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Unicyclic Graphs with Given Number of Cut Vertices
and the Maximal Merrifield - Simmons Index
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Abstract. The Merrifield-Simmons index of a graph G, denoted by i(G), is defined to be the total number
of independent sets in G, including the empty set. A connected graph is called a unicyclic graph, if it
possesses equal number of vertices and edges. In this paper, we characterize the maximal unicyclic graph
w.rt. i(G) within all unicyclic graphs with given order and number of cut vertices. As a consequence,
we determine the connected graph with at least one cycle, given number of cut vertices and the maximal
Merrifield-Simmons index.

1. Introduction

In this paper only simple graphs without loops and multiple edges are considered. For terminology
and notation not defined here, the reader is referred to Bondy and Murty [2].

Given a graph G with vertex set V(G) and edge set E(G). If S C V(G) and the subgraph induced by S has
no edges, then S is said to be an independent set of G. Let i(G) denote the total number of independent sets,
including the empty set, in G.

Since, for the n-vertex path P,,, i(P,) is exactly equal to the Fibonacci number F,,,1, some researchers also
call i(G) the Fibonacci number of a graph G (see [1, 17]). Nowdays, i(G) is commonly termed as ‘Merrifield-
Simmons index’, which originated from [15]. This index is one of the most popular topological indices
in chemistry, which has been extensively studied, as can be seen in the monograph [13]. During the past
several decades, a number of research results on the Fibonacci number or Merrifield-Simmons index of
graphs have been obtained, among which characterization of graphs with extremal i(G) within a given class
of graphs with special structure has been one of the most popular tendency. For instance, see [11] and [17]
for trees, [16] for trees with given number of pendent vertices, [10] for trees with a given diameter, [7] for
trees with bounded degree, [14] for unicyclic graphs, [9] for the unicyclic graphs with a given diameter, [12]
for the cacti, [8] for the quasi-tree graphs, [4] for connected graphs with given number of cut edges, [5] for
connected graphs with given number of cut vertices, [6] for 3-connected and 3-edge-connected graphs, [1]
for maximal outerplanar graphs, and so on.
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In the current paper, we characterize the maximal unicyclic graph w.r.t. i(G) within all unicyclic graphs
with given order and number of cut vertices. As a consequence, we determine the connected graph with at
least one cycle, given number of cut vertices and the maximal Merrifield-Simmons index.

Before proceeding, we introduce some notation and terminology. For a vertex v € V(G), we use Ng(v)
to denote the set of neighbors of v, and let Ng[v] = Ng(v) U {v}. For the sake of brevity, we write [v] instead
of N¢[v]. The degree of v in G, denoted by d(v), is the number of its neighbors. A vertex v is said to be a
branched vertex, if d(v) > 3. A vertex v is said to be a pendent vertex, if d(v) = 1. A cut vertex of a graph is any
vertex that when removed increases the number of connected components of this graph. If S is a subset of
V(G), we use G — S to denote the subgraph of G obtained by deleting the vertices in S and the edges incident
with them. Suppose that P = v1v; -+ v, (s > 2) is a path lying within a graph G. If d(v1) > 3, d(vs) = 1 and
d(vj) = 2(1 < j <s), then we call P a pendant path of G.

Denote, as usual, by S, and C, the star and cycle on n vertices, respectively. Let S; denote the graph
obtained from the cycle C; by attaching n — | pendent vertices to any one vertex of it. Let P, ; be the tree
obtained by attaching ¢ — 2 pendent edges to the second vertex (natural ordering) of the path P,,_¢,,.

Let U, x denote the set of connected unicyclic graphs with n vertices and k cut vertices, and (LIL r denote
a subset of U, , in which every graph has girth [. If k = 0, then U, ; contains a single element Cp. So we
will assume that k > 1. Obviously, we havek <n —3,sincen >+ k >k +3.

For any graph G in U, r, we let P(G) be the set of pendent vertices in G and C(G) be the set of cut vertices
in G. For any graph G in U fl’k, we let OC(G) be the number of cut vertices in G lying outside of the unique
cycle C;.

2. Preliminary results

The following lemmas are needed in the proof of main results.

Lemma 2.1 ([3]). Let G be a graph with m components G, Gy, ..., Gy,. Then

i(G) = H i(Gy).

i=1
Lemma 2.2 ([3]). Let G be a graph, u be a vertex and vw be an edge of G. Then
(i) i(G) = i(G —u) +i(G — [u]);
(i) i(G) = i(G — vw) — i(G — {[v] U [w]}).
Lemma 2.2 (ii) implies the following lemma.

Lemma 2.3. Let Gy and Gy be two graphs. If Gy can be obtained from G, by deleting some edges, then i(G;) < i(Gy).

Recall that F,, = F,,_1 + F,_» with initial conditions Fy = F; = 1. Thus,

V5 (1+ \/5)"+2_(1— \/5)'”2].

i(Py) = Fp1 = 5 > >

Prodinger and Tichy [13] gave an upper bound for the i(G) of trees, and later Lin and Lin [6] characterized
the unique tree attaining this upper bound. Their results are summarized as follows:

Lemma 2.4. Let T be a tree on n vertices. Then i(T) < 2"~ + 1, with the equality if and only if T = S,
Yu and Lv proved the following result concerning the i(G) of trees with k pendent vertices.

Lemma 2.5 ([16]). Let T be a tree with n vertices and k pendent vertices. Then
(i) i(T) < 25VF, k41 + Fo, with equality if and only if T = P, 4;
(it) i(Py, k) > i(Py, k-1)-
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By means of Lemma 2.5, we obtain the following result.

Lemma 2.6. Let T be a tree, not isomorphic to S,, with n vertices. Then i(T) < 3-2"3 + 2, with equality if and only
lfT = Pn,n—2~

Proof. Let T be a tree, not isomorphic to S, with n vertices. Then T has k' < n — 2 pendent vertices. By
Lemma 2.5, we have
i(T) < i(Py,p) < i(Py,n-2)-

This completes the proof. [

Lemma 2.7 ([12]). Let X, Y and Z be three pairwise disjoint connected graphs with |X|, |Y|, |Z| > 2. Suppose that
u, v are two vertices of Z, v is a vertex of X, u" is a vertex of Y. Let G be the graph obtained from X, Y and Z by
identifying v with o' and u with u', respectively. Also, we let Gy be the graph obtained from X, Y and Z by identifying
vertices u, v, ' and Gy be the graph obtained from X, Y and Z by identifying vertices v, v, u’; see Fig. 1 for instance.
Then

i(G1) > i(G) or i(Gy) > i(G).

Fig. 1. The graphs G, G; and G,.

We call the graph transformation from G to G; (or G,) Operation 1. From Lemma 2.7, we know that
Operation I increases the i(G) of graphs under consideration.

3. Unicyclic graph with given number of cut vertices and the maximal Merrifield-Simmons index
Lemma 2.5 implies the following result.

Proposition 3.1. Let T be a tree with n vertices and k cut vertices. Then i(T) < 2" *1F,,y + Fy, with equality if and
only if T = Py, i

Proposition 3.2. Let T be a tree with n vertices and at least k cut vertices. Then i(T) < 2n=k=1F, 1 +Fy, with equality
ifand only if T = Py, ;.

Proof. Foreach1l <k<n-3,
i(Pyuk) = i(Puyni1) = (27 Frpr + F) = Q7 2Fran + Frn)
= Zn_k_z(zpkﬂ - Fk+2) - (Fk+1 - Fk)
Zn_k_sz_l —F1 > 0.
So, forany 1 <k <k <n-2,
i(Py, k) > i(Py,nk-1) > ... > i(Py ). (1)

Suppose that T is a tree of n vertices and k' (> k) cut vertices. Then by Proposition 3.1 and the above
Ineq. (1), we have
1Py, n-k) 2 i(Py, ) 2 UT),

with equality if and only if k =k and T = P, ,, v, i.e., T = Py .
This completes the proof. [
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Lemma 3.3. Forany3 <1< n-1,i(S,) < i(S3), with equality if and only if | = 3.

Proof. Let u be a vertex of degree 2, adjacent to the vertex of degree n—[+2in S',. Write S|, —u = T,,_;. Then
we have

i(8) = i(Tu) +i(Prs U (n = DKy)
and

i(S3) i(Su-1) +i((n — 3)K7).

By Lemma 2.4, i(T,—1) < i(S,—1) with equality if and only if T,,_1 = S,—1,i.e.,] = 3. Note that P;_3U(n—1)K;
contains (n —3)Kj as a proper spanning subgraph if/ > 4. By Lemma 2.3, i(P;_3 U (n —)K;) < i((n—3)K;) with
equality if and only if I = 3. Consequently, i(S},) < i(S3), with equality if and only if I = 3. This completes
the proof. [

Let C3(n, k) be a unicyclic graph constructed as follows.

e Fork=1,weletQs(n, 1) = S3.
e For k > 2, we let C3(n, k) be the graph obtained by attaching a path of length k — 1 to a vertex of degree 2
inCs(n—-k+1,1).

See Fig. 2 for instance.

_
Fig. 2. The graph Cs(n, k).
According to the above definition for C3(n, k), we have
con-{ 3T, ik

Before proceeding, we prove the following two lemmas.

Lemma 3.4. Let G be a unicyclic graph in U’ ,. If (OC(G)| = 0, then i(G) < i(Cs(n, k)), with equality if and only if
G = Ca(n, k).

Proof. Ifk = 1, then G = S!,. Thus, by Lemma 3.3, we have
i(G) < i(Sy) = i(Cs(n, 1))

with equality if and only if / = 3, that is, G = Cs(n, 1).

So, we may assume that k > 2. If k = 2, then G is the graph G; ((I), obtained by attaching s and ¢ pendent
edges to any two vertices of the cycle C;, where s + t + [ = n. If min(s, t} > 2, then by Lemma 2.6, we have
i(G) = i(Ge (D)) < i(Gu,sr1-1(D). Ths, i(G) = i(Gy 1)) < i(Gr,sr-1(1).

In view of Lemmas 2.1 and 2.2(i),

i(Cs(n, 2)) = i(S5_;) +i(Su-2)
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and
i(Grspm1 (D) = i(SL_) +i(Tu),

where T,,_, is a tree of order n — 2.
Evidently, i(T,—2) < i(Sy—2), with equality if and only if T, = S,_,, and i(S; )< i(SfL_l), with equality if
and only if / = 3. So
(G) < i(Gy,s4-1(D) < i(Cs(n, 2))

with equality if and only if T, = S,—», [ = 3 and G = Gy,s++-1(J), that is, G = C3(n, 2), as claimed.
So, we may assume that k > 3.
Since |OC(G)| = 0, for k > 3, we must have G % C3(n, k). By Lemmas 2.1 and 2.2(j),

i(Ca(n, k) = i(Py_y nt1) + 2" 2i(Pry)
and
i(G) = i(G—-1g)+i(G—[vg]).

Notice that G — vy is a tree of order n — 1 and at least k cut vertices; then, by Proposition 3.2, we have
(G = v) < i(Py-1,n-k-1),

with equality if and only if G — vy = Pjy_1, n—k-1-

By our assumption that |OC(G)| = 0, we know that all k cut vertices of G lie on C;. If k = 2, then G — [v)]
is an empty graph of n — 3 isolated vertices. If k > 3, G — [vg] is a forest composed of x (0 < x <n —k - 3)
isolated vertices and a nontrivial component of n — x — 3 vertices and at least k — 2 cut vertices. Also, the
largest component of G — [v] contains the path Pk as a subgraph. Thus, G — [vg] contains (n —k —2)K; U Py_4
as a spanning subgraph. Then by Lemma 2.3,

i(G—[w]) < i((n—k=2)KiUPiy)
= 272(Pr),

with equality if and only if k = 2.
So, i(G) < i(Cs(n, k)), with equality if and only if G = C3(n, k) (k =2). O

Lemma 3.5. Let G be a graph in (Mf1 v Y 1OC(G)| > 1 and there exists a pendent path of length > 2 in G, then
i(G) < i(Cs(n, k)), with the equality if and only if G = Cs(n, k).

Proof. Obviously, V(G)\ V(C;) # 0. For any given vertex x € V(G)\ V(C)), we let dg(x, C;) = min{dc(x, y)ly €
V(Cp)}. By the assumption that |[OC(G)| > 1, we have k > 2.

We shall complete the proof by induction on |OC(G)|.

We first check the validity of the lemma for |OC(G)| = 1. Let v be the unique cut vertex, not belonging
to C;, in G. Since |OC(G)| = 1, we have dg(v, C;) = 1. Also, d(v) = 2, for otherwise, G has no pendent path of
length > 2, a contradiction. Let u be the pendent vertex adjacent to v. Clearly, |OC(G—u)| = |OC(G—[u])| =0,
IC(G-u)=k-1and |C(G—-[u])l]=k—-2o0rk—-1.

Ifk=2,then|C(G—u)=1and |C(G—[u])l =0or1. Thus, G—u = Sln_1 and G - [u] = C,—, or Sln_z. By
Lemma 2.7, i(Sln_l) < i(Sifl). Also, i((Cy—2) < i(Py-2) < i(Sy-2) and i(Sil_2) < i(Sfl_z) < i(S4-2) by Lemmas 2.3,
2.4 and 2.7. Thus,

i(G) = i(G-u)+i(G-[u])
< i(Sfl_l) +i(5,-2)
= i(Gs(n, 2)),
as claimed.

Assume now that k > 3., Since dg(u, C;) =2, |C(G—u)| =k—1and |C(G - [u])] =k -2 or k—1, we have
G-uel and G - [u] € U’ or U’

n-1,k-1 n-2,k=2 n-2,k-1°
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Note that |OC(G — u)| = |OC(G — [u])| = 0; then by Lemma 3.4,

i(G—u) <i(Cs(n—-1, k-1)), ()
with the equality if and only if G —u = C3(n — 1, k- 1).
Also, by Lemma 3.4,
i(G - [u]) < i(Cs(n -2, k—-2)), 3)
with the equality if and only if G — [u] = C3(n — 2, k- 2), or
i(G - [u]) <i(Cs(n -2, k-1)), 4)

with the equality if and only if G — [u] = C3(n -2, k- 1).
We shall prove that for k > 3,
i(Cs(n—2, k—1)) <i(Cs(n -2, k—2)). (5)
The above Ineq. (5) is equivalent to
2" KB+ 2Fkn < 2"7F2F 4 2F s,
& 2"kBE = 22 < OF 5 — 2F, .
& 2" 30 5 > 2F .
The last inequality holds due to the fact thatn —k -3 > 0.
By Inegs. (2)-(5), for k > 4, we obtain
(G) <i(Ca(n—1, k—1)) +i(C3(n - 2, k= 2)) = i(Cs(n, k)
with the equality if and only if G —u = C3(n — 1, k= 1) and G — [u] = C3(n - 2, k- 2),i.e., G = C3(n, k).
If k = 3, then G # C5(n, 3), as |OC(G)| = s > 1. Since C3(n —2, 1) = Si—z contains P,_; ,—4 as a proper
spanning subgraph, i(C3(n — 2, 1)) < i(Py—2,,-4) by Lemma 2.3. By Inegs. (2)-(5), for k = 3, we have
i(G) < i(C3(n-1,2)+i(Cs(n-2,1))
i(Cs(n =1, 2)) + i(Py—2,n-4)
i(Cs(n, 3)),

A

as claimed.

Suppose now that |[OC(G)| = s > 2 and the statement of lemma is true for smaller values of [OC(G)|.
Thenk>s+12>3.

Let P be a pendent path of length > 2 in G with pendent vertex u and N(u) = v. By the definition of
pendent path, we have d(v) = 2. Then we have |OC(G — u)| = s — 1 and |OC(G — [u])| = |OC(G —u —v)| =
s—2ors—1,|C(G-—u)l=k—1and |C(G —[u])l=k—2o0ork-1.

Note thatG—u € ‘Lli_l/k_l and G-[u] € (Llllq—z,k—l or ‘111’1_2/ Py

i(G—u) <i(C3(n—-1, k-1))

with the equality if and only if G —u = C3(n - 1, k- 1).
Also, by Lemma 3.4 (when |OC(G —[u])| = s—2 = 0) or by the induction assumption (when |OC(G—[u])| =
s —2 > 1), we have: if C(G — [u]) = k— 2, then

(G —[u]) <i(Cs(n -2, k—2))
with the equality if and only if G — [u] = C3(n - 2, k — 2), and if C(G — [u]) = k — 1, then
(G-[u]) <i(Cs(n-2,k-1))

with the equality if and only if G — [u] = C3(n -2, k- 1).
Now, by the same way as used in the case of |OC(G)| = 1, we can obtain the desired result.
This completes the proof. [

thus by the induction hypothesis, we have
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A graph is called a sun graph if it can be obtained by attaching a pendent edge to each vertex of a cycle.
A damaged sun graph is a graph obtained from sun graph by deleting part of its pendent edges. Denoted by
DSG(N, I) the set of damaged sun graphs having N vertices and a cycle of length I. Obviously, we have
[+1<N<2I-1

Fig. 3. The graph occurred in the proof of Theorem 1.

RIS P
P

Fig. 4. The graphs occurred in the proof of Theorem 1.

Fig. 5. The graph H;(n, k) occurred in the proof of Theorem 1.

Now, we are in a position to state and prove our maim theorem.
Theorem 3.6. Let G be a graph in U, . Then i(G) < i(Cs(n, k)), with the equality if and only if G = Cs(n, k).

Proof. Let Gyx be a graph chosen from ‘Llf1 , for some [(3 < I < n —k) such that i((Gu) > i(G) for any

G € Uy i \ {Gpuax}. Next, we shall prove that Gy = C3(n, k).

By contradiction. Suppose that G,y 2 C3(n, k).

If |OC(Gpuax)l = O, then i(Gpax) < i(C3(n, k)) by Lemma 3.4, a contradiction to our choice of Gyx. So we
may suppose that |OC(Gqy)| > 1.

We first prove the following two claims.
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Claim 3.1. Gyyax has exactly one branched vertex lying outside C;. Also, all neighbors but one of this branched vertex
are pendent vertices.

Proof. If Gyuax has no branched vertices lying outside Cj, then G,y must contain a pendent path of length
> 2, as |OC(Gyy)l 2 1. Then by Lemma 3.5, i(Gax) < i(Cs(n, k)), a contradiction to our choice of Gy So
Gmax has at least one branched vertex lying outside C;.

Suppose that G, has two branched vertices lying outside C;. Then we can employ Operation I on G,ax
and obtain a new graph G’ such that G' € U! ,. But, i(Gya) < i(G') by Lemma 2.6, a contradiction to the
maximality of Gy,,. Consequently, Gpqx has ex’actly one branched vertex lying outside C;.

Suppose that the unique branched vertex, lying outside Cj, has two neighbors of degree > 2. Then G,ax
must contain a pendent path of length > 2, as G, has exactly one branched vertex lying outside C;. As
above, we can obtain a contradiction. This proves the claim. [

Claim 3.2. Each vertex on the cycle C; of Gy is either of degree 2 or of degree 3. Also, all vertices but one, of degree
3, on the cycle C; are adjacent to a pendent vertex.

Proof. Suppose to the contrary that G, has a branched vertex, of degree > 4, lying along C;. By Claim 3.1,
Gmax has a branched vertex lying outside C;. Then we can employ Operation I on G, and obtain a new
graph G such that G” € U . But then, i(Gyusy) < i(G") by Lemma 2.6, a contradiction to the maximality of
Guux. Thus, each vertex on the cycle C; of Gy, is either of degree 2 or of degree 3.

Assume that there are two branched vertices on the cycle C; whose all neighbors are not pendent vertices.
By Claim 3.1, G,y has exactly one branched vertex lying outside C;. Thus, G, must contain a pendent
path of length > 2. Then by Lemma 3.5, i(Gyuax) < i(C3(n, k)), a contradiction to the maximality of Gax. This
proves the claim. [

By Claims 3.1 and 3.2, G, must be isomorphic to the graph as shown in Fig. 3.

If I = 3, then G,y must be isomorphic to one of the graphs (a), (b) and (c), as shown in Fig. 4.

® Gy is the graph (a). By our assumption that |OC(Guy)| 2 1, we have k > 2. Also, we haven —k > 3,
sincen > [ + k. Thus,

(Gmax) = 1(Pp-1,n-k-1) + {(Pn-3,n-k-1)
2"K2E 0+ Fe + 2" 2E 4+ By
2" 2F . + 2Fy

i(Cs(n, k)),

a contradiction to the maximality of G-

® Gy is the graph (b). Since |OC(Gyax)l = 1, we have k > 3. Also, we have n —k > 3.
Thus,

(Gmax) = 1(Pp-1,n-k-1) + 2i(Pp-a,n-k-1)
272 F + o+ 22" Fi + Fioy)
2" 2F 0 + 2F g

i(Cs(n, k)),

a contradiction to the maximality of G-

® Gy is the graph (c). Since [OC(Gyux)l = 1, we have k > 4. Also, we have n — k > 4 (see Fig. 4).
Thus,

i(Gmax) = Zi(Pn—Z,n—k—l) + 2i(Pn—5,n—k—1)

202" 2F + Fro1) + 22" *2F 5 + Fry)
< 2"R2p L 4 2F

i(Cs(n, k)),

A

A
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a contradiction to the maximality of G-

Now, we assume that [ > 4.

Let w be the branched vertex of G,y such that w lies along C; and the unique neighbor, not belonging
to C;, of w is of degree > 2.

Since ! > 4, there is always a vertex v € V(C;) such thatdg,, (v, w) 2 2. Let A = {v € V(C))ldg,, (v, w) > 2}.
Consider the following two cases.

Case 3.1. There exists a vertex v in A such that d(v) = 3.

By Claim 3.2, v has a pendent vertex as one of its neighbors in G- Let 11’0’ be a pendent edge in C3(1, k)
such thatd(u') = 1 and d(v) = 3 (note that when n = k + 3 or k = 3, the way of choosing vertices v" and u’ in
Cs(n, k) is not unique). By Lemmas 2.1 and 2.2(i), we obtain

i(Cyn, K) = i(Ca(n, K) =) +i(Can, k) — [0])
2i(Py2,n-k-1) + 2" 2i(Py2)

and

i(Gmax) = i(Gmax - U) + i(Gmux - [U])
2i(T1) + i(Gmax — [0]),

where T is a subtree of G, — v with n — 2 vertices.

Obviously, T; has at least k — 1 cut vertices. Let Gy — [v] = xK1 UT, (0 < x <2, x + n =n—4), where
T is the largest component of G, — [v] with n' vertices. Then T, has at least k — 3 cut vertices.

By Proposition 3.2, we obtain

i(T1) < i(Pn2 n-2)-(k-1))

and
i(To) < WPy -3
Thus,
i(Gmax_[v]) = Z.(9‘7K1UT2)
= 2%(T»)

< zxi(Pn',n'—(k—S))
= (XK1 UPy v k-3)-

Note that P, __3 contains (1" —k +1)K; U P_ as a proper spanning subgraph. Thus, xKi UP,; __3

contains (n — k — 2)K; U Py_, as a proper spanning subgraph. By Lemma 2.3, we have
(Guax — [0]) < i(xK7 U Pn',n'—(k—3))

< l((ﬂ —k- Z)Kl U Pk—Z)
= 2"F2(Py).

S0, i(Gpax) < i(Cs(n, k)), a contradiction to our choice of Gyyy.

Case 3.2. For each vertex v in A, we have d(v) = 2.

Let v be a vertex in A. Then G, — v is a tree having n — 1 vertices and at least k cut vertices. Let
Guax — [0] = xKi UTo(0 < x <2, x+1n = n —3), where Ty is the largest component of G — [v] with n
vertices. Evidently, T has at least k — 2 cut vertices.

We shall prove that i(G,x) < i(H3(n, k)) in the following, see Fig. 5 for H3(n, k).

By Lemmas 2.1 and 2.2(i), we obtain

i(Hs(m, k) = i(Pyot noi1) + 2" 2i(Pry)
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and

(Guax) = UGpax — 0) + i(Gpax — [0])
= (G — 0) + i(xKy U T).

By Proposition 3.2, we obtain
(Gax —0) < i(Pu-1,(n-1)-k)
and
(To) < Py, —g-2)-
Thus,
{Gmax = [0])

i(xK7 U Typ)
= 2%(Ty)
< 2xi(Pn', n'f(k—2))
= i(xKl U Pn'/ n —(k—Z))‘

Note that P,/ ,__p) contains (n' —k+1)K; U P_; as a proper spanning subgraph. Thus, xK; U Py k-2
contains (1 — k — 2)K; U Px_; as a proper spanning subgraph. By Lemma 2.3, we have
(Gmax — [0]) < i(xK1UPy v _-2))

< i((n—k—-2)KiUPyq)
= 2"FZi(py).

So, i(Gyax) < i(Hz(n, k)), a contradiction to our choice of Gyyy.
By discussions above, we conclude that G,.x = C3(, k), as claimed. O

4. Connected graph with at least one cycle, given number of cut vertices and the maximal Merrifield-
Simmons index

Let U, - be the set of unicyclic graphs of order n and at least k cut vertices. According to Theorem 3.6,
we have the following consequence.

Corollary 4.1. Let G be a graph in U, i+. Then i(G) < i(Cz(n, k)), with the equality if and only if G = Cs(n, k).

Proof. Let Gbe a graphin U, ¢ (1 < k' < n - 3). Then by Theorem 3.6, we have i(G) < i(Cs(n, k')), with the
equality if and only if G = C3(n, k). We need only to prove that if k' > k, then i(C3(n, k')) < i(C5(n, k)).
If k = 1, the result is obvious. So we may suppose that k > 2. Thenk’ >k > 2. For 1 < k < n—4, we have

(Cs(n, k+1)) = 2725 000 + 2Fgen)
= 2" kBp L+ 2R,
< 2"R2F . 4 2F
= i(Cs(n, k)).

Thus, forany 1 <k < k' <n -3, wehave
i(Cs(n, k) < -+ <i(Cs(n, k+1)) < i(Cs(n, k)),
as claimed. O

Theorem 4.2. Let G be a connected graph, not isomorphic to a tree, of n vertices and k cut vertices. Then i(G) <
i(Cs(n, k)), with the equality if and only if G = Cs(n, k).
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Proof. If G is a graph in U, &, then by Theorem 3.6, we have completed the proof. Now, we may assume
that G is a connected graph of n vertices, k cut vertices and at least two cycles.

We can always obtain a connected unicyclic spanning subgraph of G by deleting edges along some cycles
of G. Let USS(G) denote a connected unicyclic spanning subgraph of G. Note that USS(G) is a connected
unicyclic graph of n vertices and at least k cut vertices. Thus, by Lemma 2.3 and Corollary 4.1, we have

i(G) < i(USS(G)) < i(Cs(n, k)),

as claimed. [J
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