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Rapid Variability and Karamata’s Integral Theorem
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b University in Kragujevac, Faculty of Technical Sciences Cacak, Svetog Save 65, 32000 Cacak, Serbia

Abstract. In this paper some important variations and generalizations of the well-known Karamata’s
integral theorem are proved. The property of rapid variability is the central argument for the results
presented in this paper.

1. Introduction
Let f : [a, +o0) = (0, +0), (a > 0), be a measurable function.

1° f is rapidly varying in the sense of de Haan with the index of variability +co (see e.g. [1]) if

. f)
x1—1>IPoo f(x) —+00, (1)

for all A > 1. The class of all these functions is denoted by R, and f € R holds if and only if
X

. inf{f(t)|te[Ax,+00)}
x1—1>1-+1—loo f(x)

= +oo for all A > 1 (see e.g. [2]). In the paper [2] it is shown that ff(t)dt is an
a

+00

element of the class R, (as well as 1/ f /%) whenever f € Ry. Also, in the same paper it is shown
X

X X +00 Ax
that forall A > 1 it holds ff(t)dt ~ f f(£)dt, x = +co, and that f j% ~ j%, for x — +o0, whenever
a x/A b X
f € R (~ is the relation of strong asymptotic equivalence [1]).
2° fis bounded increasing (see e.g. [1]) if
— t)|t LA
— suplf() | telr Axl) -
x—>+00 f(x)

for all A > 1. The class of these functions is denoted by BI, and it holds that a function f is bounded
decreasing (denoted by f € BD) if and only if the function 1/f is bounded increasing (see [1]). Also,
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we have ORV = BINBD and MR, = R NBD, where ORYV is the class of O-regularly varying functions
in the Karamata’s sense (see [1]), and MR is a class of functions (a proper subclass of the class Re,
(see [1])) for which the lower Karamata’s index is +oo (see [1]).

3° f is O-regularly varying with continuous index function (see e.g. [3]) if

fAx)

im —— =1. 3)
i f@)

The class of these functions is denoted by CRV (or IRV [3]).

2. Results

Proposition 2.1. Let f € Ry, and g € CRV. Then:

(a) f fHg@)dt ~ g(x) f f(t)dt, for x — +oo, whenever f and g are locally bounded on [a, +o0);

+00 +00 dt
® [ f5dt~g() [ Ty Jorx e

Remark 2.2. Proposition 2.1(a) is a variation (and a sort of generalization) of the result from the famous
Karamata’s integral theorem (see e.g. [4]). In relation to this one can find results by S. Simi¢ [4].

Proposition 2.3. Let f € Ry, and g € ORV. Then:

(a) f ft)g(t)dt < g(x) - f f®)dt, for x — +oo, whenever the functions f and g are locally bounded on [a, +00);

b +00 g(t) d +00 dt
(b) xfm t=<g(x) - xf m,forx—>+oo.
Remark 2.4. Symbol =< represents the relation of weak asymptotic equivalence [1].

Proposition 2.5. Let f € BI. Then:

(a) f f(t)dt is an element of the class CRV whenever the function f is locally bounded on [a, +o0);
a

+00
(b) f J% is an element of the class CRV whenever this integral is convergent.
X
Proposition 2.6. Let f € MR, and g € Bl. Then:

(a) f fHg)dt = o( flx)- f g(t)dt), for x — +oo, whenever the functions f and g are locally bounded on [a, +00);

+00

+

o +00
(b) xf Wdt = o(ﬁ . f %),for x — 400, whenever the integral xf % is convergent.

=

Remark 2.7. Symbol o is the Landau symbol [1].

The next proposition is a direct consequence of Proposition 2.6, while (a) in Proposition 2.6 is proved in
[2] as a separate proposition.
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Corollary 2.8. Let f € MRo. Then:

1
(a) L f fB)dt << f(x) << ————, for x — +oo, whenever the function f is locally bounded on [a, +00);

X f 0
X
[ f(Hgdt ! (t)
(b) ”x— << f(x) << m— , for x — +o00, whenever the function g is non-increasing on [a, +0o).
d
[t B0

Remark 2.9. For positive functions s and p on [a, +o0) the relation s(x) << p(x), for x — +00o, represents the
fact that s(x) = o(p(x) for x — +oco.

3. Proofs

Proof. | Proof of Proposition 2.1] (a) Let u > 1. Let us choose Ay > 1 and xp > aAq such that for A € [1, A¢]
and x > xp, ‘F < g( ) < 4/t holds. Let x; > xo be such that

ff(t)g (Hdt < \/_ff(t)g(t)dt and ff(t)dt< \/_ff(t)dt for all x > x;.

X//\o 1C//\O

From the fact that the functions f and f - g are elements of the class R, and from the results given in [2] it
follows that x; exists. So, for x > x; it follows

X

L [ rosnars — f Fgde < g0 f Fdr < g f fityd

x//\o x/Ao

NT®) f Fltydt < g f Fgde < f Fgd

‘C/Ag x//‘to

Since the previous inequalities hold for all > 1, it follows

ff(t)g(t)dt ~ g(x) ff(t)dt, for all x — +co.

(b) Let u > 1. Choose Ag > 1 and x¢ > a such that L g;Ax) > (fufor A € [1,A¢] and x > xq. Let x; > xp
be such that

Agx
g(t) 90 4
[ s e [ e

ﬁ

and

f(t) ff 0k
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for all x > x;. From the fact that the functions f and f/g are elements of the class R, and from results in [2]
it follows that x; exists. So, for x > x; it follows

1w, o0
kJ oY= v*ff
Aox

—“”fﬂn—“{fﬂﬂ—

at _fa +gw
SWM”]?ES J Fo =t o

Since the previous inequality holds for all u > 1, it follows

9()
f(t ()ff(t) for x — +o0.

O

Proof. [Proof od Proposition 2.3] (a) There exist C > 0 and xy > 2a such that for all x > X0 and for all AelL,2],

2 < (géf)A) 5 holds. Also there exists x; > xo such that for all x > x; it holds f fHdt <2 /f2 f(t)dt and

f fHgt)dt <2 f f(t)g(t)dt (because the functions f and fg are elements of the class R.). For x > x; we
x/2
have

j}mmmﬂ<—j}mmmﬂ<ﬂmf}ww<

x/2 x/2

<9@{[f®dﬁ<wwxfﬂow<

x/2

<c f f(Hg(hdt < ¢ f F(Hg(t)dt.

x/2

The previous inequalities prove Proposition 2.3(a).
(b) Combining ideas from the proof of Proposition 2.1(b) and the proof of Proposition 2.3(a) we get the
proof of Proposition 2.3(b). Due to these obvious analogies the proof is not given step by step. O

[ ftydt
Proof. [Proof of Proposition 2.5] (a) Let us prove that Xlir}lmjdi— = 0, and this fact is equal to the part

=T [ f(tde

a
(a) of the proposition. Respectively, let us show that for all M > 0 there exist xo > a and Ay > 1 such that for

all x > xp and for all A € [1, Ag] it is true f fHdt>M f f(t)dt. This procedure (observe only the values of
x/A

A to the right side of 1) is sufficient since f(t) > 0 for ¢ > 4, so the function f f(t)dt is increasing.
a
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Thus: let M > 0 and let A; > 1, xy > aA; and K > 0 be such that for t > ﬁ“ and p € [1,A1] one has

f(ut) < Kf(t). Let n € N be such that n > MKA; and let Ag = {/A;. For x > xg and A € [1, Ao] we have

This completes the proof of (a).

Ax
dt

7O

(b) Let us show that xl_i}rPOO i = 0, and this is equal to the part (b) of the proposition. Respectively,

A1 dt
£t

let us show that for all M > 0 there exist xg > a and Ay > 1 such that for all x > x¢ and for all A € [1, A¢] the
+00 Ax

inequality f ]% >M f j% holds. This procedure (we observe only the values of A to the right side of 1) is
X X

+00

sufficient since f(t) > 0 for t > 4, so the function f 7 18 decreasing.

Thus: let M > 0and let A; > 1, xg > a and K > 0 be such that for t > xy and u € [1,A4] it holds
f(ut) < Kf(t). Let n € N be such that n > MK and let Ao = A/A1. For x > xp and A € [1, A¢] we have

Alx 1 Ax
d(t)
J 7o) f Z f 0] kX f N
= 1 dt 1 ar Tt
>kZ=0‘/\kxfEm>n-E'x W>Mx 0}

With this (b) is proved. O

Proof. [Proof of Proposition 2.6] (a) Let us show that for all M > 0 we have M f f(Hg(Hdt < f(x) [g(t)dt,

a
for sufficiently large x. Since f € BD, it follows that for some C < +oo it holds hIP w < C. Also,
X—+00

it holds C > 1. According to Proposition 2.5(a) there exist xy > a and Ay > 1 such that for all x > x¢ and for
X X

all A € [1, Ap] it holds f g(t)dt < ﬁ f g(t)dt. Also, for the same A we have (take Ay < 2):
x/A a

(1) sup{ﬂ+|?€[ﬂﬂ} > 2M for sufficiently large x (because f € Ry), so for the same A and x we have

x/A x/A

M f figat <L £ f gt < £ f gy,
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(25) suplf(t) | t € [x/A,x]} < C- f(x) for sufficiently large x, so for the same A and x (also it should be x > xo)
it holds

M f FBg(t)dt < MCF(x) f gt < £ f gyt

x/A x/A

For the same A and sufficiently large x, by using (17) and (27), (a) can be obtained.

+00

(b) We prove that for all M > 0 it holds M f f(t)g < ﬁ g(t), for sufficiently large x. Since f € BD,
then for some ¢ > 0, lim mff(tfl+2x] > holds. Also,c < 1.
According to Pro;)_o);ﬁion 2.5(b), there exist xg > a and Ag > 1 such that for all x > xg and forall A € [1, A¢]
it holds Axg(t) < 5% +°°%‘
Also, for the same A (take Ay < 2) we have
1) mf{f(t)l;fw > 2M for sufficiently large x (because f € Re), so for the same A and x it holds

+00 +00 +00

dt 11 (11
fBg() 2f(?€)}l g(t) 2f(x)x 9’

2,) sup{J% | te[x, Ax]} < % . J% for sufficiently large x, so for the same A and x (also it should be x > xo)
it holds

f i fdt 11 (a
ft)g(t) c f(x g(t) 2f(x)x gt

For the same A and sufficiently large x, by using (1;) and (2)), (b) is obtained.
O
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