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The Sequence Space BV (p)

Vakeel A. Khan?®, Khalid Ebadullah?®

“Department of Mathematics. A.M.U, Aligarh-202002(INDIA)

Abstract. In this article we introduce the sequence space BV (p) for p = (i), a sequence of positive real
numbers and study the topological properties and some inclusion relations on this space.

1. Introduction
Let N, R and C be the sets of all natural, real and complex numbers respectively. We write
w={x=():xx€RorC },
the space of all real or complex sequences.

Let £, c and ¢y denote the Banach spaces of bounded, convergent and null sequences respectively normed
by [Ixlleo = sup |xl.
k

The following subspaces of w were first introduced and discussed by Maddox[6-7].
tp) = {x € w : X [xl* < oo},
k
leo(p) = {x € w : sup |x, [ < oo},
k
cp)={xew: likm |xg = IIPr =0, forsomel e C },
cop) ={xew: 1i]£n [xxPe =0, },
where p = (px) is a sequence of striclty positive real numbers.
After then Lascarides[2-3] defined the following sequence spaces
loolp} = {x € w : there exists ¥ > 0 such that sup |x;r|’*t, < oo},
k

colp} = {x € w : there exists r > 0 such that lilzn |xerPety =0, },

tlp} = {x € w : there exists r > 0 such that ), |xrP¥t; < oo},
k=1
Where t;, = p;l, for all k € N.
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Let v denote the space of sequences of bounded variation, that is
v={r=(%): ) It~ x| < o0,x 4 =0},
k=0

v is a Banach space normed by

ll = ) b = xi1|(Seel15)).
k=0

Let 0 be a mapping of the set of the positive integers into itself having no finite orbits. A continuous linear
functional ¢ on £, is said to be an invariant mean or g-mean if and only if

(1) ¢(x) = 0 where the sequence x = (x¢) has x; > 0 for all k,
(2) p(e) =1, wheree ={1,1,1, ...}, and
(3) (X)) = P(x) for all x € w.

In case o is the translation mapping n—n+1, a 0-mean is often called a Banach limit(See[20]) and V;, the set
of bounded sequences all of whose invariant means are equal, is the set of almost convergent sequences.
If x = (xx), set Tx = {Txi} = {xg(m))-
It can be shown that
Vo =1{x = (x¢) : lim t,x(x) = L uniformly in k, L = ¢ — lim x} [1]
m—oo
where m > 0,k > 0

Xk + Xg) + oovee + Xgm(k)

Eri(x) = ,and t_1 ; = 0.(See[4]).

m+1

where 0" (k) denotes the m' iterate of ¢ at k. The special case of [1] in which g(n)=n+1 was given by
(Lorentz[4,Theorem.1.]), and that the general result can be proved in a similar way. It is familiar that a
Banach limit extends the limit functional on c.

Theorem.1.1 (See[15,Theorem.1.1]) A o-mean extends the limit functional on c in the sense that ¢(x) = lim x
for all x € cif and only if o has no finite orbits, that is to say, if and only if, forallk > 0,j > 1.

al(k) # k
. Put
P i(X) = b f(¥) = E-1k(x),
assuming that f_; » = 0. A straight forward calculation shows (See[14]) that

m
m Zl J(Xgigy = Xgi1gg)  (mM=1)
]:

(Pm,k(x) =
Xk, (m = 0)

For any sequence x, y and scalar A we have

P k(X +Y) = Pup(x) + Pmi(y) and Py p(Ax) = Ay r(x).

Definition.1.2. A sequence x € { is of - bounded variation if and only if

(1) Y. 1@mi(x)| converges uniformly in k, and

m=0
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(2) lim t,x(x), which must exist, should take the same value for all k.

Mursaleen [15] defined the sequence space BV ;, the space of all sequences of o-bounded variation

BV, ={x€ls: Z |k (x)] < oo, uniformly in kj.

Theorem.1.3.(See[15,Theorem.2.2]). BV, is a Banach space normed by

Il = sup ) [ x(@)!.
k' m=0

The concept of statistical convergence was first introduced by Fast[5] and also independently by Buck[19]
and Schoenberg [8] for real and complex sequences.Further this concept was studied by Connor[9-10], Con-
nor, Fridy and Kline [11]and many others. Statistical convergence is a generalization of the usual notion of
convergence that parallels the usual theory of convergence.

A sequence x = (x) is said to be Statistically convergent to L if for a given € > 0
limll{i' Ixi—Ll>€,i<k}|=0
kokbT R

The notion of I-convergence is a generalization of the statistical convergence. At the initial stage it was
studied by Kostyrko, Salat, Wilczynski[16]. Later on it was studied by Salat, Tripathy, Ziman[22-23] and
Demirci[13]. Recentlly further it was studied by Tripathy and Hazarika[1], Khan and Ebadullah[25-26].

Here we give some preliminaries about the notion of I-convergence.

Let X be a non empty set. Then a family of sets I C 2%(2X denoting the power set of X) is said to be an ideal
if I is additiveie A,B€l = AUB € and hereditaryie A€ [ BCA=Bel

A non-empty family of sets f(I) C 2% is said to be filter on X if and only if ¢ ¢ f(I), for A, B € f(I) we have
ANB e f(I) and for each A € f(I) and A C B implies B € f(I).

An Ideal I C 2% is called non-trivial if I # 2%,
A non-trivial ideal I C 2% is called admissible if

{{x}:xe X} CL

A non-trivial ideal I is maximal if there cannot exist any non-trivial ideal | # I containing I as a subset. For
each ideal I, there is a filter f(I) corresponding to I. i.e

f)={KCN:K€el,

where
K°=N-K

Definition 1.4. A sequence (x;) € w is said to be I-convergent to a number L if for every € > 0,
fkeN:|xx—Ll=>e}el

In this case we write I — lim x;, = L.
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The space ¢! of all I-convergent sequences to L is given by
d={x)ew:{keN:|xx—L|>e€} el forsomeL € C}.
Definition 1.5. A sequence (x;) € w is said to be I-null if L = 0 .In this case we write I — limx; = 0.

Definition 1.6. A sequence (xx) € w is said to be I-cauchy if for every € > 0 there exists a number m = m(e)
such that
fkeN:|xx—xul>€lel

Definition 1.7. A sequence (x;) € w is said to be I-bounded if there exists M > 0 such that

{keN:|x|>M}el

Definition 1.8. For any set E of sequences the space of multipliers of E, denoted by M(E) is given by
M(E) ={a € w:ax € E forall x € E}(see[21]).

Definition 1.9. A map /i defined ona domain D € Xi.efi: D € X — Rissaid to satisfy Lipschitz condition if
[7i(x) = Ii(y)| < K|x — y| where Kis known as the Lipschitz constant.The class of K-Lipschitz functions defined
on D is denoted by 7 € (D, K).(see[25]).

Definition 1.10. A convergence field of I-covergence is a set
F(I) = {x = (x¢) € {w : there exists [ — lim x € R}.

The convergence field F(I) is a closed linear subspace of {. with respect to the supremum norm, F(I) =
Lo N c!(See[22,23]).

Define a function /i : F(I) — R such that fi(x) = I — limx, for all x € F(I), then the function 7 : F(I) - Ris a
Lipschitz function (see[22,23,25])(c.f.[9],[12],[17],[18],[21],[24],[27]).

Recently khan, Ebadullah and Suantai[26] defined the following sequence space
BV(II ={(xx) €w: {k € N :|pyi(x) —L| > €} € I, for some Le C }.
Main Results.

In this article we introduce the sequence space.

BVY(p) = {(xx) € @ : {k € N : |p(x) — LIP* > €} € I, for some Le C }.

Theorem 2.1. BV (p) is a linear space.

Proof. Let (x;), (vk) € BV.(p) and let a, B be scalars. Then for a given € > 0.
we have c
{k € N :|pmp(x) — L1JP* = —, for some L, e C} € I
! 2M;,

fk € N : [dmi(y) — Lol* > ——, for some L, € C} € 1
' 2M,

where
M; = D.max{1, sup |alf*}
k
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M, = D.max{1, sup |p[*}
k

and
D = max{1,2""'} where H = sup px = 0.
k
Let c
Ay =1k e N :|pyp(x) — L1 < M for some L € C} € f(I)
1
Ay =1k e N :|pmi(y) — LoPr < ﬁ, for some L, € C} € f(I)
2

be such that A, Aj € I. Then
Az ={k € N : [(adpui(x) + BPmi(y) — (aL1 + BL2)I*) < €}

€
2 {k € N : lal*|m(x) — Ll < Z—A/Illalpk-D}

. Pk _ Pk L Pk
N{k € N : |BP*|pmi(y) — Laof* < Ty |BI*.D}.
Thus
Ag = Ai N AE el
Hence
(@Pmi(x) + BPmi(y)) € BVL(p).

Hence BV.(p) is a linear space.

Theorem 2.2. Let (px) € {w. Then BV (p) is a paranormed space, paranormed by ||x||. = sup I(pm,k(x)lpﬁk where
k

M = max{1, supp}.
k

Proof. Let x = (x), v = (yx) € BVL(p).

(1) Clearly, ||x|l. = 0 if and only if x = 0.

(2) llx|l« = || = ||« is obvious.

(3) Since & < 1and M > 1, using Minkowski’s inequality we have

Pk

sup [P r(x) + %,k(y)lpﬁk < sup Iqu,k(x)lpﬁk + sup |k (y) .
k k k

(4) Now for any complex A we have (Ax) such that Ay — A, (k — ).
Let (x¢) € BVL(p) such that |, x(x) — LIP* > e.

Therefore, || (x) — Lil. = sup ¢ x(x) — LI < sup [¢h, ()| + sup |L|%.
k k k

Hence [|Ay Py i(x) = ALl < IAu@mi ()l + ALl = Aullm (0l + AlIL|l« as (k — oo).
Hence BV (p) is a paranormed space.

Theorem 2.3. BV (p) is a closed subspace of {w(p).

Proof. Let (x,((”)) be a cauchy sequence in BV (p) such that x™ — x.
We show that x € BV (p).

Since (x]((")) € BVL(p), then there exists a, such that

k€N :|pus(x™) —a,P > e} €L

We need to show that
(1) (a,) converges to a.
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2 IfU=1{keN:|x;—alx <e}, then U° €.
(1) Since (xl(:')) is a cauchy sequence in BV (p) then for a given € > 0, there exists ko € N such that
sup s (<) = i (dV) % < g,for all n,i > ko
k
For a given € > 0, we have
; €
Bui =k € N+ [pma(y”) = Gl < (M)
; €
Bi={k & N+ Ipna(xy) — ait* < (M)
€
By = k€ N : Ipup(x)”) — " < (")

Then B¢

ni’

B¢, B; € L. Let
B¢ = B, N BN B,

where
B={keN:la—a,l* <e}e f().

Then B¢ € I. We choose ky € B¢,then for each n,i > ky, we have

ke N:n—a <€) 2 {keN: ipuf) - al < ()

NIk e N < lpni”) = dualx I < (5
. €
Nk e N = Ipumi(y”) - an* < ()"}
Then (a,) is a cauchy sequence of scalars in C, so there exists a scalar 2 € C such that (a,) — a,as n — oo.
(2) Let 0 < 6 < 1 be given. Then we show that if
U={keN: |puilx) —al* <0,

then U° € I. Since ¢, x(x™) = ¢,,x(x), then there exists gy € N such that
, y q

P= (ke NIl — bl < GpM [

which implies that P° € I.
The number gy can be so choosen that together with [2], we have

o
Q:{keN:quO—al”k<3—D}

such that Q° € I. Since
k€ N : g™ — az P > 6} € 1.

Then we have a subset S of N such that S¢ € I, where

) (90) 0
S=1{k € N : [pui(x") — ag [P < (3—D)M}.

Let U° = P N Q° N S°, where
U={keN:|pyr(x)—al* <6}
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Therefore for each k € U¢, we have

k€ N : [ui(x) — alP* < 5} 2 {k € N 2 Iy px™ = pi(x)* < (%W}

. @) o
N{keN: |¢m,k(xkqo ) - aqolpk < (@)M}

NikeN:la, —al* < (g)M}.

Then the result follows.
Since the inclusion BV (p) c €L (p) is strict so in view of Theorem 2.3 we have the following result.

Theorem 2.4. The space BV (p) is nowhere dense subset of €«(p).
Theorem 2.5. The space BV!(p) is not seperable.

Proof. Let M = {m < mp <mz < ....... } be an infinite subset of N such that M € I.
Let
_ | 1,ifke M,
Pr = { 2, otherwise.

Let
Py = {(xx) : pmi(x) =0or1, for k =m;j, j€N and ¢,x(x) = 0, otherwise}.

Since M is infinite, so Py is uncountable. Consider the class of open balls
1
By = {B(z, E) 1z € Pyl

Let C; be an open cover of BV(II(p) containing B;. Since B; is uncountable, so C; cannot be reduced to a
countable subcover for BV.(p).Thus BV (p) is not seperable.

Theorem 2.6. The function 7 : BV!(p) — R is the Lipschitz function and is uniformly continuous.

Proof. Let x, y € BV!(p) and x # y.Then the sets
Ay =k € N 2 [Pui(x) — R = llx - yll.} € L,

Ay =k €N :pmi(y) — Ay = llx - yll.} € L.

Thus the sets,
By = {k € N : [ i(x) — B()I* < |lx = yll.} € f(D),

By = {k € N : [pux(y) = L) <llx = yll.} € f(D).

Hence also
B =B,NB, € f(),

so that B # ¢.Now taking k € B,
I(x) = ()P < (%) = P p (P + 1P i () = Qs (W + I i (y) = A(y)I*

< 3|lx = yll..

Thus 7 is a Lipschitz function.
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Theorem 2.7. c}(p) € BVi(p) C £L,(p).

Proof. Let (x;) € cj(p).
Then we have
(ke N:|xlx>¢€lel

Since ¢y C BV,. (x) € BV (p) implies
(ke N : ()" > €} el

Now let
Ay ={keN:|xf* <e}e f(D).

Ay =k e N : ()l < e} e f(I).
be such that A{, AS € I. As
loo(p) = {x = (xx) : sup Jxi* < oo},
k

taking supremum over k we get Ai - Ag. Hence

ch(p) € BVL(p) c €L (p).

Theorem 2.8. c!(p) c BVL(p) c €., (p).

Proof. Let (x;) € c/(p). Then we have
(ke N:|jxx — LI >€} el

Since c C BV, C £
(x¢) € BVL(p) implies
(ke N : lpup(0) —LP* > €} €.

Now let
Bi ={k e N :|¢r — LI < €} € f(I).

By ={k € N : |¢ppi(x) — LIk <€} € f(D).

be such that B{, BS € I. As

loo(p) = {x = (xi) : sup [xi* < oo},
k
taking supremum over k we get B{ C B. Hence

c'(p) c BVL(p) C L4 (p).

Theorem 2.9. If H = sup pi < oo, then we have ¢}, ¢ M(BV!(p)), where the inclusion may be proper.
k

Proof. Let a € ¢! .This implies that sup |ax| < 1 + K. for some K > 0 and all k.
k

Therefore x € BV (p) implies

sup(ax@u (P < (1 + K) sup(mx(x)I) < co.
k k

836
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which gives ¢, ¢ M(BV(p)).
To show that the inclusion may be proper, consider the case when p; = 1 for all k. Take a; = k for all
k.Therefore x € BV (p) implies

sipaakqu,k(x)lpk) < stipukﬁ) slipuqu,k(xwﬂk) < 0.

Thus in this case a = (a) € M(BV.(p)) while a ¢ £..

Theorem 2.10. Let (px) and (gx) be two sequences of positive real numbers. Then BV.(p) 2 BV.(g) if and
only if 1}(11}(1 inf ’;—Z > 0, where K° € N such that K € I.
€

Proof. Let liminf 2 > 0 and (x;) € BV.(q).
keK T

Then there exists f > 0 such that p; > Bqx, for all sufficiently large k € K.
Since (xx) € BV.(g) for a given € > 0, we have

Bo={keN:|puex)—LI* > e} el

Let Gp = K° U By Then Goel
Then for all sufficiently large k € Gy,

{k € N :|ur(x) —LP¥) > €} Sk € N : |ppi(x) — LIF7) > e} € L.

Therefore (x;) € BVL(p).
The converse part of the result follows obviously.

Theorem 2.11. Let (px) and (gx) be two sequences of positive real numbers. Then BV.(g) 2 BV.(p) if and
only if 11<H}<1 inf Z—i > 0, where K° € N such that K € I.
€

Proof. The proof follows similarly as the proof of Theorem 2.8.

Theorem 2.12. Let (px) and (gx) be two sequences of positive real numbers. Then BV.(p) = BV.(g) if and
only if lkn}rg inf Z—: >0, and lklr}g inf Z—i > 0, where K C N such that K° € ].
€ €

Proof. On combining Theorem 2.10 and 2.11 we get the required result.
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