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On statistical lacunary summability of double sequences
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Abstract. In this paper, we study the notions of statistical lacunary summability and strongly 6,-
convergence for double sequences. By using four dimensional conservative matrices, we also prove an
inequality related to the concept of statistical lacunary limit superior (inferior) of real bounded double
sequences.

1. Introduction

The concept of statistical A-summability for a given sequence was first introduced by Edely and Mur-
saleen in [7]. Following this study, Mursaleen and Alotaibi introduced statistical lacunary summability and
strongly 6;-convergence and established some relations between lacunary statistical convergence, statistical
lacunary summability and strongly 6,-convergence [16]. The first main idea of this paper is to introduce
and examine double analogues of these notions, and the second one is to prove an inequality related to the
concept of statistical lacunary limit superior and inferior of a real bounded double sequence. Such type of
inequalities are also considered in [3], [4], [5] and [14].

Firstly, recall some basic definitions and notations used in this paper.

A double sequence x = (xjk) of real numbers, j k € IN, the set of all positive integers, is said to be
convergent in the Pringsheim’s sense (or P-convergent) if for each € > 0 there exists N € IN such that
(x ik — L| < € whenever j, k > N. We shall write this as

P- hjrrl?x]-k =L
where j and k are tending to infinity independent of each other [19].
A double sequence x is bounded if

el = sup | < 0.
ik

Note that in contrast to the case for single sequences, a convergent double sequence need not to be bounded.
By ¢, we denote the space of double sequences which are bounded convergent and by (%, the space of
bounded double sequences.
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Let A = (a;;’(”) ,m,n, jk € N, be a four dimensional matrix and x = (x]-k) be a double sequence. Then the

double (transformed) sequence, Ax := (V) is denoted by

Ymn = iiaﬁ”xﬁc 1)

=1 k=1

where it is assumed that the summation exists as a Pringsheim limit (of the partial sums) for each (m, n) €
INXIN. Also the sum y,,,, is called A-means of the double sequence x. We say that a sequence x is A-summable
to the limit ¢ if the A -means exist for all m, n € IN in the sense of Pringsheim convergence, i.e.,

D Rk = Yo

q
P - lim
k=1

pig—00 &

4
J=1

and

P— lim yu, ="

m,n—oco

A matrix A = (a;]”(”) is said to be conservative if x € ¢’ implies Ax € c5°. In this case we write A € (c§° , cg")

If A is conservative and P — lim Ax = P — lim x for each x € 5, then A is said to be RH-regular (see [9],[20]).
It is known from [3] that A is conservative if and only if

P- lggla;']’(" = vj for each j k; (2)

P- 1}}})111 ' ay =v; @3)
i

P- 11%12]: |a;7(” = vy for each k; 4)

pP- 1}111}11; |a;’]’(” = vj for each j; (5)

P- lybn}}Z]‘Zk‘ |a;.’;(” exists; (6)

e sﬁf;; aw| < co. (7)

It can be also seen [9, 20] that A is RH-regular if and only if (2) with vy = 0, (3) with v = 1, (4) and (5) with
vx = vj = 0, and the conditions (6) and (7) hold.
For a conservative matrix A we can define the functional

F(A)zv—ZZvjk.
7k

In the case A is RH-regular, I'(A) = 1.

The concepts of double natural density and statistical convergence of double sequences were introduced
by Mursaleen and Edely [13]: Let K C IN X IN be a two-dimensional set of positive integers and let K(m, )
be the numbers of (j, k) in K such that j < m and k < n. In case the sequence (K(m,n)/mn) has a limit in
Pringsheim’s sense then we say that K has a double natural density and is defined as

K
P - limM

mn

= (32 (K) .
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A real double sequence x = (x jk) is said to be statistically convergent to the number L if for each € > 0, the
set
{(j,k),j <mk<n: |x]-k —L) > e}

has double natural density zero. In this case we write st, — limx = L.

Following Freedman et al. (see [8]) and Fridy and Orhan (see [10]), the ideas of lacunary sequence and
lacunary statistical convergence were extended to double sequences by Savas and Patterson in [18, 22]. But
the concept of double lacunary density has been recently introduced by Cakan et al. in [4].

The double sequence 6 = {6,:} = {(k;, [;)} is called double lacunary if there exist two increasing sequences
of positive integers such that

k=0, h, =k —k,_1 > c0asr— o
and
Iy =0, Eszls—ls_1—>ooass—>oo.
Lethyo =hh, I, ={j: k1 <j<k),L=t{k:l1<j<l}andLs={(k) :k<j<k & 1 <k<I}.

Then for a given double lacunary sequence 6 = {(k;,I;)}, a set E € IN X IN has double lacunary density
69 (E) if
2

P~ lim— {jel, kel :(jk) eE)

1S hr,s
exists. For example, letk, =2l and I, = 3* ! and E = {(jz,kz) tjke ]N} Then 626 (E) =6,(E) =0.
The double number sequence x = (x jk) is lacunary statistically convergent (or briefly st9-convergent) to L

provided that for every € > 0, the set {( ik |x]~k - L| > e} has double lacunary density zero, or equivalently
forevery e >0

P- hmhi (k) € Lot e —L| 2 e}’ =0.

In this case we write st§ — lim x = L. The concept of lacunary statistical convergence has also been studied
in different spaces by many authors (for instance, see [11, 12, 15, 23].

The concepts of lacunary statistical limit superior and inferior for any real double sequence x = (xj),
have been introduced in [4] as follows:

Let us define

Dy ={D e R:5%({(j,k) : xj > D}) # 0}
and
Co={CeR:60({(ih):xp < C) % 0},
where 63 (E) # 0 means that either 65 (E) > 0 or E does not have double lacunary density. Then, the lacunary

statistical limit superior and the lacunary statistical limit inferior of x are defined as

supDy ;ifD,#0

stf—limsupx={ e D, =0
7 X =

and

0 1. ) infC ifC#0
sty hmmfx—{ too - ifCo=0
respectively. Also from [4], we have
P - liminfx < st§ — liminfx < st — limsupx < P — lim sup x. 8)

for any real double sequence x.
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2. Statistical Lacunary Summability

Let A = (a;,’;(”) be a nonnegative RH-regular matrix, x = (xjk) be a double sequence and (i) be defined

as in (1). If (ymn) is statistically convergent to L, then x is said to be statistically A-summable to L (see
[1, 6]. In this section we deal with the special case of statistical A-summability by using double lacunary
sequences.

Definition 2.1. A double sequence x = (xjk) is said to be lacunary convergent to L if P — lim, s Nys(x) = L, where

1
Nys := Nrs(x) = h_ Z X jk-

" (jK)el,s

Definition 2.2. A double sequence x = (xjk) is said to be statistically lacunary summable to L if for every € > 0

the set Ke = {(r,5) € N X IN : |N,s — L| > €} has double natural density zero, i.e., 5 (K¢) = 0. In this case we write
Ost, —limx = L. That is, for every € > 0,

1
P—-lim—|{r<m,s<n:|Ns—Ll>€}|=0.
mmn mn

Hence, a double sequence x = (x ]-k) is statistically lacunary summable to L if and only if the double sequence (Nys (x))
is statistically convergent to L.

Note that, since a convergent double sequence is also statistically convergent to the same value, a
lacunary convergent double sequence is also statistically lacunary summable with the same P-limit.

Definition 2.3. A double sequence x = (x]-k) is said to be strongly O,-convergent (0 < g < o) to the number L if
P —lim Ny (Jx — L|7) = 0.
1,8

In this case we write xj — L [Col, and L is called [Col,-limit of x. Also we denote the set of all lacunary strongly
0,4-convergent double sequences by [Co],.

Theorem 2.4. Ifadouble sequnce x = (xjk) is bounded and lacunary statistically convergent to L then it is statistically
lacunary summable to L but not conversely.

Proof. Letx = (xjk)bebounded, saysup;, |x]-k - L) =: M, and stg—convergentto L. PutKg (¢) := {(], kyel;: |xjk - L| > e}.
Then,

1 1
Na@-L = = ¥ xp-L=— ¥, (x-L)
! (]’,k)EI,VS ’ (j,k)EIr,s
1 1
< h_r/s Z |x]'k—L|+ h_m Z |Xjk—L‘
(jk)eKole) (jk)#Ko(e)
M
< —IKo(e)l[+e—0
hr,s

as t,5 — oo which implies that P — lim, s N, (x) = L. Hence st; — lim,s N, (x) = L and so, Oy, — limx = L.
To see that the converse is not true, consider the double lacunary sequence {0,s} = {(2r‘1,35‘1)} and the
double sequence x = (x ;) defined as

Xjk = (1), for all k.
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Then
P- hrrsn Z Xk =0
(k)elrs
and hence st —1im Ny;(x) = 0, but obviously x is not stJ-convergent. This completes the proof of theorem. []
Theorem 2.5. (i) If 0 < g < oo and a sequence x = (xjk) is strongly O,-convergent to the limit L, then it is lacunary

statistically convergent to L.
(i) If x = (xjk) is bounded and lacunary statistically convergent to L then xj — L [Co], .

Proof. (i) If 0 < g < co and xj — L [Ce],, then
1 1 el
2 btz Y eI 2 K@)
" (ke " (iK)eKo(e) s

where Ky (¢€) is as in Theorem 2.4. Taking limit as 7,5 — oo in both sides of the above inequality, we conclude
that st§ — limx = L.
(ii) Let x be bounded and stg -convergent to L. Then,

1 1 1
W Y k-t = I Y e = L' + o Y, -t

" (jK)el,s (jk)eKa(e) "% (jK)#Ko(e)

< M|K‘9(e)|+e—>0
hys

as 7,5 — oo. This completes the proof. [

In the next result we characterize statistically lacunary summable sequences through the lacunary

convergence of subsequences. Such a type of result for statistical convergence has been proved by Salét
[21] and Mursaleen and Edely [13].

Theorem 2.6. A sequence x = (xjk) is statistically lacunary summable to L if and only if there exists a set K =
{(r,s)} € IN X IN such that 6, (K) = 1, and (x,s), sex s lacunary convergent to L, i.e.,

P —1limN,s(x) = L.
7,8

(r,s)eK

Proof. Let x be statistically lacunary summable to L and define
K, (0) := {(r,s) eINXIN: [Nys(x)-L| > %}
and
M, (0) = {(r,s) ENXIN: [Nsx)-L| < %},(p =1,2,---).
Since x is statistically lacunary summable to L, we have 0, (Kp (6)) = 0. Furthermore
My (0) > Mz (0) > -+ > M;(6) > Mis1 (0) D - ©)

and

52 (M, (©)=1,p=1,2,3,- (10)
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Assume now that for (r,s) € M, (0), (N,s(x)) is not convergent to L. Therefore there is € > 0 such that |[N,s — L| > €
for infinitely many terms. Let

M:(0) :={(r,s) e NXIN: |N,s(x) — L| <€} and € > %,(p:l,Z,---).

Then
02 (M. (0)) =0,

and by (9), M, (0) C M. (0). Hence 6, (M,, (9)) = 0, which contradicts (10). Hence, for (r,s) € M, (0), (x;s) has to
be lacunary convergent to L, i.e., (Nrs(X))5em, (o) IS P-convergent to L.

For conversely, suppose that there exists a set K = {(r,s)} € IN X N such that 6, (K) = 1 and L is lacunary limit of
(X1s)(rs)ex- Then there exists ty € IN such that for every € > 0

INis(x) —L| <€

forall r,s > ty. From the inclusion

K (0) = {(7/ s): |Nr,s(x) - L) = 6} CINXN - {(it0+1/jt0+1)/ (it0+2/ jt0+2) A }

we conclude that 0 < 0, (K¢ (0)) <1 -1 = 0. Hence x is statistically lacunary summable to L. [

3. Some inequalities

In this section we prove an inequality related to the concepts of statistical lacunary limit superior and
inferior of real double sequences. Following [2] and [4], we first define these concepts.
Let x = (xjx) be a real double sequence and define the sets G, and F, as

Gy ={g€R:69({(r,5) : Nix > g}) # 0}
and
Fr={feR: 6% ({(r,5): Nis < f}) # 0}
Then statistical lacunary limit superior and statistical lacunary limit inferior of x are defined as

. _ | supGy ;ifG#0
Hstz—hmsupx—{ oo i Gy = 0

and

. | infF, ;ifF,#0
Gstz—llmlan—{ too CifF, =0
respectively. We note that 0, — limsupx and 0y, — liminfx are equal to stg - limsup, N,s and stg -
liminf,s N, respectively.
We quote here three important results on some inequalities related to the class of conservative four
dimensional matrices. The first can be obtained from Lemma 3.1 in [17], the second and third are given in

[3].

Lemma3.1. IfA = (a?}{”) is a matrix such that conditions (2), (4), (5) and (7) hold, then for any y € €3, with Hy“ <1
we have

P —limsu ayy = P —limsu |a’,"” .
rf =1l Ths
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Lemma 3.2. Let A = (’Z;'T) be conservative and A € R*. Then

hmsupzz o = op| <4 (11)
if and only if
p-timsup) Y (a ~on) <
and |

—lim supZZ ;’;{” - v] < E (Al

where for any y € R, y* = max{y, 0} and y~ = max{-y,0}.

Lemma 3.3. Let A = (a].’?{”) be conservative. Then for some constant A > |T (A)| and x € €2, one has

p-timsup) ) (i - on) e < DA - AT

if and only if (11) holds, where L (x) = P — limsup x and [ (x) = P — lim inf x.

Theorem 3.4. Let A = (a?}(”) be conservative and x € £2.. Then

A+T(A A=T(A
— lim supZ - v]k < #Ne (x) + #ng (—x) (12)
forany A > |T'(A)|, if and only if (11) holds and
- limsup Z 7,2" - v]k| (13)

M (jk)eE

for every E C IN x IN with 65 (E) = 0, where Ng (x) = Og, — limsup x and ng (x) = Oy, — liminfx.
Proof. Let (12) holds. From definition of L (x), for given € > 0 there exist rg, 5o such that

Xps < L(x) + €
for r > rg and s > sp. This implies that

P —limsupN,; < L(x) + €

1,8

for all x € £2,. Since € is arbitrary, so that P — lim sup,  Nis < L(x) and hence, by (8) we have
stg —lim supN,; < P — limsupN,s < L(x),

i.e, Ng(x) < P —limsupux for all x € ¢2. Similarly, we can prove that ny (—x) < — (P — liminfx). Thus, by

Lemma 3.3 we get the necessity of (11). Now, for any E ¢ IN X IN, define the matrix B = (b;.’;{”) by

i — a;’;(” -vy ;if (j k) €E,
jk 0 ; otherwise.
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Since A is conservative , the matrix B satisfies the conditions of Lemma 3.1. Hence there exists a y € (2,
such that ||y|| <1land

hmsupZ Zb]k”y]k = —lin:n:snup; kZ 'b;’,’(”

Now, for the same E, let y = (yjk) be defined by

1 ;if (jk) €E,
yjk:{ (k)

0 ; otherwise.

Then, clearly 65, —limy = N (v) = ng (—y) = 0. So, we have from (12) that

< 2PNy () + A28 (- = 0

and we get (13).
Conversely suppose that (11) and (13) hold and let x € ¢2. Write E; = {(], k) : Njx > Ng (x) + e} and
E, = {(], k) : Njx < ng (x) - e}. Then, by Theorem 3.5 of [4], we have 69 (E1) = 65 (E;) = 0; and hence
69 (E) = 0 for E = E; N E;. Now, we can write

Yo = Y b+ Z (bm") o= Y (o) e

Jk (jk)eE (jk)¢E (jk)¢E

Hence

- hmsuprm”x]k < P —limsup Z |b'j7}<” |xjk|

i (jk)eE

+
+P — lim sup Z (b;’li") N

mn (j,k)eEE

+P ~limsup|~ ) (b’]?,i”)i Nji
mn GIRE
= 11 (X) + 12 (x) + 13 (x) .

From condition (13), we have I; (x) = 0. Lete > 0. Then there is a set as defined above such that for (j, k) ¢ E;
ng(x) —€ < Njx < Ng(x) +€, Ng(—x) —€ < =Nj < ng(—x) +e€. (14)
Therefore from conditions (11) and (14) and Lemma 3.2, we get

A+1C(A)]
2

L(x) < (No (x) +€)

bz AL

(g (—x) +€).

Hence we have

A+IC(A)

. A= (A)l
P —limsu b"xy < ———=Ng(x) + ———=
o p;‘ L 2 0

> ng (—x) + Ae.

Since € is arbitrary, the proof is completed. [J
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In the case of |I'(A)| > 0 and A = [I' (A)|, we have the following result.

Corollary 3.5. Let A = (a;.’;(”) be conservative and x € (%. Then
P -lim supZ (u';;(" - Ujk) xXjk < | (A)No (x)
m,n ]k

if and only if (11) holds and

P-tim ¥, | —o =
" (jk)eE

for every E ¢ IN x N with 6§ (E) = 0.
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