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Quasi-Special Osserman Manifolds

Vladica Andrejié?

*University of Belgrade, Faculty of Mathematics, Serbia

Abstract. In this paper we deal with a pseudo-Riemannian Osserman curvature tensor whose reduced
Jacobi operator is diagonalizable with exactly two distinct eigenvalues. The main result gives new insight
into the theory of the duality principle for pseudo-Riemannian Osserman manifolds. We concern with
special Osserman curvature tensor and propose new ways to exclude some additional duality principle
conditions from its definition.

1. Introduction

Let us start with the basic notation and terminology used throughout this work. Let R be an algebraic
curvature tensor on a vector space V equipped with an indefinite metric g of the signature (v,n — v). The
sign €x = g(X, X) denotes the norm of X € YV, and it determines various types of vectors. We say that
X € V is timelike (if ex < 0), spacelike (ex > 0), null (ex = 0), nonnull (ex # 0), or unit (¢x € {~1,1}). The
curvature operator R is linked with R by equation R(X, Y, Z, W) = g(R(X, Y)Z, W). For the initial definitions
and deeper explanations of this topic, the reader can consult Gilkey’s book [11].

We need some natural operators associated with the curvature tensor. The polarized Jacobi operator
JXY):V — Visgiven by

JXY)(2) = % (R(Z, X)Y + R(Z, Y)X),

forall X,Y,Z € V. Specifically, the Jacobi operator Jx : V — YV is defined by Jx = J (X, X), which means
that Ix(Z) = R(Z, X)(X) holds for all Z € V. In the case of nonnull X € YV, Jx preserves nondegenerate
hyperspace {X}* ={Y € V:X 1Y}, and we have the reduced Jacobi operator Jx: (X - (X}, given by
Ix = Ixlix+-

We say that R is an Osserman curvature tensor if the characteristic polynomial of Jx is constant on
both pseudo-spheres, in particular on the positive (ex = 1) and the negative (¢x = —1) one. In a pseudo-
Riemannian setting, Jordan normal form plays a crucial role, since characteristic polynomial does not
determine the eigen-structure of a symmetric linear operator. We say that R is a Jordan Osserman curvature
tensor if the Jordan normal form of Jx is constant on both pseudo-spheres.

In this text we study the Osserman curvature tensor R, whose Jacobi operator Jx is diagonalizable for
allnonnull X, and we call such R - diagonalizable Osserman. Diagonalizability is a natural Riemannian-like
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condition, moreover, it is known that every Jordan Osserman curvature tensor of non-balanced signature
(n # 2v) is necessarily diagonalizable [12].

In the Riemannian setting (v = 0), it is known that a local two-point homogeneous space (flat or locally
rank one symmetric space) has a constant characteristic polynomial on the unit sphere bundle. Osserman
wondered if the converse held [16], and this question has been called the Osserman conjecture by subsequent
authors. During the solution of some particular cases of the conjecture, the implication

Ix(Y) =AY = Jy(X) = AX 1)

appeared naturally, and if it holds, it can significantly simplify some calculations. The first results on this
topic were published by Chi [8], who proved the conjecture in the cases of dimensions n # 4k, k > 1. In
his paper he used the statement that (1) holds, if A is an extremal (minimum or maximum) eigenvalue of
the Jacobi operator. Raki¢ hoped that correctness of (1) could offer deeper understanding of the Osserman
conjecture. He formulated the duality principle for Osserman manifolds and proved it in the Riemannian
setting [17]. After that, the duality principle has been reproved by Gilkey [10], and it has become a beneficial
tool for the conjecture solution. Moreover, the best results in this topic were achieved by Nikolayevsky
[13-15], who used the duality principle [14] to prove the Osserman conjecture in all dimensions, except
some possibilities in dimension n = 16.

The variant of the Osserman conjecture has appeared in a pseudo-Riemannian setting. For example,
in the Lorentzian setting (v = 1), an Osserman manifold necessarily has a constant sectional curvature [5].
The observation of Osserman manifolds in the signature (2, 2) become very popular, and it is worth noting
results from [5], which are based on the discussion of possible Jordan normal forms of the Jacobi operator.

This is why we have started investigating the duality principle for Osserman curvature tensor in a
pseudo-Riemannian setting. In a pseudo-Riemannian setting, the implication (1) looks inaccurate, and
therefore we corrected it in the following way [1, 2, 4].

Definition 1 (Duality principle). We say that the duality principle holds for curvature tensor R if for all mutually
orthogonal units X,Y € V, and for all A € R holds

Ix(Y) = exAY = Jy(X) = eyAX.

The duality principle for Osserman curvature tensor works for every known example, however we
failed to prove it in general. In our previous work [1, 2, 4] we gave the affirmative answer only for the
conditions of small index (v < 1) or low dimension (n < 4). In this text, we restrict our attention to small
numbers of eigenvalues of the reduced Jacobi operator.

The simplest case is the diagonalizable Osserman curvature tensor whose reduced Jacobi operator has a
single eigenvalue, and it has to be a real space form (constant sectional curvature) [9]. This is the reason why
we devote our attention to the first nontrivial case, the diagonalizable Osserman curvature tensor whose
reduced Jacobi operator has two distinct eigenvalues, and we call it a two-leaves Osserman (Definition 3).
The duality principle holds for n < 4 [1-4], but every connected pointwise two-leaves Osserman manifold
is a globally Osserman for n > 4 [2, 9]. This is why we put the problem into a pure algebraic concept with
an algebraic Osserman curvature tensor instead of working with an Osserman manifold and associated
tangent bundles. The more precise introduction and motivation of our specific problem will be given at the
beginning of Section 4.

Our paper is organized as follows. Section 1 is devoted to the general introduction and motivation of
the topic. Section 2 presents some original preliminaries, mostly concerning null vectors. In Section 3 we
define two-leaves Osserman curvature tensor. We introduce valuable notations and give two important
lemmas. Section 4 gives additional specific introduction of a special Osserman curvature tensor. We define
a quasi-special Osserman curvature tensor, prove important lemmas, and try to exclude the specific special
Osserman condition. At the end, we prove that every almost-special Osserman curvature tensor is a special
Osserman.
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2. Preliminaries

This section contains some small original results which we need later in the text. The lemmas are
mostly related to null vectors, especially to totally isotropic spaces (Definition 2). The first lemma shows
an interesting general property of a Jacobi operator.

Lemma 1. For nonzero scalars a, 8,7y, 6 holds

5— —ad
a(a . By) o ﬁ(ﬁyy o) T

ap
Jax+py = %jyxmy +

Proof. This is a simple calculation by definition.
Tax+py = R( - ,aX +pY)(aX +BY) = a®Tx + BTy + 2aBT (X, Y)

Tyxoy = R( -, yX +0Y)(yX +6Y) =2 Tx + 8* Ty + 20T (X, Y)

Let us equate 2.7 (X, Y) from the previous equations.

2 (Tosopy == ) = 5 (T =725 - 0277)

Thus

1

which proves the lemma. [
Definition 2 (Totally isotropic space). A vector space is totally isotropic if it consists just of null vectors.
Lemma 2. Vectors from a totally isotropic space are mutually orthogonal.

Proof. Let X and Y belong to a totally isotropic space U. Then X+Y € U gives0 = ex,y = ex+2g9(X, Y)+ey =
29(X,Y),and thus X L Y. O

Lemma 3. If V is a vector space of the signature (p,q), then for every totally isotropic subspace U < V holds
dim U < min(p, ). Especially dim U < 1 dim V.

Proof. We decompose V = V* & V™ as an orthogonal sum, where V* is a maximal spacelike subspace
of dimension g and V™ is the complementary maximal timelike subspace of dimension p. Without loss
of generality we can assume p < g. Totally isotropic U < V with dim U > p, gives linearly independent
vectors Vy,...,Vp, Vi1 € U. Foralli € {1,...,p + 1} we can decompose V; = P; + Q;, with P; € V* and
Qi € V™. The dimension of V'~ enables an existence of scalars ay, ..., a1, which are not all zero, such

that Zf:ll a;Q; = 0. Thus Zf:ll a; Vi = Zf:ll a;iP; + Zf:ll a;Q; = Zf:ll a;P;. The left side Zf:rll a;V; € U has
zero norm, while the right side Zf:ll a;iP; € V* belongs to a definite subspace. Hence Z’ig:ll a;Vi =0, and

therefore vectors V; are not linearly independent. Especially dim U < min(p,q) < 1(p + ) = 1 dimV. O

Lemma 4. Every null N # 0 from a nondegenerate space “V can be decomposed as N = S + T, where S,T € V and
&g = —e7 > 0.

Proof. Ne V=V*"®V ,soN=S+TwithSeV*and T e V~. V* LV~ gives S L T, and therefore
0=eny=9g(S+T,S+T) = es+er. Since N # 0, we conclude S # 0 and €5 # 0, which finally implies
eg=—e7>0. O
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A decomposition from Lemma 4 is not unique, even in the same plane Span{S, T}. If we set S; =
0S+(1-6)Tand T; = (1 — 0)S + OT for some O > %,thenSl,Tl eVwithS;+T; =5S+T=Nand

9(S1,T1) = g(6S + (1= O)T, (1 — 6)S + OT) = O(1 — O)(es + er) = 0.

Further we obtain ¢s5, = 6%¢5 + (1 — O0)%er = (6> — (1 — 6)*)es = (20 — 1)es > 0, while S; L Ty gives

&, + €1, = €547y = ey = 0 and &5, = —e, > 0. Every 0 > % makes a new decomposition, for example,
_ l+4es 1 53 L)
0 = 5. > 7 gives a natural decomposition

N:(Es+1s+€s—1T)+(€s—1s+85+1T)

285 285 285 285
with €5, = —e, = 1.
New constructions are possible in other planes. If dimV > 2, there exists nonnull W € V, such that

W L Span{S,T}. We want to find a,,y, such that 5y = aS+pT+yWand T1 = (1 - a)S + (1 - B)T —yW,
which assure S; + T; = S + T = N. From the orthogonality S; L T; we have

0= g(51,T1) = a(l - a)es + (1 = Pler — yPew = (@ — a®) = (B = B*))es — e,
and therefore

Yew = (@ =B)(1 - a—pPes. 2
The last condition €g, > 0 gives

0<es = aleg + ﬁzeT + yzew = (a2 — ﬁz)es +(@=B)1—-a-pes = (a—P)es,

which is true for @ > . In the case of spacelike W we choose a + f < 1, while in the case of timelike W
we choose @ + > 1, which according to the equation (2) with & > f determines the final conditions for
a and f. Finally, every a and § limited with the last two inequalities create a new decomposition, where

_ (a=B)(1-a—P)es
yEENT L

Lemma 5. Let U < V be a nondegenerate subspace and X € V be nonnull. Then every null 0 # N € U orthogonal
to X can be decomposed as N = S + T, where S,T € U and €5 = —et > 0, such that vectors X — S and X — T are not
both null.

Proof. We use Lemma4toset N =S+ T,withS,T € U and ¢5 = —e7 > 0. If X — S and X — T are both null,
then0=ex_s =ex—29(X,S) + esand 0 = ex_7 = ex —29(X, T) + e71. Thus

29(X,S) =ex+¢es, 29(X, T) = ex — ¢s. 3)

Sum of the equations (3) is 2g9(X, S) + 2g(X, T) = 2¢x, and therefore 0 = g(X, N) = ex # 0, which completes
the proof. [

Lemma 6. Let U, W <V, U is nondegenerate, and let E : U +— W be a linear function such that E(X) is null for
every nonnull X € U. Then E(U) is a totally isotropic space.

Proof. It is needed to show that E(N) is null for every null N € Y. Lemma 4 decomposes N = S + T, with
S, T € U and €5 = —e7 > 0, and therefore

ES(aS+BT) = EaB(S)+pE(T) = A7€x(s) + rexm) + 2aBg(E(S), E(T)). 4)

Nonnull vectors S and T belong to U, which implies ¢zs) = 0 and egy) = 0. A simple calculation
&2+ = 4eg + €7 = 3es > 0 gives another nonnull 25 + T € U, and therefore ezps.1) = 0. The equation (4),
for @ =2 and g = 1, gives g(E(S), E(T)) = 0. Another look at the same equation, currently for &« = 1 and
B =1, brings ezs+1) = 29(E(S), E(T)) = 0, and finally ezoyy = 0. O
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3. Two-leaves Osserman algebraic curvature tensors

In this section we introduce a concept of the two-leaves Osserman curvature tensor. Here, we establish
the notation and the approach, which we use later in the text to solve some problems related to the duality
principle. It is worth noting that through this section we do not differ eigenvalues of the reduced Jacobi
operator, and therefore every statement has its adequate dual.

Definition 3 (Two-leaves Osserman). Let R be an Osserman curvature tensor on a vector space V of the signature
(v,n —v), such that reduced Jacobi operator Jx is diagonalizable with exactly two distinct eigenvalues exA and exu
for every nonnull X € V. Then we say that R is the two-leaves Osserman.

Diagonalizability and two eigenvalues (¢xA and exu) enable orthogonal decomposition of the vector
space V for every nonnull X.

V = Span{X} @ Ker(Jx — exAld) ® Ker(Jx — exuld)

Let us introduce the following short notation for some important subspaces and their dimensions, which
we use in the forthcoming text.

L(X) = Ker(Jx — exAld), dim £(X) = 1
M(X) = Ker(Jx — exuld), dim M(X) = o
UX) =Span{X} & L(X), dimUX)=1+1=n-0

Since each eigenspace of a self-adjoint diagonalizable linear operator is nondegenerate, all mentioned
subspaces are nondegenerate. The previous decomposition can be written as

V = Span{X} & L(X) & M(X) = UX) & M(X),
and arbitrary Y € V can be decomposed as
Y=X+YL+ Yy,

where Y1 € £(X) and Yu € M(X). The vectors X, Y1, and Yy are all mutually orthogonal, and we use the
opportunity to denote relevant projections with

H.C(X/ Y) = YL/ HM(X/ Y) = YM/ H'L{(X/ Y) = (EX + YL-

The following lemma gives some kind of the linear extension along the line for M spaces using three
points from that line. It is direct consequence of Lemma 1.

Lemma 7 (Three points lemma). Let R be a two-leaves Osserman curvature tensor. If for nonnull vectors X,
Y, and yX + 0Y (y,0 # 0) holds Z € M(X) N M(Y) N M(yX + 0Y), then for every nonnull aX + BY holds
Z € M(aX + BY). If for nonnull vectors X, Y, and yX + 6Y (y,6 # 0) holds Z € L(X) N L(Y) N L(yX + 0Y), then
for every nonnull aX + BY holds Z € L(aX + BY).

Proof. The lemma obviously holds for a = 0, while otherwise («a, § # 0) we apply Lemma 1.

6- —ad
jax"’ﬁy(z) = %xy)/XﬂSY(Z) + M + M

V6 Ix(Z)

Iv(2)

a
Jaxspr(Z) = _ﬁSyXﬂSY[JZ + YUZ

a(ad - ﬁy)exyz N B(By — ad) .
yo 4

0

= (;—/; (y%ex + 6%y +2y09(X, Y)) + a(aéé— £r) ex + Py — a0) Ey) uz
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Tax+pr(Z) = (azex + B2ey +2aBg9(X, Y)) uz

Tax+py(Z) = €axpyliZ

The previous equation means Z € M(aX + BY), which proves the first part of the lemma. The second part
of the lemma is dual, because of the symmetry between pand A. [

Like the previous lemma, we can look for the linear extension along the line for M spaces using only
two points from that line. The next lemma gives possible situations in that case.

Lemma 8 (Two points lemma). Let R be a two-leaves Osserman curvature tensor, such that for nonnull A and B
holds Z € M(A) N M(B). Then for every nonnull aA + BB holds Z € M(aA + BB), or there exists N # 0 such that
for every nonnull aA + BB holds N € L(aA + BB).

Proof. Let A, B,and aA+BB (a, p # 0) benonnull, such that Z € M(A)andZ € M(B). Z L Aand Z L Bimply
Z 1 aA + B, and thus Z can be decomposed as Z = Lug + Mg, where Log = I12(0A + BB, Z) € L(aA + BB)
and Mg = ITp(@A + BB, Z) € M(aA + BB). Let us start with calculations.

Tarrpp(Z) = Tan+ps(Lap) + Tan+pp(Map)

R(Z, aA + ,BB)(aA + ‘BB) = 504A+ﬁB/\La[5 + 5aA+,BBHMa[3

P TA(Z) + B T(Z) + 20T (A, B)(Z)
= €aa+pB(A — (WLap + €aarppli(Lap + Map)

a’eauZ + prepuZ + 20 (A, B)(Z)
= €aa+pB(A — W)Lap + (azeA + 5283 + ZOzﬁg(A,B)) uz

208F (A, B)(Z) = €anspp(A — t)Lag + 2aBg(A, B)uZ

1
a_ﬁEaA+ﬂB(A — WLag = 29 (A, B)(Z) — 29(A, B)uZ
The right hand side of the last equation, N = 29 (A, B)(Z) — 2g(A, B)uZ, does not depend of the choice of
a,p. Thus

1

—&q A —u)Lys = N.

B A+pB(A — 1) Lag ()
Let us suppose that there exist @, # 0, such that L,s = 0. This implies Z = M,g and Z € M(aA + B).
We reach all conditions from Lemma 7, and therefore Z € M(aA + B) for all nonnull aA + B. Otherwise,
Log # 0 for all @, # 0. Due to the equation (5) and the fact that ﬁeamﬁg(/\ — ) # 0, vectors L,g and N are
collinear with 0 # N € L(aA + B). Finally, Lemma 7 enables appending « = 0 and = 0, which completes
the proof. O

4. Quasi-special Osserman algebraic curvature tensors

Many known examples of the two-leaves Osserman curvature tensor have something in common, which
motivate us to introduce some additional conditions.

Definition 4 (Quasi-special Osserman). We say that R is a quasi-special Osserman if it is the two-leaves Osser-
man and for all nonnull X, Y € V holds

Y € UX) = UX) = UY). (6)
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Definition 5 (Special Osserman). We say that R is special Osserman if it is quasi-special Osserman and for all
nonnull X, 7Z € V holds

Ze MX) = X e MZ). @)

Garcia-Rio and Véazquez-Lorenzo proposed the concept of special Osserman manifolds [7, 9]. The
original definition in our terminology can be recognized as Definition 5, which means two-leaves Osserman
with additional conditions (6) and (7). They managed to give the complete classification of special Osserman
manifolds [7, 9]. Let us recall this results.

Theorem 1 (Garcia-Rio, Vazquez-Lorenzo). The complete and simply connected special Osserman manifold is
isometric to one of the following:

1) an indefinite complex space form of signature (2k,2r), k,r > 0,

2) an indefinite quaternionic space form of signature (4k,4r), k,r > 0,

3) a paracomplex space form of signature (k, k)

4) a paraquaternionic space form of signature (2k, 2k), or

5) a Cayley plane over the octaves with definite or indefinite metric tensor, or a Cayley plane over the anti-octaves
with indefinite metric tensor of signature (8, 8).

At the first sight it seems that we have too many conditions in the definition of a special Osserman
curvature tensor. However, this work is the first serious attempt to exclude the condition (7). If we look
closely, we can link that condition with the duality principle. In fact, the additional condition which made
quasi-special Osserman to be special Osserman, is the duality principle for the value u. Let us note that
eigenspaces £(X) and M(X) play different roles now, and the duality principle for the value A is already
included in the condition (6). The aim of our work is to examine if quasi-special Osserman curvature tensors
are necessarily special Osserman. Can we prove that strong quasi-special Osserman condition implies the
duality principle? Unfortunately, this article does not give the final answer to this question, but it contains
good grounds for the future investigations.

Let us remark that special Osserman curvature tensors are not the only examples of two-leaves Osser-
man. For example, let V be a vector space furnished with a metric g and a quaternionic structure, where
{J1,J2,J3 = J1J2} is a canonical basis of that quaternionic structure. Let us define a curvature operator by
R =R + R2, where

RI(X,VZ = g(JX, 2)]Y = g(JY, 2)]X +29(JX, Y)]Z

presents one of the first examples of an Osserman curvature operator. The associated curvature tensor
of such defined R is diagonalizable Osserman, whose reduced Jacobi operator has exactly two distinct
eigenvalues: A = =3 (with multiplicity 7 = 2) and u = 0. Therefore it is a two-leaves Osserman curvature
tensor. However, since for every unit X holds

(LI(X) = Span{X, ]1X, ]2X} * Span{X, ]1X, ]3X} = (L{(hX),

it is not quasi-special Osserman.
The following lemma has a profound effect on our theory of quasi-special Osserman curvature tensors.

Lemma 9 (Weak duality lemma). Let R be a quasi-special Osserman curvature tensor and let A, B € V be nonnull.

Then
€ (BA) _ €I (AB) €TipBA) _ €InAB)  €ly(BA)

Elly(A,B)

7 7

€A €B €A €B €A €B

Proof. Let A = &B + AL + Ay and B = & A + By, + By be decompositions with Ay, = I1.(B,A) € L(B),
Ay = TIpm(B,A) € M(B), BL = T1z(A,B) € L(A), and By = TIp(A,B) € M(A). Our statement is the
consequence of the symmetric property of a Jacobi operator.

9(Ja(B),B) =R(B,A,A,B) =R(A,B,B,A) = 9(Js(A), A)
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9(Ta(&2A) + Ta(BL) + Ta(Bm), B) = 9(TB(&1B) + TB(AL) + TB(Am), A)

g(eaABL + eauBp, E2A + B + By) = g(epAAL + epuAm, E1B + AL + Apyp)

9(eaABr, Br) + g(eauBu, By) = g(epAAr, AL) + g(epiAm, Anm)

eaep A+ eaepy il = €pea, A + EBEAL U

(eaep, — eea, )A = (epeay — €aEBy, U (8)

The initial decompositions for A and B provide the following scalar products: ¢4 = cf%EB +éea +Eay, €B=

&ea + e, + e, 9(AB) = &1ep, and g(B,A) = &ea. Hence eaep = &2¢2 + epea, + epén, and epeq =

2.2 4 oo . 2.2 _ 2 _ 2,2 . . .
&5¢5 +eagp, + eagp,. Because of &ley = (9(A,B))” = &5€% the previous equations give

epea, +epeay = eaep — (9(A,B)) = eaep, + acen,,
and therefore

EAER, — EBEA, = EBEAy — EAEBY- (9)
Finally, using the fact A # u, equations (8) and (9) imply

eaep, — €pea, =0 = €pea,, — €AEBy,-

€A €B €A €B . . ET(AB
Thus — = — and —* = —*, which are equations nd MAB) - At the end
EA EB EA EB EA EB EA EB

€I,(B,A) _ €IIz(AB) a ENpm(BA)

EMy(BA) _ €A~ EOuBA) _ B~ ElluAB) _ Ely(AB)

e €A ep e
which completes the proof. [

Lemma 9 has important consequences, especially in special cases. In the case of B € L(A), holds
ITp(A, B) = 0, and therefore ey, 5,4) = €4,, = 0. In the case of B € M(A), holds I'l;(A, B) = 0, and therefore
erga) = €4, = 0. The duality principle for B € L(A) gives Ay = 0, instead of ¢4,, = 0, which justifies the
name "Weak duality lemma”.

One of the key questions is a possible existence of a nontrivial intersection of U(A) and U(B). The next
lemma gives some useful limits in that direction.

Lemma 10. Let R be a quasi-special Osserman curvature tensot, such that U(A) N U(B) # 0 holds for some nonnull
A,BeV. Then ETIp(B,A) = 0.

Proof. The lemma condition enables existence of N with 0 # N € U(A) N U(B). N is null, otherwise
A€ UA) = UNN) = U(B), and TTy(B,A) = 0. Lemma 4 decomposes N € U(B) with N = S + T, where
S,T € U(B) and €5 = —er > 0. Let us apply Lemma 9 twice, firstly on the pair S, A and then on the pair T, A.

EMpm(AS)  ETIp(SA)  ETIMAT)  EMp(TA)

7

Es EA ET EA

S, T € U(B) gives U(S) = U(B) = U(T), and therefore M(S) = M(B) = M(T) = U(B)*. Hence ITy(S, A) =
IIm(B, A) = IIpm(T, A), which implies

EpAS) _ EluBA) _ EuAD

es  ea er
5 = Tu(A,5) + TIy(A,5), 50 T = N=§ = (N = TIy(4,9)) + (-TIy(4,5)), where N — Tlu(4, 5) € UA)
and —TTy(A, S) € M(A). This is why ITy(A, T) = —TIx(A, 5), and since the sign does not effect the norm,
EMp(AT) = €My (AS)- Thus arise
EMIM(AS) _ ETIp(AS)

- 7

€s ér
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therefore €5 = —er implies e, a,5) = 0, and finally e, .4) = 0 holds. [

We proved important lemmas and everything is prepared for the final result. Let R be a quasi-special
Osserman curvature tensor and let A and B be arbitrary nonnull such that B € M(A). The basic idea
for completing the proof is to show U(B) < M(A), because it implies A L M(A) > U(B), with the final
A € U(B)* = M(B) and R has to be a special Osserman.

Let us start with the important subspace # defined by

P = M(A) N M(B).
Its dimension can be evaluated by V > M(A) + M(B).
dim V > dim(M(A) + M(B)) = dim M(A) + dim M(B) — dim P.

Thus dim® > n — 2(t + 1), and therefore dimP+ = n — dim®P < 2(t +1). U(A) L M(A) D P and
U(B) L M(B) > P give U(A) + U(B) L P, and thus U(A) + U(B) < P-.
On the other hand, the initial condition B € M(A) means ITy((A, B) = B. Lemma 9 gives

€A €A
ETy(BA) = — " EMyAaB) = — "€ = €4 £ 0,
€B €B

and therefore by Lemma 10
UA)NUB) =0.

This is why U(A) + U(B) is a direct sum and accordingly dim(T(A) + U(B)) = 2(7 + 1). Comparing this
with the previous results (U(A) + U(B) < P+ with dim P+ < 2(7 + 1)), we conclude dim P+ = 2(t + 1) and
finally

P+ = UA) & UB).

Every X € U(B) can be decomposed as X = Ily(A, X) + IIpm(A, X). In the case of nonnull X we have
U(X) = U(B), and applying Lemma 9 twice (on the pair A, X and on the pair A, B) gives

y(AX) _ €uXA) _ EluBA) _ EluAB) _

0,
&x €A A €B

since B € M(A) implies Ily(A, B) = 0. Thus e, 4,x) = 0 holds for every nonnull X € U(B). The projection
E:UB) - UA) given by E(Y) = I1y(A, Y) is linear, and therefore Lemma 6 extends er1,,(4,x) = 0 for every
X € U(B), which can be written as

X =Ty (A, X) + TIpu(A, X), emy@ax) = 0. (10)
Let us define new important subspaces S and ¥ with
S :={Ily(A, X) : X e UB)}, F := M(A) N U(B).

A space Sis a subspace of V as a projection. Moreover, by (10), it is a totally isotropic subspace of U(A), and
according to Lemma 3 dim S < Tzﬂ holds. Itis not difficult to notice that dimS+dim ¥ = dim U(B) = 7 +1,
which implies dim# > %1, Of course, we need dim ¥ = 7 + 1 to show U(B) < M(A) and solve our
problem. This is why we assume existence of some D € U(B), such that IT¢(A, D) # 0. It is easy to find
nonnull D with the same properties, because if D is null we choose D’ = D + 6B € U(B) for some 0 with

0 #0and 0 # 2222 Thus
ep = ep +209(D, B) + 0%ep = 0(2g(D, B) + Oep) # 0,

and D’ € U(B) is nonnull with Il¢/(A, D") = T1y(A, D + 6B) = I1y(A, D) # 0.
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After the previous argument we have nonnull D = E + C € U(B), with E = T1¢(A,D) # 0 and C =
ITpm(A, D). Since S is totally isotropic, E € S is null, and therefore ec = ¢p and C is nonnull. Both E and
C are orthogonal to E, and therefore E L E+ C = D. Lemma 5 applied on null E € U(A) regards nonnull
D 1 E gives a decomposition E = S+ T, with 5, T € U(A) and €5 = —er > 0, where either D~ Sor D - T is
nonnull. Without loss of generality we can assume that D — S is nonnull.

Because of # ¢ M(B) = M(D), P ¢ M(A) = M(S), and U(D) N U(S) = UB) N U(A) = 0, Lemma 8
gives P € M(D - S). The fact ITp(T,D — S) = TIp(A, D = S) = IIp(A, D) = C gives e, 1p-s) = éc # 0,
and therefore Lemma 10 implies (D — S) N U(T) = 0. We have P ¢ M(D - S) and P € M(T), so another
application of Lemma 8 gives # ¢ M(D - S —-T) = M(C).

The facts P ¢ M(C) and U(A)NU(C) = 0 (C € M(A) and Lemma 10), after a similar technique, establish
PL=UA)dUC).

Subspaces S and M(A) are both orthogonal to S, s0 S L S + M(A) > U(B), and therefore S L U(B).
It gives S < U(B)* = M(B), and finally S < M(B) N P+. Since E € S, the decomposition C = D — E has
D € U(B) and —E € M(B). Consequently ITp((B, C) = I[Ip(B, D — E) = —E € S, and therefore

ETIp(B,C) = 0. (11)

The equation (11), using Weak duality lemma, guarantees null ITy((X, Y) and null ITy(Y; X) for all nonnull
XeUB)and Y € U(C).

EMp(XY) _ EMp(X) _ EMuCX)

EMp(X,C) _ EMpBO) 0
Ey EX EX Ec Ec ’

Let us define subspaces H and Z by
H :={I[Ipm(B,X) : X e UC)}, Z :=UB)NU(C).

The previous consideration gives null ITy((B, X) for all nonnull X € U(C). Lemma 6 can easily extend
ery@x) = 0 for all X € U(C), and therefore H is totally isotropic. The condition (6) with U(B) # U(C)
implies that Z is totally isotropic, too.

We need to prove that £+ is nondegenerate. Let (By, By, ..., B;) be a pseudo-orthonormal basis of the
nondegenerate space U(B). Let us decompose

Bi=A;+D;, A = HW(A,BZ) €S, D; = HM(A, Bl) S M(A),
forevery i€ {0,1,..., 7}. Hence
9(Bi, Bj) = g(Ai + Di, Aj + Dj) = g(Ai, Aj) + 9(Di, D)) = 9(Dj, D)),

and therefore (D, D1, ..., D;) is a pseudo-orthonormal basis of the space M(A) N P+. This is why P+ =
U(A) & (M(A) N P+) is nondegenerate as an orthogonal sum of nondegenerate spaces. M(B) N P+ is a
nondegenerate space of dimension 7 + 1 and H is its subspace. This is why Lemma 3 gives dim Z < Z
and dim H < Z. Once again, it is not difficult to see that dim Z + dim ‘H = dim U(C) = 7 + 1, which gives
the only possible case

T+1

dimZ = >

=dimH. (12)

Let us stop here and introduce the following definition in order to explain some results.

Definition 6 (Almost-special Osserman). We say that R is almost-special Osserman if it is two-leaves Osserman
and for all nonnull X, Y € V holds

UX) NUY) # 0 = UX) = UY).
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It is easy to see that special Osserman curvature tensor is almost-special Osserman, and that almost-
special Osserman is quasi-special Osserman. Almost-special Osserman curvature tensors allowed only
trivial intersections of U spaces, and consequently dim Z = 0. This contradicts the equation (12), and the
following theorem holds.

Theorem 2. Almost-special Osserman curvature tensor is special Osserman.

Let us give the final remark. The duality principle for an Osserman curvature tensor is a very complex
problem. The present author is not aware of any counterexample, although we failed to prove the duality
principle, even under very strong additional conditions. It seems that the solution of our quasi-special
Osserman problem is not far away, because of the equation (12), which looks peculiar. For example, it
immediately solves the problem in the case of even 7. This is why we hope for an affirmative answer of the
problem in our future investigations.
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