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Abstract. In this paper, we introduce the notions of cyclic (@, B)-admissible mappings, («, 8)-(i, ¢)-
contractive and weak a —  — 1)— rational contraction mappings via cyclic («, f)-admissible mappings.
We prove some new fixed point results for such mappings in the setting of complete metric spaces. The
obtained results generalize, unify and modify some recent theorems in the literature. Some examples and
an application to integral equations are given here to illustrate the usability of the obtained results.

1. Introduction

In the fixed point theory of continuous mappings, a well-known theorem of Banach [3] states that if (X, d)
is a complete metric space and if f is a self-mapping on X which satisfies the inequality d(fx, fv) < kd(x, v)
for some k € [0,1) and all x,y € X, then f has a unique fixed point z and the sequence of successive
approximations {f"x} converges to z for all x € X. On the other hand, the condition d(fx, fy) < d(x,y)
does not insure that f has a fixed point. In the last decades, the Banach’s theorem [3] has been extensively
studied and generalized on many settings, see for example [1] and [4]-[35].

In 2008, Dutta and Choudhury [12] proved the following theorem:

Theorem 1.1. Let (X, d) be a complete metric space and f : X — X be a mapping such that

P(fx, fy) < Pld(x, y)) - p(x, y)),

forall x,y € X, where 1, ¢ : [0, +00) — [0, +00) are continuous, non-decreasing and P (t) = ¢(t) = 0 if and only if
t = 0. Then, f has a unique fixed point x* € X.

Notice that above Theorem remains true if the hypothesis on ¢ is replaced by “¢ is lower semi-continuous
and ¢(t) = O ifand only if t = 0” (see e.g. [1, 11]).

Recently, Samet et al. [31] introduced the concept of a-i-contractive type mappings and established
various fixed point theorems for such mappings in complete metric spaces. Very recently, Salimi et al. [30]
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modified the concept of a--contractive type mappings and established some new fixed point theorems for
certain contractive conditions (Also see [13, 17, 22] and references therein)

Motivated by [30], we introduce the notions of (a, f)-({, ¢)-contractive and weak a — § — - rational
contraction mappings via cyclic (a, f)-admissible mappings and establish some results of fixed point for
this class of mappings in the setting of metric spaces. The obtained results generalize, unify and modify
some recent theorems in the literature. Some examples and an application to integral equations are given
here to illustrate the usability of the obtained results.

2. Main Results

We denote by W the set of continuous and increasing functions ¢ : [0, +c0) — [0, +o0) and denote by @
the set of lower semicontinuous functions ¢ : [0, +00) — [0, +00) such that ¢(t) = 0ifft = 0.

Let X be a nonempty set and let f : X — X be an arbitrary mapping. We say that x € X is a fixed point
for f, if x = fx. We denote by Fix(f) the set of all fixed points of f.

Definition 2.1. Let f : X — X be a mapping and a,p : X — R* be two functions. We say that f is a cyclic
(a0, B)-admissible mapping if

(i) a(x) 21 forsomex € X implies B(fx) =1,
(ii) B(x) 2 1 for somex € X implies a(fx)>1.

Example 2.2. Let f : R — R be defined by fx = —(x + x°). Suppose that &, : R — R* are given by a(x) = e* for
all x e Rand B(y) = e~ Y forall y € R. Then f is a cyclic (a, B)-admissible mapping.

Indeed, if a(x) = e > 1, then x > 0 which implies —fx > 0. Therefore, f(fx) = e > 1 Also, if
B(y) = e Y > 1, then y < 0 which implies fy > 0. So, a(fy) = f¥>1.

Definition 2.3. Let (X, d) be a metric space and f : X — X be a cyclic (a, B)-admissible mapping. We say that f is a
(a, B)-(, §)-contractive mapping if

a()By) 2 1= Y(fx, fy)) < P(d(x, ) = pd(x, y)), 1)
forx,y € X, where € W and ¢ € D.

Now we are ready to prove our first theorem.

Theorem 2.4. Let (X, d) be a complete metric space and f : X — X be a (a, p)-(¢, p)-admissible mapping. Suppose
that the following conditions hold:

(a) there exists xo € X such that a(xo) > 1 and B(xp) = 1;
(b) f is continuous, or
(c) if {x,} is a sequence in X such that x, — x and B(x,) > 1 for all n, then p(x) = 1;
then f has a fixed point. Moreover, if a(x) > 1 and p(y) > 1 for all x,y € Fix(f), then f has a unique fixed point.

Proof. Define a sequence {x,} by x, = f"xo = fx,_1 foralln € IN. Since f is a cyclic («, f)-admissible mapping
and a(xp) > 1 then B(x1) = B(fxo) = 1 which implies a(x;) = a(fx;) > 1. By continuing this process, we get
a(xz,) = 1 and B(x2,-1) = 1 for all n € IN. Again, since f is a cyclic (@, f)-admissible mapping and f(xo) > 1,
by the similar method, we have B(x2,) > 1 and a(xp,-1) > 1 for all n € IN. That is, a(x,) > 1 and S(x,) > 1 for
all n € N U {0}. Equivalently, a(x,,—1)(x,) > 1 for all n € IN. Therefore by (1), we have

IP(d(xnlxl’Hl)) < lP(d(xn—lr Xn)) - ¢(d(xn—1r xn)) < I]D(d(xn—lr xn))/ (2)
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and since v is increasing, we get
A, Xn+1) < d(Xn-1,Xn),

for all n € IN. So, {d, := d(x,, x44+1)} is @ non-increasing sequence of positive real numbers. Then there exist
r > 0 such that lim, . d, = r. We shall show that » = 0.
By taking the limsup on both sides of (2), we have

P(r) < P(r) = ().
Hence ¢(r) = 0. Thatis r = 0. Then
lim d(x,, X41) = 0. 3)

n—o0

Now, we want to show that {x,} is a Cauchy sequence. Suppose, to the contrary, that {x,} is not a Cauchy
sequence. Then there are € > 0 and sequences {m(k)} and {n(k)} such that for all positive integers k,

l’l(k) > m(k) >k, d(xn(k), xm(k)) > & and d(xn(k),xm(k)_l) <E.
Now for all k € IN, we have

e < d(Xug), Xmky) <A@, Xm-1) + AXmg)-1, Xmk))
< e+ d@Xm@-1, Xme))-

Taking the limit as k — +co in the above inequality and using (3), we get

Jim d(u, xngo) = €. (4)
Since,

AXn(ky, XmE) < AXm), Xmy+1) + AXmy+1, Xng+1) + AXny+1, Xn(ey)s
and

A1, XmE+1) < Ay, Xm@)+1) + AXm@, Xn@) + AXn+1, Xn(k)s

then by taking the limit as k — +oo in above inequalities and using (3) and (4), we deduce that

kl_i)rgo AXng+1, Xm(y+1) = €. )
Now, by (1), we get
YA X1, Xm@y+1)) < P@Cnw), Xme)) — QA Xnky, Ximk))), (6)

since, a(xuw)B(Xmw) = 1 for all k € IN. By taking the limsup on both sides of (6) and applying (4) and (5),
we obtain

P(e) < Ple) — P(e).

That is, ¢ = 0 which is a contradiction. Hence {x,} is a Cauchy sequence. Since (X, d) is a complete metric
space, then there is z € X such thatx, — zasn — oo.
First, we assume that f is continuous. Hence, we deduce
fz = lim fx, = lim x,41 = z.
n—oo n—oo

So z is a fixed point of f.
Now, assume that (c) is held, That is, a(x,)3(z) > 1. From (1) we have
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P(d(xni1, f2)) < P(d(xn, 2)) = P(d(xn, 2))- (7)

By taking the limsup on both sides of (7), we get Y(d(z, fz)) = 0. Then d(z, fz) =0.i.e., z = fz.
To prove the uniqueness of fixed point, suppose that z and z* are two fixed points of f. Since a(z)B(z") > 1,
it follows from (1) that

P(d(z,2") < P(d(z,2")) — $d(z,2")).
So ¢(d(z,z)) = 0 and hence d(z,z") = 0ie,z=2z". [

Example 2.5. Let X = R endowed with the usual metric d(x,y) = |x — y| for all x,y € X and f : X — X be defined
by

—%x, if xel[-1,1]
fx= ,
2x, if xeR\[-1,1]

and a,p : X — [0, +00) be given by

1, if xe[-1,0] 1, if xel0,1]
a(x) = & )=

0, otherwise 0, otherwise

Also define 1, ¢ : [0, 00) — [0, o0) by

Yt)=t and P(t) = jzt.

Now, we prove that f is a cyclic («, B)-admissible mapping and the hypotheses (a) and (c) of Theorem 2.4 are
satisfied by f and hence f has a fixed point. Moreover, the result of Dutta and Choudhury [12] can not be applied to f.

Let a(x) > 1 for some x € X. Then x € [-1,0] and so fx € [0, 1]. Therefore, p(fx) = 1. Similarly, if B(x) > 1 then
a(fx) > 1. Then f is a cyclic (a, B)-admissible mapping.

Now, if {x,,} is a sequence in X such that B(x,) > 1 and x, — x as n — oo. Therefore, x, € [0, 1]. Hence x € [0, 1],
e, f(x) > 1.

Let a(x)p(y) = 1. Then x € [-1,0] and y € [0, 1] and so we have

fr=fyl = ghe-y < Skl
1
b=yl = gl =yl = 9(x, ) - ¢d(x, ).
So the hypotheses of Theorem 2.4 hold and therefore, f has a fixed point. But, if x = 2 and y = 3 then

P(fx, fy))

Y2, f3) =2 > 3 = Y(d2,3) - 9, 3)
That is, Theorem 1.1 can not be applied to f.

Corollary 2.6. Let (X, d) be a complete metric space and f : X — X be a cyclic (o, B)-admissible mapping such that

a()BWYU(fx, fy)) < ¥, y)) = p(d(x, y)), ®)
forall x,y € X where ¢ € W and ¢ € ®. Suppose that the following assertions hold:
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(a) there exists xg € X such that a(xp) > 1 and B(xg) 2 1;

(b) f is continuous, or

(c) if {x,} is a sequence in X such that x, — x and B(x,) > 1 for all n, then B(x) > 1;
then f has a fixed point. Moreover, if a(x) > 1 and p(y) > 1 for all x,y € Fix(f), then f has a unique fixed point.
Proof. Let a(x)p(y) > 1 for x, y € X. Then by (8), we get

Y(Fx, fy) < Y(d(x, ) - S, y)).

This implies that the inequality (1) holds. Therefore, the proof follows from Theorem 2.4. [
Corollary 2.7. Let (X, d) be a complete metric space and f : X — X be a cyclic (o, p)-admissible mapping such that

d(fx,
(a(x)ﬁ(y) + 1)¢( 19 < 2(d(x, ) — PdCx, )

forall x,y € X where ¢ € WV and ¢ € ®. Suppose that the following assertions hold:
(a) there exists xo € X such that a(xo) > 1 and B(xo) = 1;
(b) f is continuous, or
(c) if {x,} is a sequence in X such that x, — x and p(x,) = 1 for all n, then B(x) > 1;
then f has a fixed point. Moreover, if a(x) > 1 and p(y) > 1 for all x,y € Fix(f), then f has a unique fixed point.
Example 2.8. Let X = R endowed with the usual metric d(x,y) = |x — y| for all x,y € X and f : X — X be defined
by
1 N
—c@+x), i xe[-11]
fx= ,
In |x], if xeR\[-1,1]
and a, B : X — [0, +00) be given by
1, if xe[-1,0] 1, if xel0,1]
& ()= .

a(x) =

0, otherwise 0, otherwise

Also, define ¢, ¢ : [0, 00) — [0, 00) by

Yt)=t and o) = %t.

Now, we prove that the hypotheses (a) and (c) of Corollary 2.7 are satisfied by f and hence f has a fixed point.

Proceeding as in the Example 2.5, we deduce that f is a cyclic (o, f)-admissible mapping and that the hypotheses
(a) and (c) of Corollary 2.7 hold.

Now, for all x € [-1,0] and all y € [0, 1], we get

PA(fr,fy)
) olfx=fy

(2B +1

2%|X—y|l1+x2+xy+y2|

2%|x—y||1+x2+y2|

INIA

23l=yl — ol—yl-3lx-yl
QUG- ()
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Otherwise, a(x)p(y) = 0 and so we have

)l//(d(fxff )

(a(x)ﬁ(y) +1 =1 < 2VEEY)-PEEy)

Therefore, Corollary 2.7 implies that f has a fixed point.

Corollary 2.9. Let (X, d) be a complete metric space and f : X — X be a cyclic (o, B)-admissible mapping. Assume
that there exists € > 1 such that

a(x)p(y)
) < P(d(x, ) — pld(x, y) + ¢,

(v, fon+ €

forall x,y € X where ¢ € W and ¢ € O. Suppose that the following assertions hold:
(a) there exists xg € X such that a(xo) > 1 and B(xg) = 1;
(b) f is continuous, or
(c) if {x,} is a sequence in X such that x, — x and B(x,) > 1 for all n, then p(x) = 1;

then f has a fixed point. Moreover, if a(x) > 1 and p(y) > 1 for all x, y € Fix(f), then f has a unique fixed point.

Example 2.10. Let X = [0, +00) endowed with the usual metric d(x,y) = |x — y| forall x,y € Xand f : X — X be
defined by

é(x +x2), if xel0,1]
fx= ,
3x, if xe(l,+)

and a,p : X — [0, +00) be given by

mw:mm={L if xelo1]

0, otherwise

Also, define ¢, ¢ : [0, 00) — [0, 0) by

Y(t) = %t and Q(t) = %t.

Now, we prove that the Corollary 2.9 can be applied to f.
At first, proceeding as in the proof of Example 2.5, we deduce that f is a cyclic (o, B)-admissible mapping and that
the conditions (a) and (c) of Corollary 2.9 hold. Now, suppose that € > 1. Let x,y € [0,1]. Then,

a@py) 4
) Slfx— o+

(we(fx fy + ¢
1
= Elx—y||1+x+y|+€
< §|X— yl+¢€

1 1 ,
= Sh-yl-gh-yl+
= Px y) — dd(x, y) + L.
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Otherwise, a(x)p(y) = 0 and hence we get

a(x)B(y)
) =1 <P(d(x, ) - p(x, y) + €

(ve(fx fu + ¢

So, it follows from Corollary 2.9 that f has a fixed point.

Definition 2.11. Let (X, d) be a metric space and f : X — X be a cyclic (a, f)-admissible mapping. We say that f is
a weak o —  — Y— rational contraction if a(x)p(y) = 1 for some x,y € X implies

d(fx, fy) < M(x, y) - $(M(x, ),
where € WV and

[1+d(x, Tx)]d(y, Ty)}

M(x, y) = max {d(x, Y), iy +1

Theorem 2.12. Let (X, d) be a complete metric space and f : X — X be a weak oo —  — - rational contraction.
Assume that the following assertions hold:

(a) there exists xo € X such that a(xo) > 1 and B(xo) = 1;

(b) f is continuous, or

(c) if {x,} is a sequence in X such that x, — x and p(x,) 2 1 for all n, then B(x) > 1;
then f has a fixed point. Moreover, if a(x) > 1 and p(y) > 1 for all x,y € Fix(f), then f has a unique fixed point.

Proof. Similar to the proof of Theorem 2.4, we define a sequence {x,,} by x,, = f"xp and see that, a(x,_1)p(x,) =
1 for all n € N. Also we assume that x,_1 # x, for all n € IN.
Since f is a weak a — § — 1)— rational contraction, we obtain

d(n, Xn41) < M(xy-1, %) = (M1, %)), ©

where

M(xy-1,xn)

[d(xn—lz xn) + 1]d(xn/ xn+1) }
d(xp-1,%,) + 1
= max{d(xn—lrxn)/ d(xn/ x}’H—l)}-

max {d(xn—ll xn)/

Now, suppose that there exists 119 € IN such thatd(x,,, X,+1) > d(Xny-1, Xn,). Therefore M(x,,—1, Xny, Xny, Xng+1) =
d(xXpy, Xne+1) and so from (9), we get

d(xno/ xn0+1) < d(xm)/ xno+l) - lP(d(an xn0+1))

This implies that 1/)(d(xn0,xn0+1)> = 0, i.e., d(xpy, Xn,+1) = 0, which is a contradiction. Hence, d(x,, x,+1) <
d(xp-1,x,) for all n € IN. Therefore the sequence {d,, := d(x,, x,+1)} is decreasing and so there exists d € R,
such thatd, — d as n — oo. Taking the limit as # — oo in (9), we have

d<d-y().
This yields that i(d) = 0. Therefore, the property of ¢ implies that d = 0. That is,
lim d(x;,41,x,) = 0. (10)

We next prove that {x,} is a Cauchy sequence. Assume toward a contradiction that {x,} is not a Cauchy
sequence. Then there are ¢ > 0 and sequences {m(k)} and {n(k)} such that for all positive integers k,

Tl(k) > m(k) > k, d(x,,(k), xm(k)) >¢€ and d(xn(k),xm(k)_l) < E.
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Now for all k € IN, we have

e < d(Xuw), Xmiy) <A@, Xm-1) + AXmg)-1, Xmk))
< e+ d@Xm@-1, Xme)-

Taking the limit as k — +co in the above inequality and using (10) we get
Jm d(xugo, Xn) = € (11)
On the other hand,

AXn(ky, XmE) < AXm@), Xmy+1) + AXmy+1, Xng+1) + AXniy+1, Xngry)s

and

AXn@)+1, Xmmy+1) < Xy, Xmy+1) + AXmE), Xny) + A Xnm)+1, Xnk))-

Taking the limit as k — +o0 in above two inequalities, by using (10) and (11), we deduce that
kETm A(XnE)+1, Xm(ky+1) = €. (12)
Again since f is a weak a —  — ¢— rational contraction and a/(x,@)a (X)) = 1, then

A1, Xmo+1) < M(Xngy, Xim@ey) — IP(M(xn(k)/xm(k))), (13)

where

[1+ d(eng), xn(k)+1)]d(xm(k)/xm(k)+1)}

M), Xm@ey) = max {d(xn(k)/xm(k))/ Ao ) + 1
n 7Y m

Letting k — oo in (13) and using (10), (11) and (12), we get

e<e—=1Y(e).

So ¢ = 0, which is a contradiction. Hence, {x,} is a Cauchy sequence. Since X is complete, then there exists
z € X such that x, — z. Suppose that (c) is held. That is, a(x,)B(z) > 1. Since f is a weak @ —  — 1p— rational
contraction, then

d(xns1, f2) < M(x, 2) = $(M(x2,2)), (14)

where

M(x,,z) = max {d(xn,z), [1+ d(xy, X,1)1d(z, T2) }

d(x,,z) +1

Taking the limit as n — oo in (14), we get z = fz.
To prove the uniqueness of fixed point, suppose that z and z* are two fixed points of f. Since a(z)p(z) > 1,
it follows that

Pld(z,27)) < P(M(z,27) - p(M(z,27)),

where

M(Z, Z*) = max {d(z, ]/)/ [1 + d(z, TZ)]d(Z*, TZ*) }

d(z,z) +1
So ¢(d(z,z)) = 0 and hence, d(z,z") = 0ie,z=2z". O
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Also we can obtain the following corollaries from Theorem 2.12.

Corollary 2.13. Let (X, d) be a complete metric space and f : X — X be a cyclic (o, p)-admissible mapping such that

a(@)BW)d(fx, fy) < M(x, y) — p(M(x, y)), (15)
forall x,y € X where ¢ € V. Suppose that the following assertions hold:
(a) there exists xo € X such that a(xo) > 1 and B(xp) = 1;
(b) f is continuous, or
(c) if {x,} is a sequence in X such that x, — x and p(x,) = 1 for all n, then B(x) > 1;
then f has a fixed point. Moreover, if a(x) > 1 and p(y) > 1 for all x,y € Fix(f), then f has a unique fixed point.

Corollary 2.14. Let (X, d) be a complete metric space and f : X — X be a cyclic (o, p)-admissible mapping such that

d 7
(oc(x)ﬁ(y) + 1) 1) < oM(x, y) = p(M(x, y))

forall x,y € X where € V. Suppose that the following assertions hold:
(a) there exists xg € X such that a(xo) > 1 and B(xg) > 1;
(b) f is continuous, or
(c) if {x,} is a sequence in X such that x, — x and B(x,) > 1 for all n, then p(x) = 1;
then f has a fixed point. Moreover, if a(x) > 1 and p(y) > 1 for all x,y € Fix(f), then f has a unique fixed point.

Corollary 2.15. Let (X, d) be a complete metric space and f : X — X be a cyclic (o, B)-admissible mapping. Assume
that there exists € > 1 such that

a(B(y)
[t fm+e) T < MGy - pME )+

forall x,y € X where ¢ € W and € > 0. Suppose that the following assertions hold:
(a) there exists xo € X such that a(xp) > 1 and B(xg) 2 1;
(b) f is continuous, or
(c) if {x,} is a sequence in X such that x, — x and B(x,) > 1 for all n, then p(x) = 1;

then f has a fixed point. Moreover, if a(x) > 1 and p(y) > 1 for all x,y € Fix(f), then f has a unique fixed point.

3. Some cyclic contraction via cyclic (, f)-admissible mapping

In this section, in a natural way, we apply the Theorem 2.4 for proving a fixed point theorem involving
a cyclic mapping. For more results see [19, 25, 26, 28, 29, 32].

Theorem 3.1. Let A and B be two closed subsets of complete metric space (X, d) such that ANB # Qand f : AUB —
A U B be a mapping such that fA C Band fB C A. Assume that

Y((fx, fy)) < Pd(x, ) = pd(x, y)), (16)
forallx € Aand y € Bwhere p € Wand ¢ € O. Then f has a unique fixed point in AN B.
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Proof. Define a,: X — [0, +o0) by

1, if x€A 1, if x€B
a(x) = and fB(x) = .
0, otherwise 0, otherwise

Let a(x)B(y) > 1. Then x € A and y € B. Hence, by (16) we have

P(fx, fy) < Pld(x, y) — pld(x, y)),

forallx,y € AUB. Let a(x) > 1 for some x € X, then x € A. Hence, fx € B and so f(fx) > 1. Now, let
B(x) > 1 for some x € X, so x € B. Hence, fx € A and then a(fx) > 1. Therefore f is a cyclic («, f)-admissible
mapping. Since A N B is nonempty, then there exists xy € A N B such that a(xy) > 1 and B(x¢) > 1.

Now, Let {x,} be a sequence in X such that (x,) > 1 foralln € N and x, — x as n — oo, then x,, € B for
all n € IN. Therefore x € B. This implies that f(x) > 1. So the conditions (a) and (c) of Theorem 2.4 hold. So
f has a fixed point in A U B, say z. Since z € A, then z = fz € B and since z € B, then z = fz € A. Therefore
z€ ANB.

The uniqueness of the fixed point follows easily from (16). O

Example 3.2. Let X = R endowed with the usual metric d(x,y) = |x —y| forall x,y € Xand f : AUB - AUB
be defined by fx = —x/5 where A = [-1,0] and B = [0,1]. Also define ¥, ¢ : [0,00) — [0, 00) by () = t and
¢(t) = 2t. Then f has a unique fixed point (here, x = 0 is a unique fixed point of f). Indeed, for all x € A and all
y € B, we have

P, f) = I = fl = gl = Y1 < g - ¥l = PG ) - 9, ).

Therefore, the conditions of Theorem 3.1 hold and f has a unique fixed point.

Similarly, we can prove the following Theorem.

Theorem 3.3. Let A and B be two closed subsets of complete metric space (X, d) such that ANB # Qand f : AUB —
A U B be a mapping such that fA C Band fB C A. Assume that

d(fx, fy) < M(x, y) — p(M(x, y)) (17)
forall x € A and all y € B where € V. Then f has a unique fixed point in A N B.

4. Application to the existence of solutions of integral equations

Let X = C([0, T], R) be the set of real continuous functions defined on [0, T] and d : X X X — [0, +0) be
defined by

d(x, y) = llx = Ylleo,

for all x, y € X. Then (X, d) is a complete metric space.
Consider the integral equation

T
x(t) = pt) +](; S(t,8)f (s, x(s))ds, (18)

and the mapping F : X — X defined by

T
Fx(t) = p(t) + fo S(t,s)f(s, x(s))ds, 19)

where
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(A) f:10,T] xR — R is continuous,
(B) p:[0,T] — Ris continuous,
(C) S:[0,T]Ix[0,T] — [0, +00) is continuous,

(D) there exist 8,9, ™ : X — R such that if 6(x) > 0 and 9(y) > 0 for some x, y € X, then for every s € [0, T]
we have

0 < [f(s,x(s)) = f(s, y(s))I < [m(y)llx(s) = y(s)I,

<1,

T
fo S(t,5)lm(y)lds

[

(G) there exists xy € X such that 6(xp) > 0 and 9(xg) > 0,
(H)
O(x) >0 forsome xe€X implies 9(Fx)=>0,
and

(x) >0 forsome xe€X implies O(Fx) >0,

(I) if {x,} is a sequence in X such that O(x,,) > 0 for alln € N U {0} and x,, — x as n — +oo, then O(x) > 0.
Theorem 4.1. Under the assumptions (A)-(1), the integral equation (18) has a solution in X = C([0, T], R).

Proof. Let F : X — X be defined by (19) and let x, y € X be such that 8(x) > 0 and 9(y) > 0. By the condition
(D), we deduce that

|[Fx(t) = Fy(t)l

T
' fo S(,s)[f (s, x(5)) = f(s, y(s))lds

T
fo S(t,5)1f(s, x(5)) — £(s, y(s)lds

<
T

< f S(t,9)Ir(y(S)II(s) — y(s)ds
0
T

< fo St RN - Ylluds

T
= vl ( fo s, s)In(y(s))Ids).
Then

IFx = Fylleo < [l = Ylloo-

[e)

T
fo S, 9)m(y)lds

Now, define a, 8 : X — [0, +00) by

1, if 6(x)20 1, if 9(y)=0
a(x) = and f(y) = .

0, otherwise 0, otherwise
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Also, define 1, ¢ : [0, +00) — [0, +0) by

T
fo S(t,s)lm(y)lds

Y@#)=t and )= (1 -

)

Consequently, for all x, y € X we have

a()By)A(F(X), F(y)) < Y(d(x, y)) = p(x, ).
It easily shows that all the hypotheses of Corollary 2.6 are satisfied and hence the mapping F has a fixed

point which is a solution of the integral equation (18) in X = C([0, T], R). O
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