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Abstract. In this article, we establish several properties of the composition of functions which are related
to certain classes of completely monotonic functions and logarithmically completely monotonic functions.

1. Introduction, Preliminaries and the Main Results
Throughout this paper, we denote by IN the set of all positive integers,
INp := N U {0} and R* := (0, 00).

Furthermore, I" is an open interval contained in R*, I° is the interior of the interval I C R, R is the set of all

real numbers, R(f) denotes the range of the function f and C(I) is the class of all continuous functions on
the interval 1.

We first recall some definitions which we shall use and some basic results which are related to them.

Definition A (see [27]). A function f is said to be absolutely monotonic on an interval I, if f € C(I) has
derivatives of all orders on I and

fPz0  (xel)
for all n € INg.
The class of all absolutely monotonic functions on I is denoted by AM(I).

Definition B (see [27]). A function f is said to be completely monotonic on an interval I, if f € C(I) has
derivatives of all orders on I and

D' P20 (xel’)

for all n € INj.
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Remark 1. In the existing literature on the subject of our investigation, the terminology completely monotone
is also used instead of the terminology completely monotonic which we have used in our present investigation.

The class of all completely monotonic functions on I is denoted by CM(I).

By Leibniz’s rule for the derivative of order n of the function fg, we can easily prove that, if
f,9€CM(I) (AM(I)), then fg e CM() (AM(I)).

Definition C (see [2] and [19]). A function f is said to be logarithmically completely monotonic on an
interval I if f > 0, f € C(I) has derivatives of all orders on I’ and

D'Inf@]® 20 (xel’)
for all n € INg.

The set of all logarithmically completely monotonic functions on I is denoted by LCM(I).

The result below was proved recently (see, for example, [19]).

Theorem A. The following assertion holds true: LCM(I) € CM(I).

Definition D (see [26]). A function f is said to be strongly completely monotonic on I* if, for all n € N,
the functions (—1)"x"*! f((x) are nonnegative and decreasing on I'*.

The class of strongly completely monotonic functions on I* is denoted by SCM(I*).

Definition E (see [12]). A function f is said to be strongly logarithmically completely monotonic on I* if
f>0and
D" In " (neN)

are nonnegative and decreasing on I*.

The class of strongly logarithmically completely monotonic on I* is denoted by SLCM(I*).

It is apparent that if each of the functions f and g belongs to
SLCM(I*)  (LCM(D)),

then
fg € SLCM(I*)  (LCM(D)).

Guo and Srivastava [12] proved an important relationship between SLCM(IR*) and SCM(IR") as follows.
Theorem B (see [12]). The following assertion holds true:
SLCM(R*) N SCM(R*) = 0.
The following result (see [12]) also reveals a relationship between SLCM(I*) and SCM(I*).
Theorem C (see [12]). Suppose that
feCU", f>o0 and ' € SCM(I").

If
xf'(x) = f(x) (x eI,
then
11[ e SLCM(I*).
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Remark 2. The condition:
Xf@)2fx) (el

in Theorem C can not be dropped. See a counterexample given by Guo and Srivastava [12].

In order to simplify the statements of our results, we also use the following two terminologies.

Definition F (see [12]). A function f is said to be almost strongly completely monotonic on [* if, for all
n € N, the functions (—=1)"x"*! f)(x) are nonnegative and decreasing on I*.

The class of all almost strongly completely monotonic functions on the interval I* is denoted by ASCM(I*).

Definition G (see [25]). A function f is said to be almost completely monotonic on an interval I, if the
function f € C(I) has derivatives of all orders on I° and

1" M) 20 (xel)
for all n € IN.

The class of almost completely monotonic functions on the interval Iis denoted by ACM(I*).

The following result was established by Guo and Srivastava [12].
Theorem D (see [12]). The following assertion holds true: SLCM(I*) ¢ ASCM(I*).

For compositions of completely monotonic and related functions, the following two results were given
in [27, Chapter IV]

Theorem E. Suppose that

feAM(L), geAM() and R(g) € 1.
Then f o g € AM(I).
Theorem F. Suppose that

feAM(L), g€ CM() and R(g) C L.
Then f o g € CM(I).

The result below is a converse of Theorem F (see [17, Theorem 5]).

Theorem G. Let the function f be defined on [0, 00). If, for each g € CM(R*), fog € CM(R*), then
f e AM(R").

Recently, Srivastava et al. [25] proved a number of interesting results including (for example)the
following theorem.

Theorem H (see [25]). Suppose that
feAM(I), ge ASCM(I") and  R(g) c L
Then f o g € ASCM(I*).

There is a rich literature on completely monotonic and related functions. For several recent works, see
(for example) [1], [3], [5] to [15], [16] and [18] to [25].

In this article, we further investigate the properties of the composition of functions which are related
to the above-defined classes of completely monotonic functions and logarithmically completely monotonic
functions. We begin by stating our main results as follows.
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Theorem 1. Suppose that
feACM(L), geC(), g CMI and R(g) C L.
Then f o g € ACM(I).
Corollary 1. Suppose that
feACM(I;), —ge ACM(]) and R(g) C L.
Then f o g € ACM(I).
Theorem 2. Suppose that
felCML), geCI), g CM(I) and R(g) c L.
Then f o g € LCM(I).
Theorem 3. Suppose that
feSLCM(Iy), ¢ €SCM(I*) and  R(g)CI].

If
2 ()2 g(x) (el

then f o g € SLCM(I*).
Remark 3. The condition:

29(¥) 2 g() (el
in Theorem 3 cannot be waived. For example, we let

fx):=e'/* and g(x) :=Inx
and suppose that
I' := (€%, ).
Then it is easy to verify that
f € SLCM(R") and g’ € SCM(I").

Moreover, the following condition:

202 gx)  (xel’)
is not satisfied. We can show that

h(x) := f o g(x) = exp (Inix) ¢ SLCM(I*).
In fact, we have

“)'RnhE] = —— — 00 (x - ).
In” x

Therefore, the function (—1)'x?[In hi(x)]’ cannot be decreasing on I'*. Consequently, we find that
fogé¢SLCM(I™).
Theorem 4. Suppose that
feLCM(L), -g€ACM() and R(g) C L.
Then f o g € LCM(I).
Theorem 5. Let I; and I be open intervals. Also let f and g be defined on I, and I, respectively. If
f e LCM(L1), g € LCM() and R(g) c L,
then (f o g)’ € LCM(I).
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2. A Set of Lemmas
We need each of the following lemmas to prove our main results which are stated already in Section 1.

Lemma 1 (see [4, p. 21]). Suppose that the functions y = y(x) (x € L) and x = @(t) (t € I) are n times
differentiable and that R(@) C L. Then, fort €1,

"y L\ d"y(e®) (po)(t)
- Z (ilg.n..ing) dxm 1:!{( )}

(il o )EAn

where
m=iy+---+iy,

and

Ap =G, i)t i1, iy €No  and Zviv =n}. (1)
v=1
Lemma 2 (see [25, Theorem 3]). Suppose that
feASCM(I}), g €SCM(I") and  R(g)CI.

If
2g'(x) 2 9(x)  (xel’),

then f o g € ASCM(I").

3. Proofs of the Main Results

Proof. [Proof of Theorem 1]

Let

h(x) = fog(x) = flg)  (xe).
V@ =1y Y, (o

By Lemma 1, for n € IN, we find that
() g(])(x)
— ) ) H
(110 )€ AR

_ Z (il' n! ) )"’f(m)(g(x))H{((l)]];)(X)) }, (2)

(i1rin)EA j=1
where
m=ip+--+i, 21
and A, is defined by (1).
Since

feACM() and R(g)Cl,

we get, fori € IN,

D'fO>9w) 20 (xel). 3)
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Since g’ € CM(I), we find for j € Ny that

V(g @)" = V@20 e
or, equivalently, that

D)%) =20 (xel ieN).
By (3) and (4), we find from (2) that

“)"HP@) 20 (xel)
forn € IN.

The proof of Theorem 1 is thus completed. [

Proof. [Proof of Corollary 1]

Since
—g € ACM(I),

we get
g€ C() and g € CM(I°).

Then, by Theorem 1, we find that
fogeACM().

This evidently completes the proof of Corollary 1. [J
Proof. [Proof of Theorem 2]

Since
f e LCM(L),

we get
In f € ACM(I)).

Then, by Theorem 1, we have
(In f) o g € ACM(I).

Since
(Inf)og=In(foy),
wev find from (5) that
In(f o g) € ACM(I).

Also, from (6) we observe that
fogeLCM().

The proof of Theorem 2 is thus completed. [

826
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Proof. [Proof of Theorem 3]

Since
fe SLCM(IIr ),
we get
Infe ASCM(IT).
Then, by Lemma 2, we have
(In f) o g € ASCM(I").
Since

In(fog)=(nf)og,
we find from (7) that
In(f o g) € ASCM(I").

Furthermore, from (9), we see that
foge SLCM(I").

The proof of Theorem 3 is evidently completed. [
Proof. [Proof of Theorem 4]

Since

f & LCM(1y),

we get
In f € ACM(L).
Then, by Corollary 1, we have
(In f) 0 g € ACM(I).
Since
(Inf)og=In(foyg),
we find from (11) that
In(f o g) € ACM(I).

Moreover, from (13), we observe that
fogeLCM().

The proof of Theorem 4 is thus completed. [
Proof. [Proof of Theorem 5]

First of all, we know that
(fog) @ =f(9)-g' ()
By Theorem 2 and in view of the fact that
LCM(I) c CM(D),

827
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we have

f"og e LCM(). (15)

Since

g’ € LCM(I),

we find from (14) and (15) that

(f o gy € LCM(I).

This evidently completes the proof of Theorem 5. []
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