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Abstract. A graph is one-regular if its automorphism group acts regularly on the set of its arcs. In this
paper tetravalent one-regular graphs of order 4p?, where p is a prime, are classified.

1. Introduction

A graph is arc-transitive if its automorphism group acts transitively on the set of its arcs. A graph is one-
reqular if its automorphism group acts regularly on the set of its arcs. Not surprisingly arc-transitive graphs
- and one-regular graphs in particular - have received considerable attention over the years, the aim being to
obtain structural results and possibly a classification of such graphs of particular orders or satisfying certain
additional properties. Research in one-regular graphs is interesting for two reasons, the first being their
connection to regular maps, a lively area of research. Namely, the underlying graphs of chiral maps admit
one-regular group actions with a cyclic vertex stabilizers (see, for example, [8, 10-12]). Second, one may
argue that one-regular graphs are interesting in their own right if one’s goal is a description of arc-transitive
graphs. For some classes of Cayley graphs, for example, circulants, this has been achieved, whereas for
others, such as Cayley graphs of dihedral groups, all 2-arc-transitive graphs have been completely classified
[16], but arc-transitivity remains an open problem.

Clearly, a one-regular graph with no isolated vertices is connected, and it is of valency 2 if and only if it
is a cycle. The first example of a cubic one-regular graph was constructed by Frucht [21]. Further research
in cubic one-regular graphs has been part of a more general project dealing with the investigation of cubic
arc-transitive graphs (see [9, 15, 17-20, 31]). Tetravalent one-regular graphs have also received considerable
attention. In [4] tetravalent one-regular graphs of prime order were constructed, and in [30] an infinite
family of tetravalent one-regular Cayley graphs on alternating groups is given. Tetravalent one-regular
circulant graphs were classified in [41], and tetravalent one-regular Cayley graphs on abelian groups were
classified in [40]. Next, one may extract a classification of tetravalent one-regular Cayley graphs on dihedral
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groups from [26, 36, 38]. Let p and g be primes. Clearly every tetravalent one-regular graph of order p is
a circulant graph. Also, by [7, 32, 34, 37, 40, 41], every tetravalent one-regular graph of order pq or p* is a
circulant graph. Furthermore, the classification of tetravalent one-regular graphs of order 2pq is given in
[43]. The aim of this paper is to classify tetravalent one-regular graphs of order 4p?, see Theorem 5.1. (For
more results on tetravalent arc-transitive graphs, see [22, 23, 27, 33].)

In the next section we gather various concepts that are needed in the analysis of tetravalent one-regular
graphs in Section 4 and in the proof of our main result in Section 5. In Section 3, we give examples of
tetravalent one-regular graphs of order 4p?, where p is a prime.

2. Preliminaries

For a finite, simple and undirected graph X, we use V(X), E(X), A(X) and Aut(X) to denote its vertex
set, its edge set, its arc-set and its full automorphism group, respectively. For u,v € V(X), denote by uv the
edge incident to u and v in X. By C,, and K, we denote the cycle of length n and the complete graph of order
n, respectively.

A subgroup G < Aut(X) is said to be vertex-transitive, edge-transitive and arc-transitive provided it acts
transitively on the sets of vertices, edges and arcs of X, respectively. The graph X is said to be vertex-
transitive, edge-transitive, and arc-transitive if its automorphism group is vertex-transitive, edge-transitive
and arc-transitive, respectively. An arc-transitive graph is also called a symmetric graph. An arc-transitive
graph X is said to be one-reqular if Aut(X) acts regularly on A(X). A subgroup G < Aut(X) is said to be
k-arc-transitive if it acts transitively on the set of k-arcs, and it is said to be k-regular if it is k-arc-transitive
and the stabilizer of a k-arc in G is trivial.

For a finite group G and a subset S of G such that 1 ¢ S and S = S, the Cayley graph Cay(G, S) on G
with respect to S is defined to have vertex set G and edge set {{g,59} | g € G,s € S}. Given g € G, define the
permutation R(g) on G by x = xg, x € G. The permutation group R(G) = {R(g) | g € G} on G is called the
right reqular representation of G. It is easy to see that R(G) is isomorphic to G, and it is a regular subgroup
of the automorphism group Aut(Cay(G, S)). Furthermore, the group Aut(G,S) = {a € Aut(G) | 5% = S}is a
subgroup of Aut(Cay(G, S)). Actually, Aut(G, S) is a subgroup of Aut(Cay(G, S))1, the stabilizer of the vertex
1 in Aut(Cay(G, S)). A Cayley graph Cay(G, S) is said to be normal if R(G) is normal in Aut(Cay(G, S)). Xu
[42, Proposition 1.5] proved that Cay(G, S) is normal if and only if Aut(Cay(G, S))1 = Aut(G, S).

Given a transitive group G acting on a set V, we say that a partition B of V is G-invariant if the elements
of G permute the parts, that is, blocks of B, setwise. If the trivial partitions {V} and {{v} : v € V} are the only
G-invariant partitions of V, then G is said to be primitive, and is said to be imprimitive otherwise. In the
latter case we shall refer to a corresponding G-invariant partition as to an imprimitive block system of G.

2.1. Group theoretic results

Throughout this paper we denote by Z,, the cyclic group of order n as well as the ring of integers modulo
n, and by Z;, the multiplicative group of units of Z,. For two groups M and N, N < M means that N is a
subgroup of M and N < M means that N is a proper subgroup of M.

For a permutation group G on a set Q) and a € Q we let G, denote the stabilizer of a in G, that is, the
subgroup of G fixing the element a € Q). The group G is said to be semiregular on Q if G, = 1 for every
a € (), and it is said to be regular if it is both transitive and semiregular on Q.

Below we gather various group-theoretic results that are needed in the subsequent sections of this paper.
The first one is about transitive abelian permutation groups.

Proposition 2.1. [35, Proposition 4.4] Every transitive abelian group G on a set () is regular.

For a subgroup H of a group G, let C;(H) be the centralizer of H in G, and let N¢(H) be the normalizer
of H in G. Then Cg(H) is normal in Ng(H).
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Proposition 2.2. [25, Chapter I, Theorem 4.5] Let G be a group and H a subgroup of G. Then the quotient group
N¢(H)/Cg(H) is isomorphic to a subgroup of the automorphism group Aut(H) of H.

The following result can be extracted from [13, P.285, summary].

Proposition 2.3. [13] Let G = PSL(2,7) and let A = PGL(2,7). Then Sylow 2-subgroups of G and A are,
respectively, isomorphic to Dg and D14. Moreover, all involutions of G are conjugate, and G has no subgroup of order
14.

The following classical result is due to Wielandt [35, Theorems 3.4].

Proposition 2.4. [35] Let p be a prime and let P be a Sylow p-subgroup of a permutation group G acting on a set
Q. Let w € Q. If p™ divides the length of the G-orbit containing w, then p™ also divides the length of the P-orbit
containing w.

2.2. Graph covers

A graph X is called a covering of a graph X with projection p : X — X if there is a surjection p: V(X) —
V(X) such that pln;): N3(0) — Nx(v) is a bijection for any vertex v € V(X) and 7 € p~}(v). The set
fib, = p~!(v) is a fibre of a vertex v € V(X). The subgroup K of all those automorphisms of X which fix each
of the fibres setwise is called the group of covering transformations. If the group of covering transformations
is regular on the fibres of X, we say that X is a reqular K-covering. We say that o € Aut(X) lifts to an
automorphism of X if there exists & € Aut(X), called the lift of @, such that ap = pa.

Let X be a graph and K a finite group. A K-voltage assignment of X is a function ¢: A(X) — K with the
property that ¢(a~!) = ¢(a)" for each arc a € A(X), where a~! denotes the reverse arc of the arc a. The values
of ¢ are called voltages, and K is the voltage group. The graph X X, K derived from a voltage assignment
¢: A(X) — Khas vertex set V(X) x K and edges of the form (u, g)(v, g(a)) where a = (1,v) € A(X) and g € K.
Clearly, the derived graph X X, K is a covering of X with the first coordinate projection p: X X4, K — X. By
letting K act on V(X X, K) as (v, 9')? = (u,99'), (u,9') € V(X X, K), one obtains a semiregular subgroup of
Aut(X X, K), showing that X X, K can in fact be viewed as a K-covering. Conversely, each regular covering
X of X with a covering transformation group K can be derived from a K-voltage assighment. Moreover,

Gross and Tucker [24] showed that every regular covering X of a graph X can in fact be derived from a
T-reduced voltage assignment ¢ with respect to an arbitrary fixed spanning tree T of X. (Given a spanning
tree T of a graph X, a voltage assignment ¢ is said to be T-reduced if the voltages on the tree arcs are all equal
to the identity of K.) If X X, K — Xis a connected K-covering derived from a T-reduced voltage assignment
¢ then the problem whether an automorphism a of X lifts or not can be grasped in terms of voltages as
follows. Observe that a voltage assignment on arcs extends to a voltage assighment on walks in a natural
way. Given a € Aut(X), we define a function a from the set of voltages on fundamental closed walks based
at a fixed vertex v € V(X) to the voltage group K by (¢(C))* = ¢(C*), where C ranges over all fundamental
closed walks at v, and ¢(C) and ¢(C%) are the voltages on C and C*, respectively. Note that if K is abelian, &
does not depend on the choice of the base vertex, and the fundamental closed walks at v can be substituted
by the fundamental cycles generated by the cotree arcs of X. The next proposition is a special case of [30,
Theorem 4.2].

Proposition 2.5. [30] Let X X K — X be a connected K-covering derived from a T-reduced voltage assignment ¢.
Then, an automorphism a of X lifts if and only if a extends to an automorphism of K.

For more results on graph covers we refer the reader to [1, 2, 14, 28, 29].
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2.3. Tetravalent arc-transitive graphs

In this subsection we gather known results about tetravalent arc-transitive graphs that will be needed
in subsequent sections. The first two propositions can be deduced from [40, Theorem 3.5].

Proposition 2.6. [40] Let p be a prime, and G = Zy, X Zy or G = Zyy X Z,. Then there exists a tetravalent
one-regular Cayley graph on G if and only if p — 1 is a multiple of 4. Moreover in each of these two cases exactly one
such graph exists.

Proposition 2.7. [40] Let p be a prime and G = Zy, X Zyy,. Then there is no tetravalent one-regular Cayley graph
onG.

Let X be a connected symmetric graph and let G < Aut(X) be an arc-transitive subgroup of Aut(X).
For a normal subgroup N of G, the quotient graph Xy of X relative to the set of orbits of N is defined as
the graph whose vertices are orbits of N on V(X) with two orbits being adjacent in X if there is an edge
between these two orbits in X. The following proposition is a ‘reduction” theorem which is deduced from
[22, Theorem 1.1].

Proposition 2.8. [22, Theorem 1.1] Let X be a tetravalent connected symmetric graph and let G < Aut(X) be an

arc-transitive subgroup of Aut(X). Then for each normal subgroup N of G one of the following holds:

(1) N is transitive on V(X);

(2) X is bipartite and N acts transitively on each of the two bipartition sets;

(3) N has r > 3 orbits on V(X), the quotient graph Xy is a cycle of length r, and G induces the full automorphism
group Dy, of Xn;

(4) N has r > 5 orbits on V(X), N acts semiregularly on V(X), the quotient graph Xy is a tetravalent connected
G/N-symmetric graph and X is a regular cover of Xy.

To state the next result we need to introduce three families of tetravalent graphs that were first defined
in [23]. First, let C*!(p; 4,2) be the graph with vertex set Z X Z,, and adjacencies in C*'(p;4,2) satisfying
the following conditions: for i, j € Z, and k € Z,

)~ (i+1,j,k+1) ifkiseven
IR~ G j+1k+1) ifkisodd

Second, for a prime p = +1(mod 8) and an element k € Z; such that k> = 2 (mod p) the graph N Cgpz is
defined to have vertex set and edge set
V(NC,)
EINCyp) = {00y, 0)(xx Ly, 1) x5y €Z) Uiy Dxy=12)|xy€Z)U
(o, y,2)xFLyxk3) | x,y € Z,} U{(x,y,3)(xFk,y+1,0)| x,y € Z,}.

2o X Zs ={(x,Y,2) | X,y € Zy,2 € Z4),

And third, for a prime p, p = 1(mod 8) or p = 3(mod 8) and an element k € Z;, such that k* = -2 (mod p)
the graph N Cipz is defined to have vertex set and edge set

V(NC}LF,Z) = Z; X Z4 = {(x/ ]/,Z) | x/y € Zp/z € Z4}/
E(NCy2)

{,y,00x+x1,y,1) | x,ye Z,} U{(x,y, 1)(x,y+1,2) | x,y € Z,} U
{(x,y,2)(x+1,y+k3)|xye€ Zp} Ulx,y,3)xxkyF1,0)|x,ye Zp}.

The graphs N Cgpz and N C}lpz are extracted from [23, Lemma 8.4, Lemma 8.7]. We can now state the result
of Gardiner and Praeger [23, Theorem 1.2] about connected tetravalent graphs admitting arc-transitive
subgroups of automorphisms with normal elementary abelian p-groups N such that the corresponding
quotient graph Xy is a cycle.
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Proposition 2.9. [23, Theorem 1.2] For an odd prime p let X be a connected, G-symmetric, tetravalent graph of
order 4p?, let N = Zﬁ be a minimal normal subgroup of G with orbits of size p?, and let K be the kernel of the action of

Gon V(Xy). If Xy = Cy and K, = Z, then X is isomorphic to one of the following graphs: C*'(p;4,2), N Cgpz and
NC,..

In [23] it is proven that the three graphs in the above proposition all admit a one-regular subgroup of
automorphisms. In the following two lemmas we improve this result by showing that C*!(p;4,2) is not
one-regular whereas N Cgpz and N Cipz are.

Lemma 2.10. Let p be a prime. Then C*1(p;4,2) is not one-regular.

Proof. First recall that the vertex set of X = C*(p,4,2) is equal to V(X) = {(i, j,k) | i € Zy,j € 2y k € Z4} and
the edges are of the form

@j,2) ~ (i£1,5,21+1), wherei,j€ Z,and ! € {0,1}
(i,j,21-1) ~ (i,j+1,2l), wherei,je Z,and € {0,1}.

Then the reader can check that a permutation « of V(X) defined by (i, j, k)* = (—i, j, k) maps edges to edges,
and hence « is an automorphism of X. Since a fixes the arc (0,0,1)(0,1,2) € A(X) it follows that X is not
one-regular. [J

Lemma 2.11. Let p be a prime. Then N Cgpz and N1 C}lpz are both one-regular graphs.

Proof. Let X € {NCEPZ,N C}Lpz} and let X? be the distance-2-graph of X, that is, V(X?) = V(X) with two
vertices being adjacent in X? if and only if they are at distance 2 in X. Let

Ai = {(x/ ]//1) | x/]/ € Zp}/ le Z4'

Then for every i € Z, the subgraph X*[A;] of X? induced by the vertices in A; is a 2-dimensional grid C, X C,,
whereas any edge uv in X2 with endvertices u € A; and v € A j» where i # j, is contained in an induced
subgraph of X? isomorphic to the complete graph Ky. Moreover this induced subgraph isomorphic to Ky
containing the edge uv is unique. Take four vertices 11, us, uz, us € A; such that the subgraph Y of X? induced
on these four vertices is isomorphic to a 4-cycle C4. Then Y7 for any g € Aut(X?) is an induced subgraph of
X2 isomorphic to C4. Since there is no set of four vertices containing vertices from different sets A; such that
the induced subgraph of X? is isomorphic to Cy it follows that Y? is a subgraph of X*[A/] for some j € Z,.
This shows that the sets A;, i € Z4, are blocks of imprimitivity for Aut(X). Therefore every automorphism
g € Aut(X) that fixes the vertices (0,0,0) and (1,0, 1), and thus the arc (0,0, 0), (1,0, 1), also fixes the vertices
(2,0,0) and (-1,0,1). Now looking at the action of g on X2 we get that g fixes both Ag and A; pointwise.
Since all the vertices in A; are fixed by g and the induced bipartite subgraph X[A, A;] is a disjoint union of
p 2p-cycles it follows that also A; is fixed pointwise by g. Using the same argument for X[Ay, As] one can
see that g also fixes the vertices in Az and thus g = 1, which shows that X is one-regular. [

To state the next result we need to introduce two additional families of tetravalent graphs that were
first defined in [23]. The graph C*!(p;4p, 1) is defined to have the vertex set Z, X Zy, and the edge set
G, P+, j+1)|i€ Z,, ] € Zy}. The graph C*“(p;4p, 1) is a graph with vertex set Z,, X Z4, with adjacencies
in C**(p; 4p, 1) satisfying the following conditions:

. (ite j+1) ifjisodd
()~ { (+1,j+1) ifjiseven ’

wherei € Z,, je Zyy and ¢ is an element of order 4 in Z;.
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Proposition 2.12. [23, Theorem 1.1] Let p be an odd prime and let X be a connected, G-symmetric, tetravalent
graph of order 4p*. Let N = Z,, be a minimal normal subgroup of G with orbits of size p and let K denote the kernel of
the action of G on V(X). If Xy = Cyp and K, = Z, then X is isomorphic either to C*(p; 4p, 1) or to C*(p; 4p, 1).

We end this subsection with a result on tetravalent arc-transitive graphs of order 4p, where p is a
prime. In order to state the result, first recall that the lexicographic product X[Y] (sometimes also called the
wreath product) of two graphs X and Y has vertex set V(X) x V(Y), and two vertices (a,u) and (b, v) are
adjacent in X[Y] if ab € E(X) or if a = b and uv € E(Y). Second, following [44], for a prime p congruent
to 1 modulo 4, an element w of order 4 in Z; and the group G = (a) X (b) = Z,, X Z,, we use notation
CA,, = Cay(G, {a,a™!,a*"b,a b)) and CA}, = Cay(G, {a,a™",a"b,a *b}). For the definition of the graph
C(2,p,2) stated in the sixth row of Table 1 see Section 4. Finally, by [44, Example 3.7], 23 = Cos(G, T, TaT) is

a coset graph of the group G = PGL(2,7) with respect to a subgroup T isomorphic to A4 and an involution
a from the center of the normalizer of a Sylow 3-subgroup of T in G.

Proposition 2.13. [44, Theorem 4.1] Let s be a positive integer and let p be a prime. Then a connected tetravalent
graph of order 4p is s-arc-transitive if and only if it is isomorphic to one of the graphs listed in Table 1. Furthermore,
all graphs listed in Table 1 are pairwise non-isomorphic.

X 5 Aut(X) comments
K4/4 3 Zz X (54 X 54) p:2
Col2Ki] | 1 Dy < Z) p>2
CA,, | 1| Z2=(ZyyxZ,), | p=1(mod4)
CAy, | 1| Zyx(ZoyxZy), | p=1(mod 4)
c@2,p2 |1 Dy, < Z3 p>2
ao8 3 PGL(Z, 7) X 2o p= 7

Table 1: Tetravalent s-arc-transitive graphs of order 4p.

3. Examples

In this section, we give examples of tetravalent one-regular graphs of order 4p?, where p is a prime. In
this paper, the abbreviations CA and CN will mean a Cayley graph on abelian group and a Cayley graph
on non-abelian group, respectively.

Example 3.1. Introduced by Wilson [39] the bicycle wheels are defined in the following way. Given natural
numbers n,4,r and s, the graph X = 8W,(a,r,s) is defined to be the graph of order 3n with vertex set
V(X) ={A;, Bi, C; | i € Z,} and edge set

E(X) = {A;Bi, BiAis1,BiC;, CiBiya, AiAisr, CiCiss | 1 € Z,).

With the help of computer software package MAGMA [3] one can see that 8B W1,(5,1,5) is one-regular. In
addition, it is a Cayley graph Cay(Gse, S) on the group Gss = {a,b,c,d | a> =b* = =d®* =1 = [a,b] =
[a,c] = [b,c] = [c,d],d'ad = b,d"'bd = ab) with respect to the generating set S = {ad, (ad)™!, bdc, (bdc)~!}, and
Aut(CAZ) = Gag = Z2.

Remark: The automorphism group of the graph 8W1,(5, 1, 5) has a non-normal Sylow 3-subgroup. Since,
by Theorem 5.1, the automorphism groups of the graphs Cfﬂflpz, i €{0,1,2}, given in Examples 3.3 and 3.4
and Lemma 3.6, all have normal Sylow p-subgroups, the graph 8W1,(5,1,5) is not isomorphic to any of
these graphs.
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Example 3.2. Given natural numbers k and m, and a 2 X 2 matrix M over Z, the 2-dimensional generalized
power spidergraph GPS2(k,n, M) is defined to be the graph with vertex set Zy X Z, X Z,, and edge set
{G,x)0+ 1, x+a),@,x)i+1,x+b)|ie€ZxeZy,XZ,} where a; = (1,00M"' and b; = (-1,0)M’ (see [39]).
With the use of MAGMA [3] one can see that GPS2(4,3,(0 1) : (1 2)) is a one-regular graph. In addition, it
is not a Cayley graph and the stabilizer of a vertex in the automorphism group is isomorphic to Z,.
Example 3.3. Letp =1 (mod 4) be a prime and w an element of order 4in Z, with1 <w < p—1. Let Gng =
(@) x(b) = Zy,» XZ,. Then, by [40, Proposition 3.3(iv)], the Cayley graph Cﬂgpz = Cay(Ggpz, la,a™,a"b,a="b})
is a tetravalent one-regular graph. Furthermore, Aut(Cﬂgpz) = (ZLyp X Z2) > Z%.

Example 3.4. Let p be an odd prime and G}lpz ={a,bla* = b =1,ab = ba) = Zy, X Z,. Then, by [40,
Proposition 3.3], the Cayley graph CA, s = Cay(G}Lpz, {ab,a™'b,ab!,a71b71}) is a tetravalent one-regular
graph. Furthermore, Aut(Cﬂ}le) = (Lyy X Zy) > Z%. The graph DW(12, 3) of order 36 given in [39] is the
smallest example of such graphs.

For an odd prime p, the tetravalent graph C*!(p;4p, 1) is defined in the paragraph preceding Propo-
sition 2.12. In the following lemma we prove that C*!(p;4p, 1) is isomorphic to Cﬂipz, and thus it is
one-regular in view of Example 3.4.

Lemma 3.5. Let p be an odd prime, let GipZ ={@,b|a* =W =1,ab = ba) = Ly X Zy, and let S =

{ab,a™'b,ab™,a”'b™"). Then C*'(p;4p, 1) = Cay(G} ,, S) = CAyz-

Proof. Recall that Cil(p;4p, 1) has vertex set Z, X Z4, and edge set {(i, ))(i + 1,j+ 1) | i € Z,,] € Z4}. The
map defined by (i, j) = a/l’ is an isomorphism from C*!(p;4p, 1) to the Cayley graph Cﬂ}lpz. We leave the
details to the reader. [J

Letp =1 (mod 4) be a prime and let ¢ € Z, be such that ¢> = =1 (mod p). The following lemma shows
that C*“(p;4p, 1) is a Cayley graph.

Lemma 3.6. Let p =1 (mod 4) be a prime, let ¢ € Z,, be such that € = =1 (mod p), let Gipz ={(a,b|a* =l =
1,a ba = b), and let S = {ab,a™'b¢,ab™!,a1b7¢}. Then CNip2 = Cay(Gipz, S) is a symmetric graph isomorphic to
C*(p;4p,1).
Proof. Recall that the graph C*“(p;4p, 1) has vertex set Z, X Z4, with adjacencies defined as follows:
c o ) ixej+1) ifjisodd
@) (i+1,j+1) ifjiseven
where i € Z, and j € Z,.
Let G = Gipz and X = Cay(G;S). Then the map defined by (i,j) — /b’ is an isomorphism from
C*(p;4p,1) to X. Since, by [23], the graph C**(p ; 4p, 1) is symmetric, the lemma holds. [

4. Analysis of tetravalent one-regular graphs of order 4p>

Let p be an odd prime. Then define C(2,p,2) to be a graph with V(C(2,p, 2)) = Z4 X Z,, and adjacencies
in C(2, p, 2) satisfying the following conditions:

0,)~(0,)) < j-i=+l,
0,)~Q1,)) = j-i=-1,
0,)~@2,)) = j-i=1,
1L,)~@2,)) = j-i==],
1)~@Gj) = j-i=-1,
Qi)~@) e j-i=1,
B,i)~@3B,j) < j-i=+L
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Let X = C(2,p,2) and let B = {B; | i € Z,}, where B; = {(0,1),(1,1),(2,i),(3,1)} € Z4 X Z,. Observe that for
each j € Z,, j # i, the subgraph X[B;, B;] induced on the union B; U B; is not an independent set of vertices
if and only if j = i + 1. Moreover, for each such j we have that X[Bj, Bj;1] = 2Cy, see also Figure 1. The
following lemma shows that there is no one-regular Z,-cover of C(2,p,2).

Figure 1: A spanning tree in the base graph C(2,p,2) forp =7.

Lemma 4.1. Let Y be a tetravalent one-reqular graph of order 4p*, p > 3 a prime, such that there exists a normal
subgroup H of Aut(Y) of order p. Then Y is not a regular Z.,-cover of the graph C(2,p, 2).

Proof. Let K = {1, 11, 72, 73} be the Klein 4-group acting on Z4 so that t; = (01)(23), 7, = (02)(13) and
13 = (03)(12). Let X = C(2,p,2), let B = {B; | i € Z,}, where B; = {(0,1), (1,1),(2,1),(3,1)} € Z4 X Z,, and let K
be the kernel of the action of Aut(X) on 8. We shall be sloppy and shall identify restrictions of elements of
K to sets B; by elements of K. For instance, when we say that the restriction y; of y € K to B; is, for example,
71, we mean that y; = ((0,1)(1,1))((2,)(3,7)). Now, the structure of X indicated in Figure 1 implies that the
restrictions y; must satisfy the following conditions:

vie{l, i} &= yinel{l, o} VieZ, 1)

Let the vertices of X be labeled in the following way: a; = (0,i), b; = (1,i), ¢c; = (2,i) and d; = (3,). Let
E =(yili€ Z,). Itis well known, see for instance [33, 44], that Aut(X) = E = (p, ) = ZZ = Dy, where

p= ({10 a ... ap—l)(bO bl e bp—l)(CO c1 ... Cp—l)(dO dl e dp—l)

and
p-1
T = (ao)(bo co)(do) H(ﬂi a_;)(b; c_i)(c; b-;)(d; d_;).
i=1

Now let Y be a tetravalent one-regular graph of order 4p?. Assume that Aut(Y) contains a normal
subgroup H isomorphic to Z, such that the corresponding quotient graph Y} is isomorphic to X = C(2,p, 2).
Then, since the orbits of H form an Aut(Y)-invariant partition, the whole automorphism group Aut(Y) of
Y projects to a subgroup of Aut(X). On the other hand, the graph Y can be viewed as an H-covering graph
(that is, a Z-covering) of X, and it can therefore be derived from X through a suitable voltage assignment
C. To find this voltage assignment fix the spanning tree T of X as indicated on Figure 1.

Let G be the largest subgroup of Aut(X) which lifts with respect to the natural projection X x; Z, = Y —
Yr = X, where Cis as given in Figure 1. Clearly, since Y is arc-transitive, we may assume that p, 7 € G. Let
F denote the largest subgroup of E which lifts. Then G = F < {p, t) and thus |G| = 2p|F|. We will show that
|F| > 8. This will then imply that the lift G of G is of order |G| = 2p?|F| > 16p?, and consequently that Y is not
one-regular.

Since p, T € G, we have that

if ¢ € F then ¢, " € F. )
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It is convenient to view elements y in E as vectors in ZZ. Namely, we write y = (e, ..., e,-1) where ¢; = s if
and only if y; = 7, (Where ¢; = 0 means that y; = 7o = id). Note that in this context (2) can be interpreted as
follows: F is invariant under the “cyclic shift”

¢ =(fo, fr,eeos fpm1) = (fp-1, for oo fp-2),

and under the “reflection around the first entry”

0= (o firosfy) o Gy fias fyare e oo )

where
0, iffi=0
L 1, iffi=2
F=y2 ) iff=1
3, iffi=3

Now choose ¢ € F. By (1) the first two components of ¢ can be one of the following pairs: ¢ = (0,0,...),
¢=(0,2..,¢=010..,¢0=012..),¢6=021..),¢6=023,..),¢=31,..),0r¢ =(3,3,...). Since
the lift of G acts arc-transitively on Y the group G must be of order |G| = 2p|F| > 16p and thus |F| # 1.

Suppose first that there exist ¢ € F such that ¢ ¢ {id, (3,3, ...,3)}. Since p is of prime order, the conjugacy
class of ¢ under (p) is of size p. But then, by (2), we have that |F| > 8, which implies that G is not acting
one-regularly on Y.

Supposenow that (3,3, ...,3) belongs to F. Then, since((3,3,...,3)) < Fisof order2 and |G| = 2p|F| = 16p,
we have that there must also exist a non-identity automorphism ¢ € F which is different from (3,3, ..., 3).
But then, as above, the conjugacy class of ¢ is of size p, and consequently |F| > 8. This shows that G is not
acting one-regularly on Y, and the proof is completed. O

By the following lemma there are only two normal one-regular Cayley graphs on the group G =
a,b,c,gla? =tV =c*=g*>=[a,bl=[c,gl =[acl=[bcl=1,a7 =b, b7 =a).

Lemma 4.2. Let p be a prime and G = {a, b, ¢, glaP = bP = ¢ = g*> = [a,b] = [c,9] = [a,c] = [b,c] = 1, a7 =
b, b9 = a). Then a tetravalent normal Cayley graph X of order 4p* on G is one-reqular if and only if it is either
isomorphic to

Cszz = Cay(G, {ag, bcg, b‘lg, a‘lcg}) or to CNip2 = Cay(G, {ag, b°cy, b‘lg, a“cg}).
Moreover, Aut(CN’ ipz) = G =75 and Aut(CNipz) =G =2y

Proof. Let X be a tetravalent one-regular normal Cayley graph Cay(G, S) on the group G with respect to
the generating set S. Since X is one-regular and normal, the stabilizer A; = Aut(G, S) of the vertex 1 € G is
transitive on S, and either Aut(G, S) = Z% or Aut(G, S) = Z4. This implies that elements in S are all of the
same order.

Observe that G contains elements of order 2, p and 2p. In particular, elements of the form c, a’b/g and
a'bicg, where p | i + j, are of order 2; elements of the form a'b/ are of order p; and elements of the form a'bic,
a"b"g and a™b"cg, where p ¥ m + n, are of order 2p. In the following, we will show that up to isomorphism,
there are only two generating sets of size 4 such that the corresponding Cayley graphs are normal and
one-regular.

First, observe that neither four involutions nor two elements of order p can generate G. Moreover, G
cannot be generated by the following pairs of elements of order 2p: a'lbiic and a®2bic, a™b™ g and a™b"g,
a™b"cg and a™b"cqg, where m; + n; # 0(1 < i < 2). Second, Z(G) = {ab, c) = {ab) X {c) = Z,, X Z;, and thus
(c) char G. Also, since Aut(G, S) is transitive on S, we have that S # {a'bic, a"b"g, (a'bic)™!, (@"b"g)~'} and
S # {a'bic, a™b'cg, (a'bic)™!, (@"b"cg)~!}, where m + n # 0. Now suppose that G is generated by

So = {aibjg, amlb”'cg, (aibfg)_l, (am'b”/cg)_l},
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wherepfi+jandptm +n'.

Case 1. Aut(G,Sp) = (a) X () = Zy X Z,, where a and B are such that a* = ahbh, b = ahph ¢ =,
g* = a"b*cg, af = ab’2, bP = al2b2, f = cand ¢f = a¥b7Vy.

Suscase 1.1. Leti = j.

Since ab € Z(G), G can be generated by Sy if and only if m” # n’. Now take an automorphism ¢ of G such
that
A =d, "=V, =¢ 7°=yg.

Then (abg)° = a'big, and hence
S= 5004 = {abg, a"b"cyg, (abg)_l, (amb”cg)_l} = {abg, a"b"cyg, a‘lb_lg,a_”b_mcg},

where a"b"cg = (@b cg)’" . Moreover, it can be easily seen that n # n.

Suppose first that (abg)® = a"b"cg. Then (a"b"cg)* = abg, (a"'b71g)* = a~"b™"cg, and (a"b ™"cg)* =
a~1b71g. It follows that either m+n = 2 or m+n = 2. If m+n = 2 then, since m # n, we have that m # 1 and
m—1 bl—mc

a*=b, 0" =a,c"=c¢c, g"=a g.

If m + n = -2, then since m # n, we have n # —1 and

at = a—l[ b = b_l, &= c, ga — a—l—nb1+ncg'
Suppose now that (abg)? = a~'b~'g. Then (a7'b7'g)? = abg, (a"V"cg)? = a~"b™"cg, and (a~"b~"cg)P = a™b"cy.
By a similar argument as above, one can get that

d=b¥=at! F=c g =y

Consequently, either Sy = S1 = {abg, a"b*"cg, a—'b~1g, a"2b~"cg}, where m # 1, or

—2-n bn —nbn+ZC

So =S, = {abg, a cg,a”'b g, a g},

where n # —1. In addition, replacing —n with m, it can be seen that S, = S;. Moreover, it can be easily
seen that G can indeed be generated by Si. Namely, since (abg)’ = g we have g,ab € (S1). Then, since
a"b?>"cg € (S1), we get that a"b* "¢ € (S;). Further, since (a"b* ") = c, also c,a"b*™ € (S1). Now, since
a"b?>" = a"b"p> 2", m # 1, and ab € (S1), we get that b>72" € (S;). Finally, the fact that b7 = a implies that
G =(59).

Suscase 1.2. Leti # j.

Take an automorphism o of G such that a’ = a'b/, b’ = a/b', ¢° = ¢, and ¢° = g. Then (ag)° = a'b/g and
S=5,7" = lag, a"b"cq, (ag)™*, (@"b"cg)™'} = {ag, a"b"cqg, b9, a"b"cq),

where a”bcg = (@"' b cg)” .

Suppose first that (ag)* = a™b"cg. Then (a"b"cg)* = ag, (b-'g)* = a™"b™"cg, and (a"b"cg)* = b~'g. In
addition, either m +n = 1orm+n = —1. If m+ n = 1 then, since {ag, acg, b~'g, b~'cg} cannot generate G, we
have that m # 1. Thus «a is mapping according to the rule: a* = b, b* =4, c* = ¢, and g% = a"b™"cg. If on the
other hand m + n = -1 then, since {ag, b‘lcg, b1 g, acg} cannot generate G, we have that n # -1, and hence
a is mapping according to the rule: a* =a™!, b* = b7, ¢* = ¢, and g* = a "b"cy.

Suppose now that (ag)f = b~'g. Then we have that (b~'9)? = ag, (a"b"cg)? = a""b"cg, and (a""b""cg)f =
a"b"cg. Whenever m +n =1 or m + n = —1, we can get that  is mapping according to the rule: a# = b1,
bP =a!, f = ¢, and gf = g. Thus, we can conclude that either Sy = S3 = {ag, a"b*cg, b'g, a™ b " cg},
where m # 1, or So = Sy = {ag, a™"1b"cg, b~1g,a"b" cg}, where n # —1. Moreover, replacing —n with m, it
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can be easily seen that Sy = S;. Also, since (ag)* = ab and aga™b'"cg = a*"b"c, we get that c,a> "b™ € (S3).
Further, the facts that a>"b™ = a>"2"a™p™, m # 1 and ab € (S3) combined together imply that a>~2" € (S3).
Since ag € (Ss3), it follows that g € (S3). Finally, since a7 = b, G is indeed generated by S.

Now considering the automorphism y of G defined by @’ = az, b’ = b2, ¢’ = ¢, and ¢ = a2b™21g we get
that S, = {ag, a" b'~"F cg, b~'g, a" ~'b~ "7}, where m # 1. Thus we only need to consider the generating

set S3 = {ag, a"b'""cg, b~'g, a" b "cg}, where m # 1.

Cask 2. Aut(G, So) = {a) = Z4, where a is such that a® = a''b/1, b% = al'b"*, ¢* = ¢, and g* = a*b *cg.

Suscase 2.1. Leti = j.

Since ab € Z(G), G can be generated by So (where p t iand p + m’ + n’) if and only if m" # n’. Now take an
automorphism o of G such thata® = a', 1° = V', ¢° = ¢, and g° = g. Then (abg)° = a'b’'g, and consequently

S=5" = labg, a"b"cg, (abg)~*, (a"b"cg)™"} = {abg, a"b"cg, a'b"'g,a"b " cq},

where a”bcg = (@ b cg)°, and m # n.
Suppose first that (abg)* = a™b"cg. Then (a"b"cg)® = a~'b~tg, (a"b71g)* = a™"b"cg, (a™"b""cg)* = abg.
Hence either m + n = w or m + n = —w, where w? = —4. If m + n = w then since m # n, we have that m # 7.

It follows that a® = a'b5 7, b* = a2 b, ¢* = ¢, and g% = a" 5b>"cg, where i = tDot22m " 1¢ o the other

i . 22m-w) ° o
hand m + n = —w then, since m # n, we have that n # —%, and so a® = a2 p = g~ ® = ¢, and
g* =a"27"b2""cg, where i = —27;’27" (Z;})“’

Suppose now that (abg)® = a™"b"cg. Then (a"b"cg)* = a”'b™'g, (a"'b71g)* = a™b"cg, and (a"b"cg)* =
abg. Hence, either m + n = w or m + n = —w, where w? = —4. If m+n = w then, since m # n, we have
that m # ¢, and thus a® = a'b™27, b = 727, ¢* = ¢, and g% = a""2b2 "cg, where i = (1_2"(12);’—;2";_2 If
however m + 1 = —w then, since m # n, we have that n # —%, and so a® = a'b? ™, b* = a2 7V, ¢* = ¢, and
g* = a7bE g, where i =

We can conclude that either So = S5 = {abg, a"b* "cg, a~'b~'g, a" b "cg}, where m # ¢, or Sy =
Se = fabg, a~“"b"cg, a"'b~'g, a7"b"*“cg}, where n # —%. Moreover, replacing —n with m, it can be easily
seen that S5 = S¢. Also, the group G is indeed generated by Ss. Namely, since (abg)’ = g we have that
g,ab € (Ss). Further, since a"b”"cg € (Ss), also a”b”"c € (Ss), and the fact that (a™"b“™™c)? = c implies that
¢, a"b*™™ € (Ss). Finally, since a"b“™™ = a"b"b“~*", m # %, and ab € (Ss), it follows that b“~*" € (S5). Now
this fact and Y = a combined together imply that G = (Ss).
Subcase 2.2. Leti # j.

Take an automorphism ¢ of G such that a° = a'b/, b° = a/b’, ¢° = ¢, and ¢° = g. Then (ag)’ = a'b/g, and
consequently

S= So(f1 = {ag, a"b"cy, (ug)_l, (a’"b"cg)_l} = {ag, a"b"cy, b‘lg, a"b"cyg},

where a"b'cg = (@' b cg)’ .

Suppose first that (ag)* = a™b"cg. Then (a"b"cg)* = b~1g, (b"1g)* = a™"b"cg, and (a "b"™"cg)* = ag. Also,
either m+n = e or m+n = —¢, where €2 = —1. If m + n = ¢ then, since lag, a%b%cg, b‘lg, a%b‘%cg}
cannot generate G (namely, for ¢ € Aut(G) such that a? = a?, b% = b?, ¢? = ¢, and ¢* = a~'bg we have
lag, aF'bT cg, b'g, a7 b~F cg)? = labg, a*becg, a~'b~'g, a b *cg}), we have that m # L. It follows that

a% = aibs—i, b = as—ibi’ & = c, andga — am—ibi—mcg/

where i = Z&2H If on the other hand m + n = —¢ then, since G cannot be generated by

{ag, ar b_%cg, by, a%b%cg},
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we have thatn # —% and so

—s—i—nbs+i+n

a® =ab=¢7 b = a7, ¢ = ¢, and g =a cg,
where i = —(;;i)fln
Suppose now that (ag)* = a™"b™"cg. Then (a™"b"cg)* = b~'g, (b™19)* = a"b"cg, and (a"b"cg)* = ag. Also,
either m+n = eorm+n = —¢, where €2 = —1. If m + n = ¢ then, since lag, a%b%cg, b‘lg, a%b‘%cg}

cannot generate G, we have that m # %, and thus

aa - alb*é‘*l, ba — a*é’*lbl, CLY — C, and ga — am*é'*lbé'iﬂfm

cg,

. *(1-m)— . l1oe, e+l _ el g el
where i = E&_m‘g)_lm . If however m +n = —¢ then, since {ag, a2 b~% cg, b™'g, a5 b7 cg} cannot generate G,

we have that n # -1, and consequently

a® = aibs—i’ b = ae—ibi, &= c, and ga — a—i—nbi+ncg’
n(e-1)-1
2n+e+1 °
We can conclude that either Sp = Sy = {ag, a"b* ™cyg, b‘lg, a"¢b™"cg}, where m # %, orSy =Sg =

lag, a7"tb"cg, b~'g,a "b"*cg}, where n # —%. Further, replacing —n with m, one can see that Sg = Sy. That
G is indeed generated by S; can be seen in the following way. Since (ag)> = ab and aga™b¢"cg = a**1"b",
we have that ¢,a*"1™"b" € (S;). Then, since a**1™"p" = g+ 1=2mgmpm 1 # <1 and ab € (S;), we get that
at+1=2m € (S;). Finally, since ag € (Sy), it follows that also g € (S;). Now the fact that 4/ = b implies that
G =(Sy).

where i =

Now considering the automorphism y of G defined by

a’ = a%, b= b%, ¢ =c,andg’ = a%b‘%g,

gives that S5” = {ag, a"7 b% "% cg, b™'g, a" b~ cg), where m # 2. So we only need to consider the
generating set S; = {ag, a"b*"cg, b'g, a"¢b~"cg}, where m # <! and ¢* = —1. Observe also, that this
implies that p = 1 (mod 4).

We have proved that when Aut(G, Sy) = Z, X Z, there always exists an automorphism ¢ of G such that
So° =S = {ag, beg, b~'g, a'cg}. Moreover, Aut(G, S) = (a, B), where

a*=b,b"=a,c"=c g = cgaﬁ =b L, =0 cF=c¢ andg'g =g.

One the other hand when Aut(G, Sp) = Z, there always exists an automorphism 6 of G such that So° = § =
lag, btcyg, b1 g, a_cg}. Moreover, in this case Aut(G, S) = (p), where

el
2

el el e 1-¢ e
a=a7bz2,bP=a7b7,c’=c,andg’ =a 7 b2 cyg.

Observe also that the following hold:

(1) If €2 = -1 then {ag, bicg, b~'g, a~tcg}™ = {ag, b=¢cg, b~'g, atcg}, where 7 is an automorphism of G
mapping according to the rulea® = b7%,b* =a7%, c" = ¢, and g* = cg.

(2) Since agbcg = a’c, (a*c)?> = a*, (@*c)) = ¢, @ = b and p is an odd prime, we can conclude that
(lag, beg, b™g, alcg}) = {ag, beg) ={a, b, ¢, g) = G.

(3) Let &2 = —1. Then agb‘cg = a'*c, (a'*¢c)*> = a>1+9), and (a'*¢c)? = c. Since p is an odd prime and a? = b,
we can conclude that ({ag, bécg, b=1g, a~tcg}) = (ag, bcg) ={a, b, ¢, g) = G.
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a’bg a'b’g b’g b’cg a'b’g a’b'cg  ab’cg ab’cg a’b'cg a’bg a’ge

Figure 2: A local structure of the graph CN sz.

To finish the proof, it is sufficient to prove that the graphs
Cay(G, {ag, beg, b™'g, a 'cg}) and Cay(G, {ag, bicg, b™'g, a~*cg})

are normal Cayley graphs.

First, let X = Cay(G, {ag, bcg, b~'g, a'cg}), let A = Aut(X) and let A} be the subgroup of the stabilizer A;
fixing the set S = {ag, bcg, b™'g, a~'cg} pointwise. Then, since the 2-arc (1,ag,a 'bc) lies on a 6-cycle but the
2-arc (1,ag,ab) does not, one can see that A} fixes every vertex at distance 2 from 1 in X (see also Figure 2).
By connectivity of X and transitivity of A on V(X), A] fixes every vertex in X and hence A] = 1. It follows
that Ay = A < S4. Since Aut(G, S) = Z3 < Ay < Sy, we have that A; € (Z3, Dg, Ay, S4}. If A1 € {A4, Sy} then
there exists a permutation 6 in A; of order 3. We can, without loss of generality, assume that ¢ fixes ag, and
cyclically permutates the other three neighbors of 1. But, however, considering the images of the vertices at
distance 2 from 1, one can see that this is impossible (see Figure 2). If A; = Dg then we may, without loss of
generality, assume that there exists an involution y € A; such that y ¢ Aut(G, S), (ag)” = ag, (b™'g)’ =blg,
(beg)” = a~lcg and (a7lcg)” = beg. However, ab is a common neighbor of ag and beg in X, but there is no
common neighbor of ag and a™'¢g, and thus this case cannot occur. It follows that A; = Aut(G, S) = Z3, and
so X is a normal one-regular Cayley graph as claimed.

Now let X = Cay(G, {ag, b°cg, b™'g, a~*cg}), let A = Aut(X) and let A} be the subgroup of the stabilizer
Aq fixing S pointwise. Then considering 6-cycles passing through the vertex 1 one can see that Aj fixes all
the vertices at distance 2 from 1 in X (see also Figure 3). Then, connectivity and vertex-transitivity of X
combined together imply that A} fixes every vertex of X and hence A} = 1. It follows that A; = A} < S,.
Since Aut(G,S) = Zy < A1 < S4, we have that A; € {Z4,Dg, S4}. If A; € {Dg, S4} then, without loss of
generality, we may assume that there exists an involution C € A; such that C ¢ Aut(G,5), (ag)C = ag,
(b719)¢ = b7g, (bécg)t = a~tcg, and (a~“cg)* = (b°cg). Since there is no 6-cycle passing through b~'g, 1, ag and
ab, it follows that C fixes ab. On the other hand, since C normalizes a Sylow p-subgroup P of G (P < A, see
Theorem 5.1), we have that (xy)° = 1R60C = 1ERORWE = TRORG = R(x)CR(y)¢ = 1RWIRW = xCyC for
every x,y € (a,b). In other words, C induces an automorphism on {a, b). Thus, C fixes {ab) pointwise, and,
in particular, C fixes both a°b® and a~¢b~¢, a contradiction. This means that A; = Aut(G, S) = Z4, and thus X
is a normal one-regular Cayley graph as claimed.

O
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bz+1c . az+zcg

1

O ab*cg

O a'b*g

. a-a-1b£g
O a”bg
. a-2£-1g

ab® O a*b’cg

Figure 3: A local structure of the graph CN' ipz.

Lemma 4.3. Cﬂ}lpz = CNipz.

Proof. Let Gél}pz = (a,bla% =V = 1,ab = ba) = Zy, X Z,, and let G?;pz ={ab,c gla? = b =c* =
7 = [a,b] = [c,g9] = [a,c] = [bc] =1,a7 = b, b7 = a). Then the automorphism group of CNZP2 =
Cay(Gipz, {ag, beg, b~'g, a~lcg}), is equal to Aut(CN' sz) = R(Gzpz) Al = R(Gipz) x(a, By = Gipz > 73, where
a*=b,b*=a,c*=c¢, g% =cg,a =b L =01 cF =g g’ =g.

Let H = (R(ag)a, R(D)). Then it is easy to see that H = (R(ag)a) X (R(b)) = Gipz. Since Hy < Ay ={q, ) =

Z% and subgroups of order 4 in H are cyclic, we have that H; < A;. Moreover, since (R(ag)a)? is a unique
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element of order 2 in H and 1R@9” % 1, we have that H; ¢ {(a), (B),{ap)}). Thus H; = 1, thatis, H is
a regular subgroup of Aut(CN ipz). Now Proposition 2.6 and Example 3.4 combined together imply that

1 . 3
Cﬂ4p2 = CN4p2. O
Lemma 4.4. CNipz = CNipz.

Proof. Let Gipz ={(a,bla® = b’ =1,a'ba = b*, e* = —1(mod p)), and let Gipz ={a,bc glad =V =ct=g*=
[a,b] = [c,9] = [a,c] = [b,cl =1,a7 = b, 1Y = a). Let 4" be the inverse of 4 in Z, and let r = 47'(e - 1).
Observe that 8r(¢ + 1) +4 =0 (mod 4p) and that 4r # (¢ — 1) in Zy,.

Now define a map « from the vertex set of CN’ 441;72 = Cay(G? ,, lag, bicg, b™1g, a~¢cg}) to the vertex set of

4p2’
CN ipZ = Cay(Gipz, {ab,a™'b¢,ab™!,a~1b7t}) in the following way:
2 s gD
aibjc — a4r(i—j+£+1)+2bi+j
diblg s gD

dbige > MUy
where c and g are involutions in GZPZ. Then

@vl,ag-a'b’)*

(aibj, aj+1big)a — (a4r(i—j)bi+j’ a4r(i—j—l+l)+1bi+j+1)
— (a4r(i—j)bi+jl a4r(i—j)+1bi+j+1) — (a4r(i—j)bi+j, ab - a4r(i—j)bi+j),

(ﬂibj, bscg . aibj)a — (aibf, ajbiJrsgC)a — (u4r(i7j)bi+jl a4r(i+efjfe)71bi+j+s)
— (a4r(i—j)bi+jl a4r(i—j)—1 bi+]'+£) — (a4r(i—j)bi+jl a—lbs X a4r(i—j)bi+j),
(aibj’ b_lg . aibj)a — ({Ilibj, ajbi—lg)a — (a4l‘(i—j)bi+j’ a4r(i—1—j+1)+1bi—1+j)
— (a4r(i—j)bi+j’a4r(1’—j)+1bi—1+]’) — (a4r(i—j)bi+j’ le_l . a4r(i—j)bi+]’),
(ﬂibj, afscg . aibj)a — (aibj, ajfsbigc)a — (a4r(i7j)bi+jl a4r(i7j+s7€)flbi+jfs)

(@ DG+ gAri=D=1pii=ey = (G4i-Dpiti g=1pme . gbi=Dpity,

Similarly, it can be checked that for any edge (u, s - u), we have that (u,s - u)* = (v,5 - v), where

u e ld'ble, aibjg, aibfgc},

v € (gD R Ao i pdrmime)-Tpiky
s € lag, bcg, b'g, a~*cg}, and

5 € {ab,a 'b¢,ab™,a'b7E).

From this it follows that « is an isomorphism from CN/ ipz to CN. ipz. The details are omitted. [

Lemma 4.5. The graphs BW1,(5,1,5), GPS2(4,3,(01) : (1 2)), Cﬂipv i€{0,1}, CNipz, NCZP2 and NC}IPZ, are
pairwise non-isomorphic.
Proof. First, by the remark subsequent to Example 3.1, the graph 8W1,(5, 1, 5) is not isomorphic to any of

the other graphs listed in the lemma. Next, Example 3.2 shows that GPS2(4,3, (0 1) : (1 2)) is not isomorphic
to any of the other graphs listed in the lemma. Then, since the automorphism group of Cﬂgpz has a cyclic

Sylow p-subgroup, Cfﬂg 2 is ot isomorphic to Cﬂipz and CN ipz. Also, Example 3.4 and Lemmas 4.3 and 4.4
combined together show that Cﬂ}lpz and C‘Nip2 are not isomorphic. Namely, the stabilizer of a vertex in
Cﬂ};pz is isomorphic to Zé whereas the stabilizer of a vertex in CN ipz is isomorphic to Z4. Finally, since
the automorphism groups of both N Cgpz and N C}lpz have a minimal normal Sylow p-subgroup and the
automorphism groups of Cﬂ};pv CN. ipz, do not have a minimal normal Sylow p-subgroups, we have that
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none of N/ Cgpz and N/ C}lPZ is isomorphic to CA} ,, CN ‘21102' Moreover, since the automorphism groups of both

pZ/
N Cgpz and N C};pz have an elementary abelian Sylow p-subgroup and the automorphism group of Cﬂgpz has
a cyclic Sylow p-subgroup, which follows that none of N Cgpz and N C}lpz is isomorphic to Cﬂgpz. The result
now follows from the fact that the stabilizer of a vertex in N Cgpz is isomorphic to Z3 whereas the stabilizer

of a vertex in N C}lPZ is isomorphic to Z, (see [23, Lemmas 8.4 and 8.7] and Lemma 2.11). [

5. The classification

X [V(X)] Aut(X) References

BWi(5,1,5) 36 Ga6 2 75 Example 3.1

GPS2(4,3,(01): (12)) 36 [Aut(X)| = 144 Example 3.2

N Cgpz 4%, p>7, given in Lemma 2.11
p = 1 (mod 8) [23, Lemma 8.4]

N Cipz ap?,p > 7, given in Lemma 2.11
orp=1lor3 (mod 8) || [23, Lemma 8.7]

Cﬂgpz 4%, p =1 (mod 4) (Zoyp X Z3) = 2y Example 3.3

CA,, 4p%,p>2 (Zyy X Z,) = 72 Example 3.4

CN ipz 4%, p =1 (mod 4) GZPZ =7y Lemmas 4.2 and 3.6

Table 2: Tetravalent one-regular graphs of order 4p?.

We are now ready to state the main theorem of this paper.

Theorem 5.1. Let p be a prime. Then a tetravalent graph X of order 4p* is one-reqular if and only if it is isomorphic
to one of the graphs listed in Table 2. Furthermore, all the graphs listed in Table 2 are pairwise non-isomorphic.

Proof. Let X be a tetravalent one-regular graph of order 4p*. Let A = Aut(X) and let A, be the stabilizer of v €
V(X) in A. By [39], there is no tetravalent one-regular graph of order 16, and 8W1,(5,1,5), GPS2[4,3,(01) :
(12)] and CA}, are the only tetravalent one-regular graphs of order 36 (see also Examples 3.1, 3.2 and 3.4).
Thus, we may assume that p > 3. Since X is one-regular we have that |A| = 16p?, and thus A is a solvable
group. Let P be a Sylow p-subgroup of A.

Claim: P is normal in A.

Since |A| = 16p? Sylow’s theorems imply that the number of Sylow p-subgroups of A is equal to |A : N4(P)| =
kp + 1. In addition, this number divides 16. Hence, if p > 7 then we clearly have that P is normal in A as
claimed. Now we will prove that P is normal in A also when p € {5,7}.

Let N = O»(A) be the largest normal 2-subgroup of A. Suppose first that [N| = 16 and consider the
quotient graph Xy. Then N < K, where K is the kernel of A acting on V(Xy), Xy is a symmetric graph of
valency 2 or 4, and, by Proposition 2.8, A/K acts arc-transitively on Xy. But then 2 | |A/K]|, which is clearly
impossible since |A| = 16p?. Therefore [N| | 8. Now we distinguish three different cases depending on the
order of N. Let T be a minimal normal subgroup of A.

Case 1. IN| = 1.

Then either |T| = p? or |T| = p. In the former case we have that T = P and thus P < A as claimed. We may
therefore assume that |T| = p. Let Xt be the quotient graph of X relative to the orbits of T, and let K be the
kernel of A acting on V(Xr). Then T < K and A/K acts arc-transitively on Xr. If A/T is abelian then, since
A/K is a quotient group of the group A/T, also A/K is abelian. But since A/K is vertex-transitive on Xr,
Proposition 2.1 implies that it is regular on Xr, contradicting arc-transitivity of A/K on Xr. Thus A/T is a
non-abelian group. Let C = C4(T). Then T < C and, by Proposition 2.2, A/C is isomorphic to a subgroup
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of Aut(T) = Z, 1. It follows that A/C is abelian, and consequently T < C. Let L/T be a minimal normal
subgroup of A/T contained in C/T. Then L/T = Z,,, and therefore P = L < A.

Case 2. IN| = 2.

Then |T| € {p?,p,2}. If |T| = p* then P < A as claimed. Suppose now that |T| = 2, and let C = Ca(T). Then
T < C and, moreover, by Proposition 2.2, |A/C| = 1 which implies that T < C. Let L/T be a minimal normal
subgroup of C/T. Then either |L/T| = p? or |L/T| = p. In the former case it follows that |L| = 2p?, and
consequently P char L 9 A, implying that P < A as claimed. In the later case we have L = Z, X Z,,. Suppose
first that A/L is abelian and consider the quotient graph X; of X relative to the orbits of L. Let K be the
kernel of A acting on V(X;). Then L < K, A/K is a quotient group of A/L, and as such also abelian. But
since A/K is vertex-transitive on X;, Proposition 2.1 implies that A/K is regular on X;, which is impossible
since A/K acts arc-transitively on X. Thus, A/L is a non-abelian group. Let C = C4(L). Then L < C and, by
Proposition 2.2, A/C < Aut(L) = Z, . It follows that A/C is abelian, and so L < C. Let M/L be a minimal
normal subgroup of A/L contained in C/L. Then M/L = Z,, and thus M < A and [M| = 2p%. In addition,
since P char M < A, we have that P < A as claimed.

Assume now that |T| = p. Then an argument similar to the one used above shows that A/T is a non-
abelian group. Let C = C4(T). Then, by Proposition 2.2, we have that A/C < Aut(T) = Z,_1. Thus A/Cis
abelian, which implies that T < C. Let L/T be a minimal normal subgroup A/T contained in C/T. Then
either L/T = Zy, or L/T = Z,. It L/T = Z,, then clearly L = P < A. If however L/T = Z,, then L = Z,, and,
by Proposition 2.2, A/C < Aut(L) = Z,,.; where C = C4(L). Hence A/C is abelian, and consequently L < C.
Now let M/L be a minimal normal subgroup of A/L contained in C/L. Then M/L = Z,, and so |M| = 2p.
But then P char M < A, implying that P < A as claimed.

Case 3. |N| € {4, 8}.

Then either |A/N| = 2p? or |A/N| = 4p*>. Clearly PN/N is a Sylow p-subgroup of A/N and by Sylow’s
theorems, PN/N < A/N. Moreover, PN < A. If [N| = 4 then for p € {5,7} we have that P is characteristic
in PN, and hence normal in A. Also, if [N| = 8 and p = 5 then one can easily see that P is characteristic in
PN and hence normal in A. Therefore we can now assume that [N| = 8 and p = 7. Then N is isomorphic
to one of the following groups: Ds, Qs (the quaternion group), Zg, Z4 X Z, or Z;. Let C = Ca(N). By
Proposition 2.2, we have that A/C < Aut(N). If N # Zg then 7 { |Aut(N)| and hence 72 | |C|, which implies
that P < C. It follows that P is characteristic in PN and hence normal in A. If however N = Z; then N < C
and Aut(N) = PSL(2,7). Observe that |A/N| = 98 and A/C < Aut(N) = PSL(2,7). But Aut(N) = PSL(2,7)
has no subgroup of order 98 since |[PSL(2, 7)| = 168, implying that A/N # A/C, and therefore N < C. Note
also that |C| > 8, but 16 1 |C|. Namely, if 16 | |C|, the fact that A/K acts arc-transitively on X¢, where K is the
kernel of A acting on V(Xc), implies that 2 | |A/K|. But this is impossible since C < K. Therefore 7 | |C|. If
72 4 |C| then |C| =87 = 56. Butthen A/Cis a group of order |A/C| = 2 -7 = 14 isomorphic to a subgroup of
Aut(N) = PSL(2,7), which by Proposition 2.3 is impossible. Therefore 72 | |C|, and consequently P < Ca(N).
It follows that P is characteristic in PN, and thus normal in A. This proves that A always has a normal
Sylow p-subgroup as claimed.

Assume first that P is cyclic. Let Xp be the quotient graph of X relative to the orbits of P and let K be
the kernel of A acting on V(Xp). By Proposition 2.4, the orbits of P are of length p?. Thus |V(Xp)| =4, P < K
and A/K acts arc-transitively on Xp. By Proposition 2.8, we have that Xp = C4 and hence A/K = Dg, forcing
IK| = 2p*. Since A/K is a quotient group of A/P, it follows that A/P is a non-abelian group. Moreover,
K| = sz and thus K is not semiregular on V(X). Then K, = Z, where v € V(X). By Proposition 2.2,
A/C < Aut(P) = Z,-1), where C = C4(P). Since A/P is not abelian, we have that P is a proper subgroup
of C. f CNK # P then CNK = K (K| = 2p?). Since K, is a Sylow 2-subgroup of K, K, is characteristic in
K and so normal in A, implying that K, = 1, a contradiction. Thus, CNK =Pand 1 # C/P = C/(CNK) =
CK/K<A/K = Dg. If C/P = Z, then C/P is in the center of A/P and since (A/P)/(C/P) = A/Cis cyclic, A/Pis
abelian, a contradiction. It follows that |C/P| € {4, 8}, and hence C/P has a characteristic subgroup of order
4, say H/P. Thus, |H| = 4p? and H/P < A/P, implying that H < A. In addition, since H < C = C4(P), we
have that H is abelian. Clearly, |H,| € {1,2,4}. First, suppose that |H,| = 4. Then H, is a Sylow 2-subgroup



Y. Q. Feng, et al. / Filomat 28:2 (2014), 285-303 302

of H, implying that H, is characteristic in H. The normality of H in A implies that H, < A, forcing H, =1,
a contradiction. Second, suppose that |H,| = 2, and let Q be a Sylow 2-subgroup of H. Then Q < A and
Q» = H,. Consider the quotient graph X of X relative to the orbits of Q. Since |Q| = 4 and Q, = Z,
Proposition 2.8 implies that X = Cy» and hence X = Cy2[2K;], contradicting one-regularity of X. Thus, we
have that H, = 1, and since |H| = 4p?, H is regular on V(X). It follows that X is a Cayley graph on an abelian
group with a cyclic Sylow p-subgroup P. By elementary group theory, we know that up to isomorphism
Zyp and Zy: X Z,, where p > 3, are the only abelian groups with a cyclic Sylow p-subgroup. However,
by Xu [41, Theorems 3], there is no tetravalent one-regular Cayley graph on Z,,,, and so H = Z,,» X Z,.
Proposition 2.6 and Example 3.3 combined together now imply that X = Cﬂgpz.

Now assume that P is elementary-abelian. Suppose first that P is a minimal normal subgroup of A, and
consider the quotient graph Xp of X relative to the orbits of P. Let K be the kernel of A acting on V(Xp).
By Proposition 2.4, we have that the orbits of P are of length pz, and thus |V(Xp)| = 4. By Proposition 2.8,
Xp = Cy4, and hence A/K = Dg, forcing |K| = 2p2 and thus K, = Z,. Proposition 2.9 now implies that X is
isomorphic to Cﬂ(p, 4,2), N Cgpz or N Céllpz' However, by Lemma 2.10, Cﬂ(p, 4,2) is not one-regular whereas,

by Lemma 2.11, N C’sz and N Cipz both are one-regular. Conditions on the prime p written in Table 2 follow
from the definition of these graphs (see page 288).

Suppose now that P is not a minimal normal subgroup of A. Then a minimal normal subgroup N of A
is isomorphic to Z,,. Let Xy be the quotient graph of X relative to the orbits of N and let K be the kernel
of A acting on V(Xy). Then N < K and A/K is transitive on V(Xy). Moreover, we have that |V(Xy)| = 4p.
By Proposition 2.8, Xy is a cycle of length 4p, or N acts semiregularly on V(X), the quotient graph X is
a tetravalent connected G/N-arc-transitive graph and X is a regular cover of Xy. If Xy = Cy, and hence
A/K = Dgy, then |K| = 2p and thus K, = Z,. Applying Proposition 2.12 we get that X is either isomorphic
to C*'(p;4p, 1) or to C**(p;4p, 1) . By Lemmas 3.5 and 3.6 and Example 3.4, these two graphs are both one-
regular and they are, respectively, isomorphic to Cﬂgpz and Cﬂ}l 2 If, however, Xy is a tetravalent connected
G/N-symmetric graph, then, by Proposition 2.8, X is a covering graph of a symmetric graph of order 4p. By
Proposition 2.13, there are six tetravalent symmetric graphs of order 4p: Ky 4, C2,[2K1], CJHZP, Cﬂ}lp, C2,p,2)
and gpg. But, since there is no tetravalent one-regular graph of order 16, the automorphism group of g does
not admit a one-regular subgroup, and since, by Lemma 4.1, there is no one-regular Z,-cover of C(2,p, 2),
we only need to consider the covering graphs of Cp,[2K1], Cﬂgp and Cﬂ}lp. Observe that in each of these
three graphs a one-regular subgroup of automorphisms contains a normal regular subgroup isomorphic to
Zy, X Z. Let H be a one-regular subgroup of automorphisms of Xy. Since X is one-regular graph, A is
the lift of H. Since H contains a normal regular subgroup isomorphic to Z,, X Z; also A contains a normal
regular subgroup. Therefore X is a normal Cayley graph of order 4p?. Since A/Z,, = H and Z,, X Z, < H,
there exists a normal subgroup G of A such that G/Z, = Z,, X Z,. The classification of groups of order
4p?, given in [5, 6], and a detail analysis of all these groups give that G is either isomorphic to Zy, X Z,
ortoG=(a,b,c gla? =t =c®=g*=[a,b] =[c,9] = [a,cl = [bcl =1,a7 = b, b7 = a) = (Z, X Zsp) » Z>.
However, by Proposition 2.7, there is no tetravalent one-regular graph on Z, X Z,,, whereas for the latter
group, Lemmas 4.2, 4.3 and 4.4, combined together imply that X is either isomorphic to Cﬂ};pz or to CN ipz.
Since, by Lemma 4.3, graphs listed in Table 2 are pairwise non-isomorphic the proof is completed. [J
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