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Abstract. In this paper, we approximate the following additive functional inequality
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for all x11,- -+ , Xkar1 € X. We investigate homomorphisms in proper multi-CQ*-algebras and derivations on
proper multi-CQ"-algebras associated with the above additive functional inequality.

1. Introduction

Let X and Y be Banach spaces with norms || - ||x and || - ||y, respectively. Consider f : X — Y to be a
mapping such that f(fx) is continuous in t € R for each fixed x € X. Assume that there exist constants 0 > 0
and p € [0, 1) such that

IfCc+y) = £ = FWlly < O(Ixlly, + llyll)
for all x, y € X. Th.M. Rassias [1] showed that there exists a unique R-linear mapping T : X — Y such that

1) = Tl < 52l

for all x € X. Gavruta [2] generalized the Rassias’ result: Let G be an Abelian group and Y a Banach space.
Denote by ¢ : G X G — [0, o) a function such that

— =01
plx,y) = Z 2P, 2/y) < e0
=0
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for all x, y € G. Suppose that f : G — Y is a mapping satisfying
1f e+ ) = f) = FWIl < p(x, )

for all x, y € G. Then there exists a unique additive mapping T : G — Y such that
1_
1f() =TI < 59(x, x)
forall x € G. C. Park [3] applied the Gadvruta’s result to linear functional equations in Banach modules over

a C*-algebra. Several functional equations have been investigated in [4]-[20].
In this paper, we prove the Hyers-Ulam stability of the multi-additive functional inequality

d+1 d+l
(mf(Zi:.,LXh)/"' ’mf(z,‘:’;xm))

ICE fe), - 2 fx)|), < , (1)

k

where d > 2 is a fixed integer.

2. Multi-normed spaces

The notion of multi-normed space was introduced by H.G. Dales and M.E. Polyakov in [21]. This
concept is somewhat similar to operator sequence space and has some connections with operator spaces
and Banach lattices. Motivations for the study of multi-normed spaces and many examples are given in
[21-23].

Let (&,]/]) be a complex normed space, and let k € IN. We denote by &' the linear space E® ... ® &
consisting of k-tuples (x1, ..., xx), where x3,...,x € &. The linear operations on EF are defined coordinate-
wise. The zero element of either & or &' is denoted by 0. We denote by INy the set {1,2, ..., k} and by X the
group of permutations on k symbols.

Definition 2.1. A multi-norm on {E : k € N} is a sequence

(Ille) = (ULl = k € IN)

such that ||.||x is a norm on Skfor eachk € N :
(A1) NI(xo(), s Xo@)llk = 1Cc1, s X0l (0 € T, X1, .., Xk € E);
(A2) |l(a1x1, ..., axxp)llk < (Maxieny, lail) llx1, ..., Xelle
(a1, ar €C, x1,...,x, €E);
(A3) I(x1, s Xi-1, Ol = Nl(x1, ooy Xp—1)l k1 (x1, . Xk-1 € E);

(A4) ”(xlr ey Xk=1, xk—l)“k = ||(x11 ceey xk—l)”k—l (xlr vy Xp-1 € 8)
In this case, we say that (&5, 1K) : k € N) is a multi-normed space.

Lemma 2.2. [23] Suppose that (&5, I1llk) = k € N) is a multi-normed space, and take k € IN. Then
@ N, ., Dk = Ixll (x€E);
(b) maxien, Il < 1Gx1, ., Xl < Y, llxill < kmaxien, Il (x1, ..., Xi € E).

It follows from (b) that, if (&, ||.]|) is a Banach space, then (&5, 11l is a Banach space for each k € IN; in
this case ((, ||.ll) : k € IN) is a multi-Banach space.
Now we state two important examples of multi-norms for an arbitrary normed space & ; cf. [21].

Example 2.3. The sequence (|||l : k € IN) on (EF: ke N} defined by

11, ..., Xkl := max ||x;]] (x1, ..., X € E)
i€Ng

is a multi-norm called the minimum multi-norm. The terminology ‘minimum’ is justified by property (b).
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Example 2.4. Let {(|l.Il : k € N) : @ € A} be the (non-empty) family of all multi-norms on {E ke N). Forke N,
set

llx1, ..., xilllk = sup [[(x1, . x)ll; (x1, ..., Xk € E).
acA

Then (|||.lllk : k € N) is a multi-norm on {E* : k € N}, called the maximum multi-norm.

We need the following observation which can be easily deduced from the triangle inequality for the norm
|I.llk and the property (b) of multi-norms.

Lemma 2.5. Suppose that k € N and (x4, ..., xr) € E. For each jefl,... ki, let (x{l)nzllg
that lim, e ¥/, = xj. Then for each (y1, ..., Yx) € EF we have

be a sequence in & such

e

}i_r&(x}l = Y1, e X = W) = (1 = Y1, e Xk — Vi)
Definition 2.6. Let ((E,|.|lx) : k € IN) be a multi-normed space. A sequence (x,) in & is a multi-null sequence if,
for each e > 0, there exists ny € IN such that

sup ||(xp, - Xpsk-1)llk < & (1 2 1p).
keIN

Let x € & We say that the sequence (x,,) is multi-convergent to x € & and write

im x, = x

n—oo

if (x, — x) is a multi-null sequence.

Definition 2.7. [21, 24] Let (A, ||.ll) be a normed algebra such that (A5 1) = k € N) is a multi-normed space.
Then (A, ||.llk) : k € IN) is a multi-normed algebra if

“(albl/ [y akbk)”k < “(alr [y ak)”k : “(bll iy bk)“k

forallk €e Nandallay, ..., ax, by, ..., by € A. Further, the multi-normed algebra (A5 111e) « k € N) is a multi-Banach
algebra if (AX, ||.llk) : k € N) is a multi-Banach space.

Example 2.8. [21, 24] Let p,q with 1 < p < g < oo, and A = {¥. The algebra A is a Banach sequence algebra
with respect to coordinatewise multiplication of sequences. Let (||.|lx : k € IN) be the standard (p, g)-multi-norm on
(Ak : k € N}. Then (A, ||.Ilk) : k € N) is a multi-Banach algebra.

Definition 2.9. Let (A, ||.||) be a Banach star algebra with involution +. A Multi-C*-algebra is multi-Banach algebra
such that

@ay, - aapll = ll(ar, -, a)l?

In a series of papers [25]-[32] and [17]-[19], many authors have considered a special class of quasi
+-algebras, called proper CQ*-algebras, which arise as completions of C*-algebras. They can be introduced in
the following way:

Let A be a linear space and (A a *-algebra contained in A. We say that U is a quasi *-algebra over A if the
right and left multiplications of an element of A and an element of A are always defined and linear, and an
involution * which extends the involution of A is defined in A with the property (ab)* = b*a* whenever the
multiplication is defined.

A quasi *-algebra (U, A) is called topological if a locally convex topology 7 on U such that :

(Q1) the involution a — a* is continuous

(Q2) the maps a + ab and a — ba are continuous for each b € A

(Q3)A is dense in A with topology 7.
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In a topology quasi *-algebra the associative law holds in the following two formulations
a(bc) = (ab)c;  b(ac) = (ba)c (b,ce AaecN).

A CQr-algebra is a topological quasit-algebra (2, A) with the following properties:
(CQ1) (A, Il.Il.) is a C*-algebra with respect to the norm ||.||. and the involution *.
(CQ2) (Y, ].I[) is a Banach space and ||a*|| = ||| for every a € 2.

(CQ3) for every b € A we have

lIbll. = max{sup [labll, sup |[ball}.

llall<1 llall<1

F. Bagarello and C. Trapani [33] showed that both (LF(X, 1), Co(X)) and (L* (X, ), L*(X)) are CQ*-algebras.

Now, we define the multi-CQ*-algebra.

Let (U, A) be a CQ*-algebra. We say that {(A¥, A¥) : k € N} is a multi-CQ*-algebra if for every k € N the
couple (U, A¥) is a CQ*-algebra where {2 : k € N} and {A* : k € N} are multi-Banach and multi-C*-algebra
respectively.

Example 2.10. In [33], the authors showed that the couple (U, A) is CQ*-algebra where A = {F and A = ¢y. Now,
consider Example 2.8 then {(UX, AX) : k € N} is a multi-CQ"-algebra.

The purpose of this paper is to investigate the Hyers-Ulam stability of homomorphisms in proper multi-

CQr-algebras and of derivations on proper multi-CQ*-algebras associated with the additive functional
inequality (1). We denote that T :={AeC| |A] =1}

3. Stability of C-linear mappings in multi-Banach spaces

We investigate the Hyers-Ulam stability of C-linear mappings in multi-Banach spaces associated with
the multi-additive functional inequality
o) 2)

where d > 2 is a fixed integer. In this section, we assume that (X, ||.][) and (Y, ||.][) are Banach spaces such
that (X*, ||.llc) and (Y%, ||.|l) are multi-Banach spaces.

IEE fen), - 2E f)|), <

7

k

Lemma 3.1. Let f : X — Y be a mapping satisfying (1) in which f(0) = 0. Then f is additive.
Proof. Letting x3 = -+ = x4,1 = 0 and replacing x; by x and x, by —x in (1), we get

I1f () + f(=0)ll < [lmfO)I| = O

for all x € X. Hence f(—x) = —f(x) for all x € X.
Replacing x; by x, x, by y and x3 by —x — y and putting x4 = - - = x44.1 = 0in (1), we get

If () + f(y) — flc+ DIl = 11f () + f(y) + fF(=x =yl
<|mfO)lly=0, VxyelkX.

Thus we have
fx+y) =fO+fy), YxyekX
This completes the proof. [J
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Theorem 3.2. Let f : X — Y be a mapping. If there exists a function ¢ : X% — [0, 00) satisfying

d+1 d+1

QO G, ) f)
i=1 i=1 k

d+1 a+1 ..
(mf[zlnl/lxlz)’_” ,mf[zi;;lezJ]

(P(xllr' o X1d+1s 0 s XKL, /xkd+1) :

(o8]

o o i i
=Zsupd’<p(df xi, e, d g, d T e, d T g ) < oo,
]':0 keIN

<

+ Q11,0 Xdet, Xk, Xkd+1),

k

forall x11,- -+, Xkas1 € X, then there exists a unique additive mapping L : X — Y satisfying

sup [|(f(x1) = Lx1), -+, f(x) = Llx)lle

keIN

<sup @(xy, x1, -+, —dx1, -, Xk, Xg, - -+, —AXg)
kelN

forall xi, ..., x € X.

681

Proof. Since ¢(0, ...,0) < oo in (3), we have ¢(0, ...,0) = 0 and so f(0) = 0. Replacing x;1, ..., X;z by x; and Xiz41

by —dx; in which 1 < i <k, respectively in (2). Since f(0) = 0, we get

[@f (1) = fldxr), -, df(a) = fdx),
= ||@f (1) + f(=dxr), -+, df () + f(=dx)),
<Ilmf(),--- ,mfO)lk

+ @(xlle/” : /_dxll’ Xy Xkt /_dxk)

for all x4, ..., xx € X. From the above inequality, we have

H(ﬂxl)—df(x) - flw) - df (3 H

X1 X1 Xk Xk
S(P E’E,...’_XL.”’E,E,.“,_Xk

for all x4, ..., xx € X. Replacing x; by d "x;, 1 <i <k, in the above inequality, we have

s ()=o) o s () - (5)

(M M m wx
- g+’ gn+1’ N L gn+l’ gn+l’ ’ dn

(From the above inequality, we have
sup

oo ()= () o () - (),

<. SupH dH dJ“)_ ]f(df) "dj+1f(df+1) d]f(df))

J=4
n—-1

k

X dx; Xe o Xk dx; )

upd](P(d]+1 d]+1/ “/_djj/“'lﬁldjjl'”/_ﬁ
J=q
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for all x1, ..., xx € X and all non-negative integers q,n with g < n. ;From (3), the sequence {d” f (%)} is a
Cauchy sequence for all x € X and convergent in the complete multi-norm Y. So we can define a mapping

L:X—> Yby
. X
L) = lim ' ()

forall x € X.

In order to prove that L satisfies (4), if we put 4 = 0 and let n — oo in the previous inequality then we

obtain

sup [I(f(x1) = Lx1), -+, f(x) = L)l

keIN
n—-1
j X1 X dxq Xp Xk dxy
SZSupd(P T g T g g g T g
j:() keN

=sup @(x1,x1,- -+, —dx1, -, Xk, Xg, - -+, —AXx)
kelN

forall xq, ..., x € X.

dn+1

Replacing x;; by %, (1<i<kand1 <j<d+1)respectively, and product by in (2), we get

d+1 X
" 1i
Zd f(dn+1)
i=1
Y v X x x x
< md”f j=1 Al g 11,”_, 1d+1,m 11,”., 1d+1 )
md”” dn+1 dn+1 dn+1 dn+1

forall x;; € X (1 < j <d+1). Since (3) gives that

( X11 Xid+1 X1 x1d+1) ~0

lim d" sup ¢ gnt17 T gt g g

n—oo keN

forall x;; € X (1 <j<d+1),if weletn — ocoin the above inequality then we get

< . Z?:f X1i
- m

and so L is additive by Lemma 3.1.

7

(5)

Now to prove the uniqueness of L, let L’ : X — Y be another additive mapping satisfying (4). Since L

and L’ are additive, we have
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IL(x) — L' (x)I|
- f3)-v (3
co(ef2)- (2 e ()-2))

cgrooglX X mx o ox ox —dx
—_ (,0 dn! /dnl d” 7 /dn/ Idnl d”

k

d+1 d+1

x X —dx X x —dx

= 1+ j . . .
- 22 supd ¥ gn+i+1’ ! gnajEl’ gnje? ! dn+il’ L gnHiEl’ gl

jZO keN

which goes to zero as n — oo for all x € X by (3). Consequently, L is the unique additive mapping satisfying
(4), as desired. O

Corollary 3.3. Let f : X — Y be a mapping with f(0) = 0. If there exists a function ¢ : X*¥** — [0, 00) satisfying
(2) and

(o]

Q(x11, , Xdek) == Z i‘;ﬂg d]-j(P<d]x11,“' /d]xkdﬂ) < 0o, (6)

j=0

forall x11,+ -+ , Xxar1 € X, then there exists a unique additive mapping L : X — Y satisfying

sup [|(f(x1) — L(x1), -+, f(xk) = L(xi)llk @)
keIN

S Sup a(xllxlr Tty _dxll e /xk/ xk/ Tty _dxk)
keIN

forall xi, ..., x € X.

Proof. The proof is the same as in the corresponding part of the proof of Theorem 3.2, as desired. [J
Lemma 3.4. Let f : X — Y be a mapping satisfying

d

1 X+ UX,
< Hmf(Za—l u d+1]

m

, (8)

d
Y )+ uf )
i=1

forall u e T and all x4, ..., X441 € X. Then f is C-linear.

Proof. If we put u = 1in, then f is additive by Lemma 3.1.

Puttingx; = x,x; = 0,2 <i < dand x441 = —x, respectively, we get f(ux)+uf(—x) = Oand so f(ux) = uf(x)
for all 4 € T' and all x € X. Thus we have f(ux + ix) = f(ux) + f(fix) = pf(x) + fif(x) for all y € T" and all
x € X, and so f(tx) = tf(x) for any real number ¢ with [t{ <1 and all x € X.

On the other hand, since f(mx) = mf(x), we get f(m"x) = m" f(x) for all n € N. So for any real number ¢,
there is a natural number n with |t| < m". Thus we have

fle) = (" —x) = () = =) = )
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Now we consider any a € C with o = f + si for some real numbers t, s. Since f(ix) = if(x) holds, we have

flax) = f(tx) + f(six) = tf(x) + sf(ix) = tf(x) + sif(x) = af(x)
and so f is C-linear, as desired. [

Theorem 3.5. Let f : X — Y be a mapping. If there exists a function ¢ : X% — [0, o0) satisfying (3) and

+(P(x11/ e /xkd+1)/

d d
[Z flew) + pfxigen), -, Z fxi) + Pf(xderl)]
p) p) ‘

(mf[Z?ﬂ X1i + UX1d4+1 ], e mf(zliiﬂ Xki + UXkd+1 ])

m m

<

k

forall p € T  and all x11,- -+, Xkar1 € X, then there exists a unique C-linear mapping L : X — Y satisfying (4).
Proof. If we put u = 1in (9), then by Theorem 3.2 there exists a unique additive mapping L : X — Y defined
by
LW = lim d'f (=)
()= lim d"f (-

for all x € X which satisfies (4). By a similar method to the corresponding part of the proof of Theorem 3.2,

L satisfies
d
< AL Y1 Xi+ X
- m

4

d
Y LGxi) + pLixas)
i=1

forall p € T' and all xy, ..., 441 € X. Thus Lemma 3.4 gives that L is C-linear. [

Corollary 3.6. Let f : X — Y be a mapping with f(0) = 0. If there exists a function ¢ : X¥** — [0, co) satisfying
(6) and (9), then there exists a unique C-linear mapping L : X — Y satisfying (7).

Proof. The rest of the proof is the same as in the corresponding part of the proof of Theorem 3.5, as
desired. O
4. Stability of homomorphisms in proper multi-CQ*-algebras

We investigate the Hyers-Ulam stability of isomorphisms in proper multi-CQ*-algebras associated with
the additive functional inequality. In this section, we assume that (A, ||.|[) and (5, ||.]|) are Banach algebras
such that (A", ||.|lc) and (B, ||.|lc) are multi-Banach algebras.

Theorem 4.1. Let f : A — B be a mapping. If there exists a function ¢ : X¥** — [0, 00) satisfying (3) and

+(P(x11/ e /xkd+1)/

(10)

d d
[Z flew) + pf(xigen), -, Z flxi) + Pf(xderl)]
P im1 k

(mf[Z?ﬂ X1i + UX1d4+1 ], e mf(zlz‘izl Xki + UXkd+1 ])

m m

<

k

forall u e T and all x11, -+ , Xk ds1 € A. If, in addition, there exists a function ¢ : A% — [0, ) satisfying

ICf Cery) = fCea) f(ya), =+, f Qo) — f Qo) f (i)l (11)
S(P(X‘l, ylr s, Xk yk)/
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lim sup d*'¢p(d"x1,d "y, ,d "x, d 7" y) = 0 (12)
n—o00 keN

forall x1, ..., Xk, Y1, .., Yx € A whenever the multiplication is defined. Then there exists a unigue proper CQ*-algebra
homomorphism h : A — B satisfying

sup [|(f(x1) = h(x), -+, f () = hxe))llk (13)

keN

< sup @(xller Tty _dxll oty Xy Xkt _dxk)
kelN

forall xi, ..., xx € A
Proof. By Theorem 3.5, we have a unique C-linear mapping / : A — B defined by

h(x) = lim d”f(din)

n—oo

for all x € A which satisfies (4).
Now we show that h(xy) = h(x)h(y) for all x, y € A whenever the multiplication is defined.
Replacing x;, y; by d"x;, d"y;, 1 < i < k, respectively, and multiplying by d*" in (11), we get
@ Lfd " xad ™" yr) = fd ) f(d "))
- A ad ) — fd ) Yo,
<d*'G(d"xr, d 7"y, d7 e, d 7 k) (14)
for all xy, ..., Xk, Y1, ..., Yk € A whenever the multiplication is defined. We have

lim dz”f (d"xd™y) = lim dZ"f(d_Z”xy) = h(xy)
lim d*" f(d"x) f(d"y) = hm d”f(d X) h_l;I;lo d" f(d™"y) = h(x)h(y)

n—oo

for all x, vy € A whenever the multiplication is defined. If we let n — oo in the above inequality then (12)
gives h(xy) = h(x)h(y) for all x, y € A, whenever the multiplication is defined. O

Corollary 4.2. Let 0, p be nonnegative real numbers with p > 1 and f : A — B be a mapping satisfying

d d
[Z Foai) + pufGeran), -+, Y fox) + uf(xkd+1)] (15)
i=1 i=1 k
< (mf[zf:l xur;li- [Jxldﬂ]’ o ,mf[Z'le inr:l' UXkd+1 ]J
k
d+1
+0- Z Y Il
=1 i=1
forall u e T! and all x11,- -+ , Xka1 € A. If, in addition,
(fCeaya) = fCe) f(ya), -, fCaeyi) = £ ) f (i)l (16)

d+1

<0 ) (bl + llyilP)
i=1

forall x1, ..., Xk, Y1, ..., Yx € A whenever the multiplication is defined. Then there exists a unigue proper CQ*-algebra
homomorphism h : A — B satisfying

41
sup (Fen) = x) ) = Ml = sup 70 2 Il
€N

forall xi, ..., xx € A
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Proof. Let ¢ : A — [0, 00) be

d+1

Qe+ X1gt, X, Xegin) = 0 Zanhup

=1 i=1

Whenp > 1, we get

Q11,0 Xdet, Xk, Xkde1)

—j-1 —j-1 —j-1
—Zsupd] (d i x11, LA 411,00, 47 X, e, A7 xkd+1)

=0 keN
1i 4t . Zk‘dﬂ .
d &4 dG+p e i
) k d+1
= g sup ) )b
=1 i=1

In addition, let ¢ : A* — [0, c0) be

d+1

Slrs, e 3 y) = 0+ ) (bl + Iyl ).

i=1

When p > 1, we have

. dzn d+1
i 1 e ) = Ji 20 ) P i) =

for all x1, ..., Xk, Y1, ..., Yx € A. By applying Theorem 4.1, there exists a unique proper CQ"-algebra homomor-
phism 4 : A — B such that

sup [I(f(x1) = h(x1), -+, Qo) = h(xi)lle < sup .
keN

GZ o

forallxq,...,x, € A. O

Corollary 4.3. Let 0, p be nonnegative real numbers withp > 1 and f : A — B be a mapping satisfying

(17)

d d
[Z fOen) + uf(xige), -+, Z foxi) + Hf(xkd+1)]
P im1 k

(mf(Z?’:l X1 + UX1441 ]/ o mf [Z?:l Xki + UXkd+1 ]J

<

m m "
k d+1
+0-) Y I,
I=1 i=1

forall ue T and all x11,- -+ , Xk441 € A. If, in addition,

d+1

I(f (eryn) = fFe) f(ya), -+ Oy = fa) f(y)lle < O - Z(leill” Nyill”) (18)

i=1
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forall x1, ..., Xk, y1, ..., yx € A whenever the multiplication is defined. Then there exists a unique proper CQ"-algebra
homomorphism h : A — B satisfying

p-1
sup () = hn) - ) = o)l < sup dp1+162||xlup
€N

forall xi, ..., xx € A
Proof. Let ¢ : A — [0, 00) be

k d+1

(P(xllz‘ o X1de1, 0t s Xk, /xkd+1) =0 ZZ |lei||p-

I=1 i=1

Whenp > 1, we get

Q11,0 X1del, Xk, Xkde)
—j-1 —i-1 —i-1
_Zsupd] (d Py, -, d 7 2 g, e, d7 g, e, d 7 xkd+1)
=0 kelN

1 dj+1 k d+1
~d Z A0y 5P po- IZ‘JZ;J el
=1 i=
d+

k
©sup Y .

keN ‘127 =1

=

In addition, let ¢ : A* — [0, c0) be

d+1

S,y X y) = 0+ ) (il - llyill).
i=1
When p > 1, we have
on d+1

-n —n : d
lim d*'o(d"x1,d "y, -+ d 7" d yk)=r}g1[}od2pn9-z (il P - Hlyall”) =
i=1

n—oo

forall x1, ..., x, y1, ..., yx € A. By applying Theorem 4.1, there exists a unique proper CQ*-algebra homomor-
phism /i : A — B such that

sup () ~h(x), -, f) h(xk>>||k<sup e GZHXIHP

forallxq,..,.x, € A. O

Theorem 4.4. Let f : A — B be a mapping with f(0) = 0. If there exists a function ¢ : X¥** — [0, 00) satisfying
(6) and

(19)

d d
(Z flen) + uf(xrge), -, Z S o) + Hf(xkd+1)]
j i=1 k

(mf[ X1+ Hx1d+1] mf[zil Xpi + UXkdin )]

m m

k
+(P(x11/ e kad+1)/
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forall u e T and all x11, -+ , Xkde1 € A. If, in addition, there exists a function ¢ : A% - [0, ) satisfying

ICfCeryn) = fe) fQya), =+ o fOayr) = f ) f (i)l (20)
S¢(.X'1, ]/1/ s, Xk ]/k)/

lim sup d‘znqb(d”xl,d”yl, s d"x, d"yr) =0 (21)
n—oo kelN

forall x1, ..., xx, y1, ..., yx € A whenever the multiplication is defined. Then there exists a unique proper CQ"-algebra
homomorphism h : A — B satisfying

supli(f(x1) = hxa), -+, foe) = hte)l 22)
kelN

<sup @(x1,x1, -+, —dxy, -+, X, Xg, -+, —dxp)
kelN

forall xi, ..., xx € A
Proof. We omit the proof because it is similar to the proof of Theorem 4.1. [

Corollary 4.5. Let 0, p be nonnegative real numbers with p < 1 and f : A — B be a mapping satisfying

d d
‘ (2 o) + ufGaaga), -, Y flr) + g f(xkd+1>] (23)
i=1 i=1 k
d i + Z: i +
< (mf[zz:1X1n:[Jxld 1],'” ,mf[z 1xkn-:yxkd 1]) k
k d+1
+0- ) lhll,
=1 i=1
forall u e T and all x11,- -+ , X441 € A. If, in addition,
ICf Ceryn) — fGe) fQya), == o fCayi) = f ) f (i)l (24)

d+1

<6 ) (Il +1lyd¥)

i=1

forall x1, ..., Xk, Y1, ..., Yx € A whenever the multiplication is defined. Then there exists a unique proper CQ*-algebra
homomorphism h : A — B satisfying

k
d+dv
sup [I(f(x1) — h(x1), -+, f(xk) — B(xi))llk < su 0 ) lxll
g I e ) =l =2 g0 e

forall xi, ..., xx € A
Proof. Let ¢ : A% — [0, %) be
d+1
Slrr, e 3 y) = 0+ ) (bl + Iyl ).
i=1
When p < 1, we have
2np d+1

. - n n . d
lim d™2"¢(d"xy,d"y1, -+, d"xx, d"yi) = T}l_rgo WQ‘ E (il + llyill?) = 0
P

n—oo
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forall xy, ..., Xk, Y1, ..., Yx € A. By applying Theorem 4.4, there exists a unique proper CQ"-algebra homomor-
phism 4 : A — B such that

sup [|(f(x1) = h(x1), -+, f(xx) = h(x)llk < sup
eN

k
d+dv
o) llxlP
keN d—dr ;
forallxq,..,.x, € A. O

Corollary 4.6. Let 0, p be nonnegative real numbers withp < 1 and f : A — B be a mapping satisfying

d d
(Z flen) + uf(xige), -, Z for) + #f(xkd+1)]
i=1 i=1

(25)
k
m m .
k d+1
+0-Y Y Il
=1 i1
forall y € T" and all x11,- -+ , Xxa1 € A. If, in addition,
I(FGeyn) = FE) )+ o FCae) = FGa) F)lle 6

d+1

<0- Y (sl - IydP)
i=1

forall x1, ..., Xk, y1, ..., yx € A whenever the multiplication is defined. Then there exists a unique proper CQ"-algebra
homomorphism h : A — B satisfying

k
sup () = (e, -+, ) ~ sl < sup G0 ) P
€ 1=1

keN
forall xi, ..., xx € A
Proof. Let ¢ : A% — [0, o) be

d+1

Sy, 3 y) = 0+ ) (il - llyill).

i=1

When p < 1, we have
o dtl

s —2n n n n n . d
lim d™"(d"x1, d"yr, -+, d"xi, d"yi) = lim — 0+ ) (il - llyll) = 0

n—oo .
i=1

for all x1, ..., X¢, Y1, ..., Yx € A. By applying Theorem 4.4, there exists a unique proper CQ"-algebra homomor-
phism 4 : A — B such that

keIN d

k
sup () = (s, -+, ) = sl < sup T50 ) P
€ 1=1

forallxq,..,.x, € A. O
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5. Stability of derivations on proper CQ"-algebras

We investigate the Hyers-Ulam stability of derivations in proper multi-CQ*-algebras associated with
the additive functional inequality. In this section, we assume that (A, ||.|[) is a Banach algebra such that
(AL, |Illx) is a multi-Banach algebra.

Theorem 5.1. Let f : A — A be a mapping. If there exists a function @ : X¥*k — [0, 00) satisfying (3) and

+Q(x11, 7+, Xkd+1),

(27)

d d
(2 flen) + uf(xrge), -, Z fok) + Hf(xkd+1)]
i=1 i=1 k

(mf[Z?—l X1i + UX14+41 ], o ,mf[Z?_l Xki + UXkd+1 ]]

<
m m

k

orall u € T  and all x11,- -+ , Xeas1 € A. If, in addition, there exists a function ¥ : A* — [0, co) satisfyin
H 8

ICf Ceryn) = ey — x1f(a), -+, fOayr) — fOyr — xicf (i)l (28)
<P, Y1000, Xk Vi),

lim sup d*"y(d"x1,d "y1, -+ ,d""xx, d "yx) = 0 (29)
N

—00
n ke

forallxy, ..., Xk, Y1, ..., Yk € Awhenever the multiplication is defined. Then there exists a unique derivation 6 : A — A
satisfying

sup [[(f(x1) = 6(x1), -+, fx) = Sl (30)
kelN

ssup a(x1,x1, e =dXy, e X Xyt e, —dXg)
kelN

forall xi, ..., xx € A

Proof. By Theorem 3.5, we have a unique C-linear mapping ¢ : A — A defined by

5(x) = lim d”f(din)

for all x € A which satisfies (30).
Now we show that 6(xy) = 6(x)0(y) for all x, y € A whenever the multiplication is defined.
Replacing x;, y; by d7"x;,d"y;, 1 < i < k, respectively, and multiplying by d*" in (28), we get
@ Lf@d™y1) = d™" F(@d"x1)ys — d"x1 f(d"y1)],
s A xd ) — A FA Xy — d 7 f Ay,
Sdz”l)b(d_nxll d_nyl/ Tty d_nxk/ d_nyk) (31)

for all xy, ..., Xk, Y1, ..., Yx € A whenever the multiplication is defined. We have

lim @' f(d~"xd™"y) = lim &' f(d"*"xy) = 5(xy)
lim ' f(d"x)d ™"y = lim d" f(d™"x) - y = 6(x)y
lim d®'d™"xf(d"y) = lim x - d" f(d™"y) = x6(y)
for all x, y € A whenever the multiplication is defined. If we let # — oo in the above inequality then (31)
gives 6(xy) = 6(x)y — x0(y) for all x, y € A whenever the multiplication is defined. O
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Corollary 5.2. Let 6, p be nonnegative real numbers withp > 1 and f : A — A be a mapping satisfying

d d
(Z flen) + uf(xrae), -, Z fog) + Hf(xkd+1)]
j i=1 k

(32)
m - k
d+1
+0- Zanhu
=1 i=1
forall ue T and all x11,- -+ , Xkae1 € A. If, in addition,
”(f(xlyl) - f(xl)yl - xlf(yl), el /f(xkyk) _ f(xk)yk _ xkf(yk))Hk )

d+1

<6 ) (Il +1lyd¥)

i=1
forallxy, ..., Xk, Y1, ..., Yk € Awhenever the multiplication is defined. Then there exists a unique derivation 6 : A — A
satisfying

-5 Lo, ) < Q P
sup () = 6(), -+, F0) = Okl < i?ﬁ o Z il

forall xi, ..., xx € A

Proof. Apply Theorem 5.1, the proof is the same of that of Corollary 4.2. [

Corollary 5.3. Let 0, p be nonnegative real numbers withp > 1 and f : A — A be a mapping satisfying

d d
(Z flen) + uf(xrge), -, Z fok) + Hf(xkd+1)]
j i=1 k

(34)
m p” k
d+1
+0- ZZuxhuP
I=1 i=1
forall u e T and all x11,- -+ , Xka+1 € A. If, in addition,
ICFCayn) = foiyr =xaf(y), -+, flryi) = F0ye = xif (Wil (35)

d+1

<0 ) (bl - lyil)
i=1

forallxy, ..., Xk, Y1, ..., Yk € Awhenever the multiplication is defined. Then there exists a unique derivation 6 : A — A
satisfying

sup [|(f(x1) — 6(x1), -+, f(xx) — 6(xk))llk <supd GZII ilis
keIN

forall x1, ..., xx € A
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Theorem 5.4. Let f : A — A be a mapping with f(0) = 0. If there exists a function ¢ : X’k — [0, o) satisfying
(4) and (27). If, in addition, there exists a function i : A — [0, 00) satisfying

ICf Geryn) = fCe) f(ya), ==+, flayr) — fOa) f (i)l (36)
<P, Yi, 000, Xk Vi),

lim sup d‘znlp(d"xl,d"yl, s d"x, d"yr) =0 (37)
keN

n—oo

forallxy, ..., Xk, Y1, ..., Yk € Awhenever the multiplication is defined. Then there exists a unique derivation 6 : A — A
satisfying

sup 10f (1) = 6Cxn), -+, f (k) = O(xie) e (38)

< Sup (P(-xlrxlz Tty _dxlr oy Xk Xkttt _dxk)
kelN

forall xq, ..., xx € A
Proof. We omit the proof because it is similar to the proof of Theorem 5.1. [

Corollary 5.5. Let 6, p be nonnegative real numbers withp < 1 and f : A — A be a mapping satisfying

d d
(Z Fo) + pfCaiga), -, Y flu) + pf (xkd+1)]
i=1 i=1

(39)
k
< (mf(Z?—l X1i + UX14+41 ], o ’mf(Z?_l Xki + UXkd+1 )]
m m .
k d+1
+0- )Y I,
=1 i=1
forall u € T!and all x11,- -+ , Xkas1 € A. If, in addition,
ICf Ceryn) = fOa)yn — x1f(va), -+, fQayi) = FOo)Yie = xicf (Wil (40)

d+1

<0 Y (il + llyil¥)
i=1

forallxy, ..., Xk, Y1, -, Yk € Awhenever the multiplication is defined. Then there exists a unigue derivation 6 : A — A
satisfying

k
d+dv
sup [I(f(x1) — 6(x1), -+, fxx) — 0(x)llk < sup ——-0 ) [xll’
I =800, ) = Ml g 0 )
forall xi, ..., xx € A

Corollary 5.6. Let 0, p be nonnegative real numbers withp < 1 and f : A — A be a mapping satisfying

d+1

k
+0- )Y Ihll,

I=1 i=1

(41)

d d
(Z fle) + pf(xigen), -, Z flwi) + Pf(xkdﬂ)]
P p k

(mf(fjﬂ X1i + UX14+1 ], e mf(Z?:l Xki + UXkd+1 D

m m

<

k
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forall ue T and all x11,- -+ , Xx441 € A. If, in addition,

ICf Ceayn) — fe)yn = xaf(ya), - fayi) — f )y — xicf (i)l (42)

d+1

<0 ) (bl - lyill)
i=1

forallxy, ..., Xk, Y1, -.., Yk € Awhenever the multiplication is defined. Then there exists a unigue derivation 6 : A — A
satisfying

k
d+dv
sup [|(f(x1) = 6(x1), -+, f(xx) — 6(xe))llk < su o) lxllP
ke]lgfl 1 f(xi kkkeﬂgd_dp;l

forall xi, ..., xx € A
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