at u, and K-ny-bonvexity of —{g1(x2,.), g2(x2, .), . - ., gk (2
in the second variable at y,, we have
{!]1 (2, 02) = 1(112,02) + 3(51) Vi, 91 (12, 02)51 = 175 (2, 112)| Vi 91.(42, 02)
+ Vg1 (42, 0251 ., (X2, 02) = G112, 02) + (50 Vayry G142, 0255
= 1 2 102)| Vi 02, 02) + Vi il o2)s | € K
and
{gl (x2,12) = 91(x2,02) = (1) "V, 1 (X2, y2)r1 + 111 (02, yz)[Vyzgl(xz, ¥2)

+ vyzyzgl (x2/ ]/2)71]/ sy gk('xZI ]/2) - gk(le UZ) - %(W)Tvyzyzgk(xb ]/Z)rk

+ 1 (x2, yz)[Vyzgk(xz, Y2) + Vi g(x2, yz)rk]} €K
It follows from A € int K* that
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k
; /\i[gi(xb 02) — Gi(12, 02) + 3(50)T Vi, i (112, 02)si
-3 (x2, uz)[VxZgi(uz,vz) + Vi, gi(ii2, 02)31']] 20, (19
and
k 1
; /\i[gi(xz, Y2) — gi(x2,02) — 3(r) V0, 9i(x2, y2)ri

12 2| Vinie2, 12) + VisiCez, v | 2 0. (20)

By hypothesis (iv) and the dual constraint (7), we obtain

T k
[773(962, up) + Mz] ;1 /\i[vngi(uz,vz) + Vi, gi(s, 02)51'] 20,

which implies
k

M) & M| Vaai(02,02) + Vo, )51
i=

k
> —(up)" ;1 )\i[vngi(uz, ) + Vi, giua, vz)Si]
2 0. (By the dual constraint (8)) (21)

Using (21) in (19), we have

k r -
Y. Ai|gi(x2, 02) = gi(u2, 2) + 3(50)T Vi, i(12, v2)si| 2 0. (22)
i=1 L E

Similarly, from (20) and using hypothesis (iv) along with the primal constraints (2) and (3), we get

P .
;1 Ai|gi(x2, 12) — gi(x2,02) — 3(r1) TV, 9i(x2, y2)ri| 2 0. (23)
Adding equations (22) and (23), we obtain

k

;1 /\i[gi(er Y2) — iz, 02) + 3(50)T Vi, i1z, 02)si

— 100 Vi, i 20 24

Equations (18) and (24) together yields

N aeks

k
L /\i{[fi(xh?/l) - ()" ; Ai(Vy, filx1, y1) + Vg, fiCxn, y1)pi)
k

= 3 X ATV gy fiCrr, y1)pi) + 9162, Y2) = 317V 0,962, y2)ri

i=1

K
- [fi(ulfvl) - (u1)" )_:1 Ai(Vy, fi(ur, 01) + Vi, fiur, 01)q:)

k
-1 ;1 Ai(qT Ve, fi, 0)qi) + gi(uz, 02) = 35T Vi, 9i(ia, vz)si]} 20,

403
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which contradicts (11). Hence the result. O

If the variable A in the problems (RP) and (RD) is fixed to be A, we shall denote these problems by
(RP))’\ and (RD);\.

Theorem 2 (Strong duality). Let f : R/l x RKl — R gnd g : R x R — RF be differentiable functions
and let (%1, %2, i1, 2, A, P, 7) be a weak efficient solution of (RP). Suppose that

(i) the matrices V., fi(X1, 1) are non singular fori = 1,2,...,k,

(i) the matrices V,,,qi(X2, §j2) are non singular fori =1,2,...,k,
(iti) the vectors Vy, fi(X1,§1), Vy, fo(X1, §1), - - ., Vy, fu(%1, §1) are linearly independent,
(iv) the set {Vy,qi(X2, 2) + Vy,,9i(X2, §2)7i, i = 1,2,...,k} is linearly independent,

k
(v) ; Ai(Vy, (Vo fi(&1, 71)P))Pi & span{Vy, fi(®1, §1), -, Vy, fil(B1, 71)I\O},

ko
(vi) ;1 Ai(Vy, (Vo fi(®1, 71)P))Pi = 0 implies p; = 0 Vi, and

(vii) K is closed convex pointed cone with Rk C K.

Then §; =0and 5; =0, i =1,2,...,k such that (%1, %2, 1, 2, A1 == ... = =0,51 =5 = ... =5 =0) is
feasible for (RD);, and the objective function values of (RP) and (RD); are equal. Furthermore, if the hypotheses of
Theorem 1 are satisfied for all feasible solutions of (RP) and (RD)j3, then (X1, X2, 1, V2, )‘\,ql = =...=4:=0,5 =
5 =... =5 = 0) is an efficient solution for (RD)j.

Proof Since (%1, %2, i1, 92, A, P, 7) is a weak efficient solution of (RP), there exist @ € K*, B € C3, 7 € C4, 6 € R,
and & € R, such that the following by Fritz-John optimality conditions [13] are satisfied at (¥1, X2, 71, 2, A, P, 7)
(for simplicity, we write Vy, f;,Vy, fi, Vx,9:, Vy, g; instead of Vy, fi(X1, 1), Vy, fi(X1, 1),
Vi, 9i(%2, §2), Vy,9i(%2, 2) etc.):
k ko _
(1= 2)7{ X @V fi+ X AV il - (@ei]
i= i=
k - —_
+ ;Ai[vxl (Vylylfiﬁi)][ﬁ - (&Tek)(yl + %p_l)]} g 0/ fOI' all X1 € Cl/ (25)
. 1
i=1
ko _ _
# L A Vangi + Vi (Vi P17 - 6y2]} >0, forall ;€Cy  (26)
k ko _
= 70| L 8V, fi+ Ay flf - @ el
k - —_
+ ; AilVy, (Vo fib)IIB — @) (71 + 370)]
k
— Y AV i+ Vo ﬁﬁi](dTek)} >0, forall y; € RKI, 27)
i=1
k
(yZ - ?Z)T{ ; divyzgi - %Vyz(vyzyzgi?i)?i]
ko _ _
+ ;1 /\i[vyzyzf]i + vyz(vyzyzgi?i)]b7 - 6;‘72]

k
-0 Y Ai(Vy,gi + Vyzyzgif,-)} 20, forall y, € R, (28)
i=1
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{[5 - (@Tek)}?l]vylfi + [ﬁ — (aTer) (i + %ﬁi)]Vylylfiﬁi +&

+ [ = 52 [Voui + Vyzyzgi?i]}(/\i _A)20,¥i forall AcintK’,  (29)

T
|- @ e+ PO Vo fi=0, =12, k, (30)
T

[(7 5 - dﬂ’,-] Vi =0, i=1,2,..k, 31)
Crk
F| £ AV i+ Vi | = 0, (32)

k
VT[E i(Vy,9i +Vy2yzglr,)] 0, (33)
_ k _
6(]?2)T[ ;1 Ai(vyzgi + Vyzyzgifi)] =0, (34)
ETATe 1] =0, (35)
(@,B,7,6,&) #0. (36)

Inequalities from (27)-(29) are equivalent to
k ko _ ; ko
'Zl D_‘ivwfi + Zi /\ivalfi[/g - (@ ek)]71] + Zl Ai[vm (walfiﬁi)]
1= 1= i=
- k -
X[B — (@ e (@1 + 3P:)] — ;1 AilVy, fi + Vi, fibid@'e) =0, (37)
ko . .
L d; [V4.9i = 3V (Vi 077
ko _ ko
+X M|V + Vi (Vi) |[7 = 5721 = 6 X AiVyugi + VinioiFi) = 0, (38)
[B— @"e0n |V, fi+ B - @Ted (@ + 3p0)]
X V%ylfiﬁi + 5 + [77 - 5}72][Vyzgi + Vyzyzgiii] =0, (39)
Since R € K = K* C Rk which implies int(K*) C int(R¥).
As A € int (K), therefore A > 0.
As V., fi is nonsingular and Ai>0fori=1,2,...,k (30) implies
B=(@e)in+p) i=12,...,k (40)
By hypothesis (ii), equation (31) yields
(]7—6?2))_\,' =a;7, i=1,2,...,k (41)

On rearranging (38), we get

405
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k o k _ _ _
le [D_(i - 6/\,-]Vy2g,- + Zi Aivyzyzgi[y - 5]72 - (517,']
1= 1=

k - -
i 21 VVZ(Vyzyz.qi’?i)[()7 a 5?2))\1' B %0_(1'771'] =0

which by equation (41) becomes

k o k _ _
> [ = 64| Vyagi + Viyurogi7i] + & 2 AV e (Vi gr)|7 -8 =0, (@2
Now, let @; = 0 for some j. Since A > 0, therefore relation (41) yields

7 =602, (43)

this reduces (42) to

k .

;1(541' = 0A)(Vy,gi + Vy,y,9i7) = 0,
which on using hypothesis (iv), gives

0_(1‘:511', i=1,2,...,k (44)

Since A; > 0, fori = 1,2,...,k and @; = 0 for some j, therefore (44) implies § = 0 and thus from (43)
and (44) respectively, we get 7 = 0and &; = 0, i = 1,2,..., k. Further, the equation (40) and (39) gives = 0
and & = 0, respectively. Thus (@, 8, 7,6, &) = 0, a contradiction to (36).

Hence &; # 0, Yi. Asa € K* C Rt implies

a>0,i=1,2,...,k (45)

Now, we claim thatp; =0, fori=1,2,... k.

Using (40) and (45) in (37), we get

Lo ~\]» 2 - T, \7

L Vi Vs fipi) Jpi = 5 L Vi fila - @i, (46)

which by hypotheses (v) and (vi) implies

pi=0,i=12,...,k 47)

and thus the relation (40) gives

B =@ e (48)

Equations (45)-(47), yield

k -

LV, fila - @e)di] =0,

which on using hypothesis (iii) gives

ai=@e)hi, i=1,2,...,k (49)
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Subtracting (34) from (33) yields

- Tk _
[)7 - 5(]72)] ;1 )\i[Vyzgi + Vyzyzgifi] =0, (50)
Using (41), we get
k - -
;1 airi[vyzgi + vyzyzgﬂ'i] =0.
By the hypothesis (iv) witha; >0, i =1,2,...,k, we have
7=0,i=12,... k (1)
AsA;>0,i=1,2,...,k (41) yields
7 = 0. (52)
Using (51) and (52) in (38), we obtain
k o=
Z(al - 6/\i)vyzgi = 0/
i=1
which on using hypothesis (iv) and (51) gives

a=8%i=12...k (53)

From (53) and ATe; = 1, it is clear that a’e, = 5(ATe) = 4. Since a; > 0, V i therefore

0> 0. (54)
Equation (52) yields
2 =% €Cy (55)

Also, from (48), we have

h= ar’% €Gs. (56)
Using (45), (47)-(49) in (25), we get

(x1 —x)T é/_\ivxlﬁ >0, Vx; €Cy. (57)
Let x1 € Cy, then x1 + ¥; € C; and so (57) implies

T
X

T

)—\l-Vxlfi 20, Vx€Cy.

ko _
Therefore, ). A;V,, fi € C}. (58)
i=1

Moreover, equations (26) and (51)-(54) give

407
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ko_
(xz - fz)T Z:l /\ivngi 20, Yx€(Cs. (59)
i=

Since for each x, € Cy, X, € Cy, xp + X, € C; as C; is a closed convex cone, the above inequality gives
T 3
xz Z Aivngi g 0/ V x2 € CZ/
i=1
or

/_\,‘VXZ gi € C;

IM~

Putting x, = 0 in (59), we obtain

ZiVxZgi <0.

N
Nugle

Hence (%1, X2, 71, §2, /_\,q = 0,5 = 0) satisfies the dual constraints (RD); and so it is a feasible solution
for the dual problem (RD)j.

Now, letting x; = 0 and x; = 2%; in (57), we get

Ul

T
X

AiVy fi = 0. (60)
1

Further, from (32), (45), (47) and (48), we obtain
ko _
7 ;1 AiVy fi=0. (61)
Therefore, using (47), (51), (60) and (61), we get
T 1 5 (AT
{07 = 7T L AT fi+ Vo fi7) = 3 . AGT Vi S + 9152, 72)
k _ ko _
- %fzvyzyzglfll .. '/fk(jll ]71) - le Zi /\l(vyhfl + vylylﬁﬁi) - % Z‘] /\l(ﬁ;rvyy_flﬁl)
1= 1=
+ gi(X2, i2) — %ﬁ;vyzyzgkfk}
k _ k- _
= {21, 50) = 7 5 AV i+ Vi i) = 3 £ 4G Vi i) + 9152, 72
ko ko_
- %gfvxzngls_lz .. '/fk(jl/ ?1) - X{ Zi /\i(vmﬂ + Vxlxlfiqi) - % Zi /\i(q,‘TVxlxlfi‘%)
1= 1=
+ gi(%2, 72) — 35k Vi, 95k}
that is, the two objective function values are equal.

Now, let (%1, %2, 71, 72, A, § = 0,5 = 0) is not an efficient solution of (RD); then there exist (ily, il2, 01,72, A, § =
0,5 = 0) feasible for (RD)j3, such that,

k _ k _
{fl(fl,yl) -x ;1 Ai(Va, fi®1, 1) + Vi, fi®1L 71)30) = 5 ;1 MG} Vo, fi(%1, 7))
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k
+ gl(XZ/ }/2) S V”Cz’(zgl(xZI ]/2)51/ .. /fk(x_.ll yl) - x’{ le Ai(vxlﬁ(jll ]71)
i=
ko _
+ Vi, fil®L, 710)T) — 5 ;1 AiG! Vo fi®1L 71)3) + 9c(F2, §2) = 55) Vi k(X2 92)§k}

kK _ ko _
—{fl(ﬁl,ﬁl) — il Zi Ai(Vi, fi(il1, 01) + Vayx, filll1, 01)71) — % Zi AT Vi, filin, 01)75)
1= 1=

||M»

+ g1(i12, 02) — 351Va,001 (2, 02)31, . . ., fie(il1, 1) — (Vi fil#1,01) + Vi,
k
fili, 01)7:) — 3 Z IV filii, 01)70) + gi(it2, 02) — %S_kvxzngk(ﬁz,ﬁz)s_k} € —K\{0}.

Asx

||M»

ko
AV, fi®L, 1) = 71 ;Aivylﬂ(ﬁ?h?l) andp;=0,7=0, Vi
ko _ ko _
{fl(fl,yl) -7 ;1 Ai(Vy, fi®1, 1) + Vi, fi®1, 71)P) — 3 ;1 APV oy fil®1, §1)Pi)
ko
+ g1(%2, 72) = 37TV 01 (%2, T2)P, -, i1, §1) — T Zl Ai(Vy, fi®1, 1)
i=

k
+ Vo fil®, 71)P0) — 3 ; IV fi®L 90 + 9x(X2, 2) = 57 Vyoy, 9k(Z2, ?2)7k}

k
—{ (i, 1) — ] (Va, fillii1, 01) + Vi, filil1, 01)3;) — 3 ; IV s fili11, 01)G)

i [VJ»

/_\ (vnfl'(al/ Z_]l)

S
=4
it

+ g1(i2, 02) — %S_lTszngl(ﬂzrﬁz)S_lr o iy, 01) — @

ko_
+ Vi, fillin, 00)7:) — 3 X A Vs, fi(iin, 1)) + gi(itz, 02) — %si,foZxng(az,ﬁz)s?k} € —K\{0},

i=1
which contradicts weak duality theorem. Hence (%1, %, ¥1,72,A,§ = 0,5 = 0) is an efficient solution of
(RD)Z. a
Theorem 3 (Converse duality). Let f : Rl x RKil — RK and g : Rl x RIKI — R be differentiable func-
tions and let (i1, ila, 01,2, A, 4, 5) be a weak efficient solution of (RD). Suppose that

(i) the matrices Vy,x, fi(il1, 01) are non singular fori =1,2,...,k,

(ii) the matrices Vy,y,gi(il2, D) are non singular fori=1,2,...,k,
(iii) the vectors Vy, f1(i11,01), Vi, fo(f11,D1), . - ., Vi, fr(i11, T1) are linearly independent,
(iv) the set {Vy,gi(fi2, T2) + Vi, gi(li2, 02)5i, i = 1,2,...,k} is linearly independent,

k
(U) ; /_\i(vxl (vx1x1ﬁ(alr 51)71))71 ¢ Span{vxlfl (1’_[1/ Z_)1)/ ey Vxlfk(alr Z_)1)}\{0}

k
@i) Y Ai(Va,(Vayx, fi(ll1,01)3:))g; = O implies §; = 0 V i, and
i=1

(vii) K is closed convex pointed cone with Rk C K.

Then p; =0and 7 =0, i = 1,2,...,k such that (i11,72,01, 00, A,rp =pa=...=px=0,F1 =Fa =... =T, = 0) is
feasible for (RP);, and the objective function values of (RP); and (RD) are equal. Furthermore, if the hypotheses of
Theorem 1 are satisfied for all feasible solutions of (RP); and (RD), then (i1y, 12, 01,02, A,1 =2 = ... =P = 0,71 =
7, = ... =T = 0) is an efficient solution for (RP)j.

Proof It follows on the lines of Theorem 2 . O
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4 Special cases

In this section, we consider special cases of the problems studied in Section 3.

() If [, =0, Ky = 0in (RP) and (RD), then the programs (WP) and (WD) of [7] are obtained.

() If; =0,K; =0,K=Rk, C, = Rllz‘, Cy = R‘fz‘ then (RP) and (RD) become the programs studied in
[14].

5. Conclusions

A new pair of second-order multiobjective mixed symmetric dual programs over arbitrary cones has been
formulated. Weak, Strong and Converse duality theorems established under K-n-bonvexity assumptions.
It will be quite interesting to see whether or not the work in the present paper can be further extended to
study higher-order multiobjective mixed symmetric dual programs.
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