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Exponential Inequality for p-Mixing Sequences and its Applications

Aiting Shen?, Huayan Zhu?, Ying Zhang?

#School of Mathematical Sciences, Anhui University, Hefei 230601, P.R. China

Abstract. Exponential inequality and complete convergence for j-mixing sequence are given. By using the
exponential inequality, we study the asymptotic approximation of inverse moments for p-mixing sequences,
which generalizes the corresponding one for independent sequence.

1. Introduction

Let {Z,,n > 1} be a sequence of independent nonnegative random variables with finite second moments.
Denote

n n
X, = Z;Zi/B" and B2 = Z‘ VarZ;. (1.1)
1= 1=

We will show that under suitable conditions the following equivalence relation holds, namely,
E@+Xy)" ~(@+EX,)™", n— oo, (1.2)

where a > 0 and r > 0 are arbitrary real numbers. Here and below, ¢, ~ d, means c,d;, I 5 1asn — oo.

The inverse moments can be applied in many practical applications. For example, they may be applied
in Stein estimation and post-stratification (see Wooff [1] and Pittenger [2]), evaluating risks of estimators
and powers of tests (see Marciniak and Wesolowski [3] and Fujioka [4]). In addition, they also appear in
the reliability (see Gupta and Akman [5]) and life testing (see Mendenhall and Lehman [6]), insruance and
financial mathematics (see Ramsay [7]), complex systems (see Jurlewicz and Weron [8]), and so on.

Under certain asymptotic-normality condition on X, relation (1.2) is established in Theorem 2.1 of
Garcia and Palacios [9]. But, unfortunately, that theorem is not true under the suggested assumptions,
as pointed out by Kaluszka and Okolewski [10]. The latter authors established (1.2) by modifying the
assumptions, as follows:

(i) r<3(r<4,inthei.id. case);
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(if) EX, — o0, EZ3 < oo;
n
(iii) (L. condition) Y, E|Z; — EZ;|°/BS, — 0 (c = 3).
i=1
Hu et al. [11] considered weaker conditions: EZ2*® < co, where Z, satisfies L5 condition and 0 < 6 < 1.
For more details about the inverse moment, one can refer to Wu et al. [12], Wang et al. [13], Sung [14], Shen
[15], Shen et al. [16], and so forth. The main purpose of the paper is to extend the asymptotic approximation
of inverse moment for independent sequence to the case of §-mixing sequence. It is easily seen that the key
to the proof of asymptotic approximation of inverse moment is the exponential inequality. So in Section 2,
we first give the exponential inequality for g-mixing sequence and complete convergence. In Section 3, we
study the asymptotic approximation of inverse moments for p-mixing sequence by using the exponential
inequality.
Firstly, we will give the definition of g-mixing sequence and some useful lemmas.
Let {X,,,n > 1} be a random variable sequence defined on a fixed probability space (QQ, ¥, P). Let n and
m be positive integers. Write 7" = o(X;,n <i <m) and Fs = 0(X;,i € S € N). Given ¢-algebras 8, Rin 7,
let

p(B,R) =  sup IEXY - EXEY] (1.3)

XeLy(B),Yelo,(R) A/ Var(X) - Var(Y)

Define the p-mixing coefficients and p-mixing coefficients by

p(n) = sup p(F{, Fir,)r 120, 1.4)
k=1
p(n) = sup{p(Fs, Fr) : finite subsets S, T C N, such that dist(S,T) > n}, n > 0. (1.5)

Definition 1.1. A sequence {X,,, n > 1} of random variables is said to be p-mixing if p(n) | 0asn — oco. A sequence
{Xy,n > 1} of random variables is said to be p-mixing if there exists k € N such that p(k) < 1.

Remark 1.1. We point out that p-mixing is similar to p-mixing, but both are quite different. In fact, p-
mixing coefficient (1.5) resembles the definition of the so-called maximal correlation coefficient (1.4), which
is defined by (1.5) with index sets restricted to subsets S of [1,k] and subsets T of [n + k, ), n,k € N.
In addition, in the definition of p-mixing, p(k) < 1 for some k € N is needed. While in the definition of
p-mixing, p(n) | 0 asn — oo is needed. Bryc and Smolenski [17] pointed out that even in the stationary case,
it may happen that p(1) < 1 while limy_,, (k) # 0. In this case, p-mixing is more general than p-mixing.
For more details about the difference between p-mixing and g-mixing, one can refer to Bradley [18], Utev
and Peligrad [19], and so on.

The concept of p-mixing was introduced by Bradley [20]. It is easily seen that g-mixing sequence
contains independent sequence as a special case. Hence, studying the limiting behavior of g-mixing is of
great interest. For more details about g-mixing random variables, one can refer to Utev and Peligrad [19],
Zhu [21], Wu and Jiang [22-24], Wang et al. [25], Zhou et al. [26], Wu [27], and so forth.

The following lemmas are useful.

The first one is the moment inequality for p-mixing random variables with exponent 2.

Lemma 1.1. Let {X,,, n > 1} be a sequence of p-mixing random variables with EX,, = 0 and EX? < oo for eachn > 1.
Then foranya > 0andn > 1,

a+n

5 x

i=a+1

a+n

1+2 Z p(k)] ) EX (1.6)
k=1

i=a+1

2
E <
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Proof. It follows from the definition of §-mixing sequence that

a+n 2

5 x

i=a+1

a+n

= ZEX§+2 Z E(XiX;)

i=a+1 a+l1<i<j<a+n

E

a+n

< Y EXE+2 ) pi-DEXDVAEXD?
i=a+1 a+1<i<j<a+n
a+n n—1 a+n—k
< Y EXR+Y Y pUO(EX? + EXZ,)
i=a+1 k=1 i=a+1
a+n a+n
< Y EX2+ZZp(k Y EX?
i=a+1 i=a+1
a+n
= [1 + ZZ p(k)] Y Ex2.
i=a+1

This completes the proof of the lemma. §

The next one is the Rosenthal type maximal inequality for p-mixing random variables, which was
obtained by Utev and Peligrad [18] as follows.
Lemma 1.2. Let {X,,, n > 1} be a sequence of p-mixing random variables, EX; = 0, E|X;]P < oo for some p > 2 and
for every i > 1. Then there exists a positive constant C depending only on p such that

Z X Z EXZJ

Throughout the paper, let {X,,, n > 1} and {Z,, n > 1} be sequences of random variables defined on a fixed
probability space (€, ¥, P). For random variable X, denote || X [|,= (EIXIr)l/ ", r> 0. C denotes a positive
constant which may be different in various places.

r/2

<C ZE|X|P+

max
1<]<n

2. Exponential Inequality and Complete Convergence for p-Mixing Sequence

In this section, denote S, = Z X;and A2 = Z EX? for each n > 1.
i=1
Theorem 2.1. Let {X,,, n > 1} be a sequence of p- mzxzng random variables with EX,, = 0 and |X,,| < d < co a.s. for

eachn > 1. Then forany e > Qandn > 1,

82
P(S, > ¢) < C _« 21
(S0 > €) 1eXp{ c2(4A5+nde)} @1)

82
P(Sn < —E) <G exp {—m}, (22)

82
P(IS,| > €) < 2C _— 23
(ISul > €) 1e><p{ C2(4A%+nd6)} (2.3)

where C1 = exp {1 +pm+1)+ 4 4’"} C, =8 (1 +2Y ﬁ(k)) and 1 < m < n is some positive integer.
k=1

Proof. For fixed n > 1, by 1 < m < n we can see that there exists a nonnegative integer I < n such that

2lm <n <2(I+ 1)m. (2.4)
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For random variables X, Xy, - - -, X;;, we construct the following random variable sequences

Yi = Xi+Xo+-+ Xy, Z1 = X1 + Xpgo + -+ + Xop,
Yo = Xomr+Xoms2t+Xsw, Zo = Xaper + Xameo + 00 + Xa,
Y = Xog—iymer + 0+ Xoi-1ym, Z; = Xoi-tyms1 + 0+ Xop.

y _ 0, if 2lm>mn,
LT\ Xg+ -+ Xy, if 2m<n.

If 2Im > n, we assume that X1, Xy42, - -+ , Xoim above are all zero. Obviously,

n 1+1 1
Snsz,-=ZYi+ZZ,-. 2.5)
i=1 i=1 i=1
Forany 0 <t < m, it follows from (2.4) that
[tY 1] < t(n —2Im)d < 2tmd < 1 a.s..

By (2.5), Markov’s inequality and Holder’s inequality, we have

P(S,>¢) = P(tS, >te) < exp{—te}E exp{tS,}
I I
= exp{—te}E|exp {tYii1}exp {t Z Yi} exp {t Z Z,}
i=1 i=1
I I
< expf{l —telE [exp {t Yi} exp {t Z Z,«}
i=1 i=1
] 1/2 ; 1/2

< expfl - te} [E exp {Zt Z Yi}] [E exp {Zt Zi}] . (2.6)

i=1 i=1

L
Denote ty; =2(i—1)m+1, tp = (2i— 1)mand A(i) = i EX}Z, fori=1,2,---,1. It follows from Lemma 1.1 that
j=ti

EY? < [1 +2)] p(k)] AG). 2.7)
k=1

By EY; =0, [4tY;| <4tmd <1as.and 1 +x < e (x > 0), we can see that

(e8]

2 E(4tY;)
E (EZtY,') — Ee4fY,' = 1+ Z ( ].' l)
j=2 ’
E(4tY;)? (1 N 1 1 N 1 N 1 N )
2! 4x3 b5Xx4x3 6Xx5%x4%3

E(4tY;)?

2!
E@4tY;)? 1
2! 1-—

exp {16PEY2} < exp {16t2 [1 +2 Z ﬁ(k)] A(i)},
k=1

IN

1+

W

(1+1+l+l+l+ )
3 3 3 3

IA

1+

= 1+

< 1+16£EY?

W=

IA
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which implies that
N\1/2
Jexp vill, = (E[T) ™ < exp{CaPa), i=1,2,+ 1 2.8)

Together with the definition of f-mixing sequence and 1 + x < ¢* (x > 0), it follows that

I -1
Eexp {Zt Z Yi} = E (exp {Zt Yl} exp {ZtYl}]
i i=1

-1
< Eexp {Zt Y}Eexp {2tY1} + p(m + 1) exp{ t Yl} |exp 2tY;} ||2
i=1
1-1 -1
< |lexp {Zt Y,} ||exp {2tYy} || + p(m + 1) flexp {ZtZ ,} )exp {2tY1}||2
i=1 i
i 1-1
= (1+p(m+1))|exp {Zt Yi} “exp {2tY1}”2
i=1
’ 1-1
< (1+p(m+1))exp {CztzA(l)} exp {Zt Z Y,-}
i=1
-1 :
< exp {ﬁ(m +1)+ CztzA(l)} exp {Zt Yi}
i=1

2
By the generalized C-S inequality (Kuang [28, p.6]), we can get that

-1 -1 -1
exp {Zt Z Yl-} < ||exp 2tY; ||2 1) H Eexp{4(l - }]ﬁ
i=1 2 i=1 i=1
-1 )
= [[[Eexplatyiiexplatyit - )=
i=1
-1 ) ﬁ
< [exp{l -2JE (ezm) ]

1l
—_

1
-

—:

—_

exp{l — 2} exp {16:%2 [1 + Z ]A(z }

k=1

- 12 m
= || exp{z(l — 1) exp {—tz( L. ]A(z)}

= exp{l_Tz}exp{l—CthZ A )}

Therefore,
! -1
Eexp {ZtZ Yi} < exp {p(m +1) + CgtzA(l) exp {Zt Yz}
i=1 i=1 2
~ -2 252
< exp p(m+1)+T+C2t Ay
< explp { som + 1)+ 22 C2t2A2} 2.9)



Aiting Shen et al. / Filomat 28:4 (2014), 859-870 864

Similarly, we also have

i
A B n—4m 242
Eexp {Zt; zl} < exp {p(m s+ Gt An}. 2.10)
It follows from (2.6), (2.9) and (2.10) that
P(S, > €) < Crexp {~te + Cof?AZ}. 2.11)

Since {—X,,, n > 1} is also a sequence of j-mixing random variables with E(—X,) =0 and | - X,,| < d < 0 a.s.
for each n > 1, it follows from (2.11) that

P(S, < —&) = P(=S, > €) < Crexp {~te + Cof?AZ}. (2.12)
(2.11) and (2.12) yield that

P(ISul > €) = P(Sy > £) + P(Sy < —¢) < 2Cy exp {—te + CPA2}. (2.13)
Taket = . It is easy to check that

Co(4A2 + nde)’

2¢e

< —— nd< 1
T Co(4A2 +nde) T 4

Cs =8[1+2Zp(k)] >8, tmd

k=1
Therefore, (2.11) implies that

262 2 2C,A?
PS,>¢) < Clexp{— ¢ ¢ 20n¢ }

+ .
Co(4A2 +nde)  Co(4A2 + nde) Co(4A2 + nde)

IA

c 2¢? . 2A2
exp{— -
1P C2(4A2 + nde) 4A2 + nde

82
Crexpi-——o— ",
1eXp{ c2(4A5+ndg)}

which implies (2.1). Similarly, we can get inequality (2.2) and (2.3) from (2.12) and (2.13), respectively. We
complete the proof of the theorem. §

IA

Theorem 2.2 Let {X,,,n > 1} be a sequence of p-mixing random variables with EX, = 0 and |X,| < d < oo a.s. for

eachn > 1. Assume that Y, p(n) < oo and Y, EX? < co. Then for any r > 1,
n=1

n=1
n'S, — 0, completely, (2.14)
and in consequence n~’S, — 0a.s..

Proof. For any n > 1, we can choose a positive integer m such that n — 4m < 0, which implies that C; < co.
Thus, by Theorem 2.1, for any € > 0, we obtain

= > 1272
P(S,|>n"¢) < 2C ex {— - }
; ' 1 ,;‘ Pl cary EX? + ndn’¢)
= n2re2
< 2C —
1;9)(19{ C2(4221 EX12 +1’ll+rd<€)}
< C+CY[oxp(-O" <eo.

n=1

This completes the proof of the theorem. §
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3. Asymptotic Approximation of Inverse Moments for Nonnegative p-Mixing Sequence

In this section, we will study the asymptotic approximation of inverse moments for nonnegative p-
mixing random variables with non-identical distribution. The first one is based on the exponential inequality
that we established in Section 2.

Theorem 3.1. Let {Z,,, n > 1} be a nonnegative p-mixing sequence with Y, p(n) < co. Suppose that
n=1

(i) EZ2<oc0, VYnx1;
(i) EX, — oo, where X, is defined by (1.1);
(iii) ~ for some n > 0,

Ry(1) = B2 Y EIZ2(Z; > B.)} > 0, n — oo;
i=1

(iv) for some t € (0, 1) and any positive constants a, 1, C,

EX,)
lim (a + EX,)" - exp {—C- %} =0.

Then for any a > 0 and r > 0, (1.2) holds
Proof. Firstly, let us decompose X, as

X, =U, +V,, (3.1)
where
n n
U, =B,' Y Zi(Zi <nBy), Vi=B;' Y Zil(Zi > 1By), (32)
i=1 i=1
and denote
fin = EU,, B2=) Var{ZI(Z; <nB,)}. (3.3)

¢From (3.2) and condition (iii), it can be seen that

1 n
. Z E{Z2I(Z; > 1B,)} — 0, as n — o. (3.4)

EV, <
nB; 4=

Thus, EX,, = EU, + EV,, ~ i, following from condition (ii). Therefore, (1.2) will be proved if we show that
E@@+X,)™" ~(a+ fi,)™". (3.5
By Jensen’s inequality, we have
E@+X,) " >2@+EX,)™". (3.6)
Therefore

lim inf(a + fi,) E(@@ + X,)™" > liminf(a + fi,)"(a + EX,) ™" = 1. (3.7)
n—o0 n—o0
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It is easily seen that

By = ) [(EIZI(Z; <nB.) - [EZi(Z; < nB,)P)
i=1

= Y [E[Zi= ZiI(Zi > 1B - [EZ; = Zil(Zi > nB,)P)
i=1

B +2Y" EZi-EZI(Z; > nBy) - BiR(n) = ) [EZI(Z; > nB,)P,
i=1 i=1

hence
n n
IB2B;2 — 1| < 2B;2 Z EZ;-EZI(Z; > nB,) + Ru(n) + B;2 Z[EZ,-I(Zi > nB,)J2.
i=1 i=1

By Jensen’s inequality and condition (iif), we have

B2 Y [EZI(Zi > nB,)P < B2 Y EZ(Z; > nB,) = Ry(1) = 0.
i=1 i=1

By condition (iii) again and (3.4),

866

(3.8)

3.9

n n n
B2 2 EZ;-EZI(Z;>1B,) < B;? Z EZI(Z: < nB,) - EZI(Z: > nB,) + B;2 Z[EZZ-I(Z,- > nB,)2

A

i=1 i=1

IN

i=1 i=1
= nEV,+R,(n) — 0, as n — co.

i=1

n n
nB;! 2 EZI(Z; > nB,) + B} Z EZ21(Z; > 11By)

(3.10)

Therefore, B2 ~ B2 follows from (3.8)-(3.10) immediately, which implies that B, ~ B,. For t € (0,1), where ¢

is defined in condition (iv), denote

E(a + Xn)_r =01 +Qy,

where
Qi = E@+Xn)"I(U, < fiy, — i),
Q = E@+X,) ' I(Uy > fin — [1;)

Since X, > U,, it follows that
Q2 < E(a+Xu)"I(Xu 2 fin — f1,) < @+ fin — 1)
Therefore

limsup(a + fi,) Q2 < 1

n—oo

from the fact that fi, — oo asn — 0. By X,, > 0, we have

Q1 = E@+ X)) "I(Uy, < i, — fit,) <a"EI(U, < fi, — fit) = a"P(U, < fin — fib).

(3.11)

(3.12)
(3.13)

(3.14)

(3.15)

In the following, we will estimate the probability P(U, < fi, — fi},). For fixed n > 1, denote

Wi=-Z1(Z; <nB,)+ EZ,I(Z; <nB,), 1<i<n,
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W
then {m %, ey, —"} are p-mixing random variables and
B, B, B,

n W
P(U, < T, — ity =P ZB—’>g§,].
i=1 "

Obviously

Ca =8(1+22ﬁ(k))s8 1+2Zﬁ(k)]< .
k=1 k=1

For any n > 1, we can choose a positive integer m such that n — 4m < 0, which implies that C; =
exp {1 +pm+1)+ ”;‘;m} < oo,
It is easy to check that

n sz Bz .
Z l:—n—)l, n— oo, ‘%Sznrlslgn
p B% B% Bn

[ ﬂ Nt]
g, M
i=1
~2t
C1 exp Hu
421 L EW2/B2 +n-2n- i)

for all n sufficiently large.
By condition (iv) and EX,, ~ fi,, we have

By Theorem 2.1, we can get

P(un < ‘an _ﬁ;)

IN

IN

Ciexp

: o . (EX»)!
lim (g + fi,)"Q1 < lim C(a + EX,)) exp4—C - - =0. (3.16)

Together with (3.11), (3.14) and (3.16), we obtain

limsup(a + fi,)’E(@a+ X)) < 1. (3.17)

n—oo

Combining (3.7) and (3.17), we get (3.5), which implies (1.2). The desired result is obtained. §
Remark 3.1. If {Z2,n > 1} is a nonnegative and uniformly integrable random variables sequence with Z,, > 0
and B2 > Cn, then for any 1 > 0, R,(17) — 0 as n — 0. In fact,

n
R = B Y E(ZA(Z:> 1By} < ? sup EZ21(Z; > nB,)

i=1

IN

Csup EZZ.ZI(ZI- >nB,) =0, asn — co.

i1
Remark 3.2. The result of Theorem 3.1 for nonnegative p-mixing random variables with non-identical
distribution has been obtained by Shen et al. [16, Theorem 3.1]. Just as Remark 1.1 stated that p-mixing
and f-mixing are similar, but different and j-mixing is more general than p-mixing. Hence, Theorem 3.1
in the paper extends the corresponding one of Shen et al. [16] for p-mixing random variables to the case of
p-mixing random variables.
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Remark 3.3. We point out that there is no any specific meaning for condition (iv) in Theorem 3.1, which is
just a technical condition. If the tool exponential inequality used in Theorem 3.1 is replaced by Rosenthal
type maximal inequality, we will show that (1.2) holds under very mild conditions and the condition (iv) in
Theorem 3.1 can be deleted. The result is as follows.

Theorem 3.2. Let 0 < s < 1 and {Z,,n > 1} be a sequence of nonnegative p-mixing random variables. Let
{M,,,n > 1} and {a,, n > 1} be sequences of positive constants such that a,, > C for all n sufficiently large, where C is
a positive constant. Denote X, = M, Yi_ Zi and p, = EX,,. Suppose that the following conditions hold:

(i) EZ, < oo foralln >1;

(ii) py — 00 as n — oo;

(iii) For some positive number n > 0,

Y1 EZ(Zy > nMy 5, /a,)
ZZ:1 EZk

Then (1.2) holds for all real numbers a > 0 and r > 0.
Proof. Noting that f(x) = (a + x)™ is a convex function of x on [0, o), by Jensen’s inequality, we have

— 0asn — oo.

E(@+X,;)™ 2 (a+EX,)™, (3.18)
which implies that
liminf(a + EX,)"E(a + X,,)™ > 1. (3.19)

To prove (1.2), it is enough to prove that

limsup(a + EX,,)*E(@a + X,,) ™ < 1. (3.20)

n—oo

In order to prove (3.20), we only need to show that for all 6 € (0, 1),

limsup(a + EX;,)*E(@a + X,) ™ < (1 - 9)™. (3.21)

n—oo

By the condition (iii), we can see that for all 6 € (0, 1), there exists positive integer 1n(5) > 0 such that

Z EZ(Zi > qM, 1S, /ay) < gz EZ, 1> n(o). (3.22)
k=1 k=1
Let ; .
Uy = M;' Y Zd(Z < Mo fa) = M1 Y 7,
k=1 k=1
and

E@+ X,)™®

E(@a+ X)) I(Uy = py — Opn) + E(a + X)) *I(Uy, < iy — Oin)
Q1+ Qe (3.23)
For Q;, we have by the fact X,, > U, that

Q1 <E@+ X)) I(X, > Un — 6[111) <(a+ Un — 6!171)_“/ (3.24)
which implies by condition (i7) that

limsup(a + p,)*Q1 < limsup(a + pu)*(@ + pn — o)™ = (1= 06)"% (3.25)

n—oo n—oo
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For Q,, we have, by (3.22), that for n > n(o),

|tn = EUL| = M;! Z EZI(Ze > Myt /) < Spin/2. (3.26)
k=1

Hence, by (3.26), Markov’s inequality, Lemma 1.2 and C, inequality, we have for any p > 2 and all n > n(d)
that,

Qy < a P (U, < pn — Olin)

a *P(EU, — U, > Opty — (un — EUy))

< @ *P(EU, — Uy, > 5i1n/2)
n P
< @ *P(U, — EUyl > 6pa/2) < Cu,"ME|Y (2., - EZ,)
k=1
n p/2 n
< Ol M2 Y EZ2Z < iMisifan) |+ C M Y| EZIZi < My fay)
k=1 k=1
n p/2
< Cu | M s fay Y | EZI(Ze < Mty /ay)

k=1
+Cy;PM;1Hsn(p—1)/aZ—1 Z EZ.I(Zy < T]Mny,i/an)
k=1
= Cy;p [(H;/an ' Hn)p/2 + ‘ujl(p_l)/gi_l . Hﬂ]

—(1-s)p/2 2 —(1-s)(p—1 -1
— C[[Jn( s)p/ /aZ/ +f'ln( s)(p )/al;l ]

< C‘u—(l—S)P/Z + Cy—(l—S)(P—l)' (327)
Taking p > max {2, %} and noting that p — 1 > £, we have by (3.27) that
limsup(a + p,)*Qa < limsup(a + pn)* [Ciu;(l‘s)p/z + CH;“‘S)(P—D] =0. (3.28)

Hence, (3.21) follows from (3.25) and (3.28) immediately. This completes the proof of the theorem. #

Remark 3.4. When M,, = B, and a, = i, the condition (iii) in Theorem 3.2 is weaker than (iif) in Theorem
3.1. Actually, if for some 1 > 0,

n
Ru(n) := B} Z EZ21(Z; > 1B,) = 0, n — oo,
i=1
then
n n
B,' Y EZI(Z; > nB,) <n'B;2 Y EZA(Zi > nBy) -0, n— o,
i=1 i=1
which implies by u, — oo that
B' Y EZI(Z; > nB,) _ Y EZI(Z; > nBy)
i Y EZ;
i.e., condition (iif) in Theorem 3.2 holds.

-0, n—> oo,
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