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Abstract. In this work, linear codes over the ring Sy = F, + ulF, + u?F, + u’F, are considered. The
Lee weight and gray map for codes over S, are defined and MacWilliams identities for the complete, the
symmetrized and the Lee weight enumerators are obtained. Cyclic and (1 + u?)-constacyclic codes over
S, are studied, as a result of which a substantial number of optimal binary codes of different lengths are
obtained as the Gray images of cyclic and constacyclic codes over S;.

1. Introduction

Cyclic codes are a special family of linear codes that have generated a lot of interest among coding
theorists for their rich algebraic structure that allows them to be encoded and decoded in a relatively easier
way. With the growing interest on codes over rings in the last two decades, cyclic codes over different types
of rings have been studied in the literature. Among the rings studied, finite chain rings are probably the
most common type of rings. Cyclic codes over different examples of finite chain rings have been studied in
[2], [3], [10], [12], [14], [18]. In [11] and [5] the general structural properties of cyclic codes over finite chain
rings have been studied. In [17] and [7], cyclic codes over some families of non-chain Frobenius rings were
considered.

Constacyclic codes are a generalization of cyclic codes, and similar to cyclic codes, they have been
considered over many different rings. We can refer to [1], [4], [9], [12], [13] and [16] for some of these works.

In this work we will first study some general properties of linear codes over the ring Sy = IF, + ulF, +
u?Fy + u’Fy =~ Folu]/(u*). After studying some general properties of the ring, we will study cyclic and
constacyclic codes over Sy. In particular we will obtain a substantial number of optimal binary codes as
images of cyclic and constacyclic codes over Sj.

The rest of the paper is organized as follows. In section 2, we will consider the general properties of
S84 and we will introduce a Lee weight and Gray map for codes over Sy. In section 3, we will study the
MacWilliams identities. We first deduce the MacWilliams identity for the complete weight enumerators,
later extending it to the symmetrized weight enumerator and finally obtaining the MacWilliams identity
for the Lee weight enumerator. In section 4, we will consider cyclic codes over S;. Being a finite chain ring
and being similar to the ring studied in [18], we will refer to these works for the theoretical aspects of cyclic
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codes, instead focusing on one-generator cyclic codes over S;. We will tabulate some numerical results in
which we construct many optimal binary codes from cyclic codes over S4. In section 5, we will look at
constacyclic codes over Sy. After giving the general properties, we will focus on (1 + u?)-constacyclic codes
over S;. By proving an isomorphism between two quotient rings, we will establish a strong connection
between cyclic codes and (1 + u?)-constacyclic codes. We will give some numerical results similar to the
ones in section 4.

2. Linear Codes over The Ring S,
Let Sy be the ring IF> + ulF, + u?F, + uPF, with u* = 0, where F, = {0, 1} = Z,. S4 is a commutative finite

chain ring of 16 elements.
The group of units of Sy, is given by

(Sy)" {1,1+u,1+u2,1+u3,1+u+u2,1+u+u3,1+u2+u3,1+u+u2+u3}.

A+u,1+u+u)
The non-units are
{O,u,uz,u3,u +ulu+ud, >+l u+u + u3} =(u)
The ideals of Sy are (0), (1),(u),(4?) and (). We have
SiDouS; > u*S, > ulS; > utS, = 0.
It is also a local ring with the unique maximal ideal #S;, moreover S;/uS, = I, is the residue field.
Definition 2.1. A linear code C of length n over the ring Sy is an Sy-submodule of S.

A non-zero linear code C over S, has a generator matrix which after a suitable permutation of the
coordinates can be written in the form:

L, A Ay Ay A
0 wuly, uBy uB, uB3
0 0 ul, uCh u*C|
0 0 0 uL, u’D

G=

where A;, B ir Ck and D are all matrices over Ss. A linear code that has a such generating matrix is said
to be of type (16)"(8)2(4)%(2)% and consequently has size 241 +3k:+2ks+ks

To define the Lee weights and Gray maps for codes over Sy, we will extend the corresponding definitions
from the ring IF, + ulF,, in [6].

With w;, denoting the Lee weight for S; and wy denoting the Hamming weight, define

wL(a+ub+u2c+u3d) =wy@+b+c+d,c+d,b+d,d)Va,b,c,deF,.

The definition of the weight immediately leads to a Gray map from S to F; which can naturally be
extended to (Sy)™:

o1 : (F + ulF, + u?F, + u’IF,)", Lee weight) — (IF2", Hamming weight) is defined as:

¢L: (@+ub+uPc+uld) = @+b+c+d,c+d,b+d,d), wherea,b,c,d € Fj.

It is clear that ¢, is a linear distance preserving isometry, leading to the following theorem:

Theorem 2.2. If C is a linear code over Sy of length n, size 25 and minimum Lee weight d, then ¢1(C) is a binary
linear code with parameters [4n, k, d].
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3. MacWilliams Identities For Codes Over S,

We first start by defining the dual of a code C over S;. Let (., .) denote the usual Euclidean inner product
defined on S;. Then the dual C* of a linear code C of length 1 over S, is defined as

Ct={xe(Sy)"| €3 =0, VceC}. o
C* is also a linear code of length n and since Sy, being a finite chain ring, is Frobenius we have, by [15]:
ICI.IC*| = 16". @)

Now, let Sy = {g1,92, - -, 16} = {0, 1, u,u%,u3, 1 +u,1+u%,..., 1+ u+u® + u’} be a listing of the elements
of S4. Then we can define the complete weight enumerator for a code C over S, as follows:

cwec(Xe, Xa, ..., Xig) = Y X" 03,2 X[, 3)
ceC

where 1,,(c) is the number of appearances of g; in the vector ¢. The complete weight enumerator of a code
carries a lot of information about the code, and almost all other weight enumerators can be obtained from
the complete weight enumerator.

By [15], we know that MacWilliams identities for the complete weight enumerator of codes over S,
exist. To find the exact identities, we need a generating character from the additive group of S, to the
multiplicative group of complex numbers.

Define x : Sy — C* as

x(a+bu + cu® + du’) = (—1)en@bed), (4)

where wy is the Hamming weight on binary codes. Because of the well known wg(x + ) = wu(x) + wu(y) —
2wy (x*Yy) identity on binary vectors, we see that y is indeed a character. Since it is non-trivial when restricted
to any non-trivial ideal of Sy, it is a generating character. Thus we can use x to obtain the MacWilliams
identity for the complete weight enumerator using x. For that we need to form the following 16 X 16 matrix
T with T,'/]' = )((gig]')l

111 1 1 1 1 1 1 1 1 1 1 1 1
-1 -1 -1 -1 1 1 1 1 1 1 -1 -1 -1 -1 1
-1 -1 -11 1 1 -1 1 -1 -1 -1 1 1 1 -1
-1 -1 1 1 1 -1 -1 -1 -1 1 1 1 -1 -1 1

-1 1 1 -1 -1 -1 1 1 1 -1 -1 -1 1 -1
111 -11 1 -11 -1 -1 1 -1 -1 -1 -1
11 -1 -1 1 -1 -1 -1 -1 1 -1 -1 1 1 1
1 -1 -1 -1 -1 -1 -1 1 1 1 1 1 1 -1 -1
11 -1 1 1 -1

1 -1 -1 1 -1 -1
1 -1 1 1 -1 1
-1 -1 1 -1 1 -1
-1 1 1 -1 -1 -1
-1 1 -1 -1 -1 1
-171 -1 1 -1 1 -1 -1 1 -1 1 -1 1 -1 1
1 -1 1 -1 -1 1 -1 -1 1 -1 -1 1 -1 1 1

.
g g T A G e g S WY

Now, by [15] we have the following theorem:

Theorem 3.1. Let C be a linear code over Sy of length n and suppose C* is its dual. Then we have

1
cwect (X1, Xo,...,X16) = @CweC(T (X1, X2, ..., Xi16)),

where () denotes the transpose.
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Table 1: The elements of S, together with the Lee weights and the corresponding variables

c wr(c) the variable in cwe
0 0 Xi
1 1 X5
u 2 X3
MZ 2 X4
M3 4 X5
1+u 1 X6
1+ u? 1 X7
1+ ud 3 Xs
U+ u? 2 Xy
u+ud 2 X10
u? + 18 2 X11
1+u+u? 3 X1z
1+u+ud 3 X3
1+ u?+ud 3 X4
u+u?+ud 2 Xi5
1+u+u?+ud 1 X6

Our goal is to find a MacWilliams identity for the Lee weight enumerators of codes over S,. To do this,
we will identify the elements that have the same weights in the complete weight enumerator to define the
symmetrized weight enumerator. Let’s recall the elements of Sy together with the Lee weights and the
corresponding variables:

Thus we define the symmetrized weight enumerator in five variables(there are five different weights)
as follows:

Swec(w X/ Y/Z/ T) = CweC(W X/ Y/ ‘Y/ T/ X/ X/ Z/ Yr ‘Y/ Y/ Z/ Z/ Zr Y/X) (5)

Thus W represents the elements with zero weight, X represents the elements whose Lee weightis 1, etc. Now
combining this with Theorem 3.1, we get the following identity for the symmetrized weight enumerator:

swec- (W, X,Y,Z,T) = hswec(W +4X +6Y +4Z + T,W +2X —2Z - T,

W-2Y+T, W-2X+2Z-T,W—-4X+6Y -4Z+T). ©)
Define the Lee weight enumerator of a code over Sy:
Definition 3.2. Let C be a linear code over Sy of length n. The Lee weight enumerator of C is given by
Leec(W,X) = ) Wh-n@x0, 7)

ceC

Considering the weights that the variables W, X, Y, Z, T of the symmetrized weight enumerator represent,
we get the following identity:

Leec(W, X) = swec(W*, WX, W?X2, WX3, X*). (8)
Now combining this with 6 we get the following theorem:

Theorem 3.3. Let C be a linear code over Sy of length n and C* be its dual. With Leec(W, X) denoting its Lee weight
enumerator as was given in (7), we have

1
Leect (W, X) = ﬁLeec(W + X, W = X).
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Proof. The proof follows from observing
W+ 4W3X + 6W2X2 +4WX3 + X = (W + X)*,
WA+ 2IW3X - 2WX3 — X* = (W + X)3(W - X),
W —2W2X2 + X* = (W + X)?’(W — X)?,
WH—2W3X +2WX3 — X* = (W + X)(W - X)?,
W —4W3X + 6W2X% —4WX3 + X* = (W - X)L
O

4. One-generator Cyclic Codes Over S,

Cyclic codes are an important class of codes because of their algebraic structure, which makes them
easier to study. Many important codes are of this family. Cyclic codes over rings have been studied recently
in many different directions. Cyclic codes over the rings IF, + ulF, and IF, + ulF, + 12TF, have been studied in
[2], [3], [13] and [12]. More generally the structure of cyclic codes over finite chain rings was studied in [5].
Recently Yildiz and Siap studied cyclic codes over the ring Fa[u]/(u* — 1) in connection with DNA-cyclic
codes in [18]. The ring Sy being isomorphic to Fp[u]/(u* — 1), in studying cyclic codes over S, for most of
the theoretical parts, we will refer to [5] and [18]. In [18], the Lee weight and the Gray map were not defined
for Fo[u]/(u* — 1), hence cyclic codes were considered according to the Hamming weight. However, in this
section we will consider cyclic codes over S, with respect to the Lee weight and the Gray map.

Definition 4.1. A linear code C of length n over Sy is cyclic if and only if for any ¢ = (co, c1, ..., cu-1) € C, we have
7(c) = (¢y-1,¢0,€1,---,n—2) € C.

Identifying codewords (c,c1, ..., cy—1) with polynomials ¢y + c1x + - -+ + Cuo1 ™1 € Syx] we easily see
that

Lemma 4.2. A code C of length n is cyclic if and only if its polynomial representation is an ideal in the ring
Salx]/(x" = 1).

Thus, to study cyclic codes over S, it is necessary to understand the structure of Su[x]/(x" — 1). Now,
since Sy is a finite chain ring, we have the following theorem by [5]:

Theorem 4.3. Suppose n is odd. Then every ideal in the ring Sa[x]/(x" — 1) is principal.

Thus any cyclic code over S; of odd length is principally generated by a generator of the form g(x)
where g(x)|x" — 1. This result is not true in general for even lengths.

We are interested in one-generator cyclic codes, i.e. cyclic codes C of the form C = (g(x)). Our goal is to
construct such cyclic codes of certain lengths and look at their binary images under the Gray map. We will
tabulate our results at the end. However, we would like to avoid the cases when (g(x)) generates the trivial
cyclic code ((S4)"). For that we have the following lemma, which can easily be extended from [7] and [17]:

Lemma 4.4. Let u be the map p : Sy — IF, such that
ula+bu+ cu® +du®) = a.

Let g(x) = ap + ax + -+ + a1 X" € Sy [x] /(x" = 1). Then C = {g(x)) is a non-trivial cyclic code if and only if
GCD(u(g(x)), x" = 1) # 1.

In what follows, we look at one-generator cyclic codes over Sy of lengths 2 through 8 and their Gray
images. We tabulate these results for each length, where we give the generator polynomial and the
parameters of the binary image. The codes with * next to them indicate that they are optimal according to

[8]:
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Table 2: Some cyclic codes of length 2 and the binary images

g(x) PLg(x)))
U+ ux [8,3,4]*
T+u?+ud+ (1 +u?)x [8,4,4]*

1+ +ud+(Q+u+u)x  [8,6,2]*

Table 3: Some cyclic codes of length 3 and the binary images

g(x) PL(g()))
13+ ulx + 1K [12,1,12]*
ud + ulx [12,2,8]*
U+ ux + ux? [12,3,6]*
3 + u?x + utx? [12,5,4]*
U+ ux [12,6,4]*
13 + ux + ux? [12,7,4]*
1T+u+u?+ 1 +ud)x+ (u+ u?)x? [12,9,2]*
T+u+u?+ud +ux+ (1 +u+u?)x? [12,11,2]*

Table 4: Some cyclic codes of length 4 and the binary images

g(x) PLg()))
13 + 13x + u3x% + usx® [16,1,16]*
13 + usx [16,3,8]*
T+u+?+ul+(A+u+ud)x+ A +u+® +ud)® + L +u+ud)® 16,4, 8]*
T+u+?+uP + 1+ 1)+ 1 +u+ud)? + (1 +u?)d [16,5,8]*
1+u+d+Q+u+®)x+ A +u+u®> +ud)>+ 1 +u+u?x®  [16,6,6]*
u? + 1ud + ulx + (u + u)x? [16,8,4]*
T+u+ A+ +ud)x+ A+ )+ (1 +u+u?+ud)d [16,9,4]*
u+ 1 +u+u?)x®+ 1+ ud)d [16,12,2]*

Table 5: Some cyclic codes of length 5 and the binary images

g(x) PLg))
13+ 13x + 1BxZ + 1Bx° + 1Bt [20,1,20]*
1w + 18+ ulx 4+ (u+ u? + 1) + (u+ 1P + (1? + ud)x? [20,12,4]*
w4+ (u+ ud)x + (u+ u? + ) + P + w2 + ud)xt [20,13,4]*
w3+ (1 +uw)x + (u+ u? + 1) + b2 + (1 + u?)xt [20,17,2]*
1+ w+u)x+ W2 +u®)x® + (1 +u +u)x? [20,18,2]*
T+u+uPx+ 1 +u+ud)3+ w+u?+ud)xt [20,19,2]*

902
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Table 6: Some cyclic codes of length 6 and the binary images

16 )
13+ 13x + %% + 1% + st [24,8,6]
1+ + (1 +u+u®)x+122 +(1+u+u?)+(1+u +ud)x* +ux®  [24,14,4]
WP+ +12 +1d)x+ 2+ (2 +ud) P+ (1 +u+ 1)+ (L +u+u?)x®  [24,15,4]*
T+u+P+Q+>+ 1)+ A +u+u?> + P>+ (1 +u>+  [24,16,4]*
)+ x* + (1 +u? + )

T+u+u®+ 1 +u+ud)x+ux®+ u+u?)x* + (1 +u?)x° [24,20,2]*

Table 7: Some cyclic codes of length 7 and the binary images
g(x) PLg)))
u+ 12+ W+ ud)x + 1%+ W +ud)3 + (u+ )+l +uPx® 28,12, 8]*
T+u+ud+u?x+(1+u+u?) P+ +u)xt +(1+u+u) O +@?+u’)x®  [28,15,4]
1+ +Q+u+d)x+Q+u+u?)*+ (1 +u® +u®)P+(1+  [28,16,4]
W+ 1Pt + 0+ (1 +u+u? + 1l
T+u+ux+(1+u3)? +(u+u? +u3) 3 +(1+u2) O +(1+u+u?+ud)x®  [28,18,4]
1+ + 1 +u+ud)x+ 1P + W? + )3 + (T +u)x* +ux®+ 28,21, 4]*
(1 +u + u?)x®
Wb+ +u+®)x+ 1 +u+ud)?+Q+u) + w+u?+  [28,22,2]
u3)x° + (1 + u?)x®
W+ u+u?)x+ 1A +u+? +ud)® + 3+ (L +u+u®+u)x+ [28,24,2]*
1+ u+u?)x® + udx®
1+ + A+ +1®)x + 12>+ w+ )3+ (w+u?)x* +(1+  [28,25,2]*
u? + 1u?)x® + (u? + u)x®
1+ u)x + 13x% + (u + u®)x* + (1 + u?)x® + (u + ud)x® [28,26,2]*
u? + 18x + (W + ) + 13+ uBx* + (1? + uP)x® + (1 + u)x® [28,27,2]*

Remark 4.5. The? in Table 8 indicates that the code with those parameters is the best known.

Remark 4.6. Because ¢y, takes Sy to IF3, it is easy to show that the binary images of cyclic codes over Sy are
4-quasicyclic binary codes. Thus all the binary codes found in the above tables are 4-quasicyclic.

5. (1 + u*)-Constacyclic Codes Over S; of odd length

Constacyclic codes are a generalization of cyclic codes. The following is a standard definition of a
constacyclic code over any ring R:

Definition 5.1. Let y be a unit in the ring R. Then a linear code C over R is said to be a y-constacylic code if and
only if for any (co, c1, . .., cn-1) € C, we have (ycy-1,¢o, ... ,cn-1) € C.

Table 8: Some cyclic codes of length 8 and the binary images
g(x) PLg()))
1+ + A+ + 1)+ P8 + (1 + Pt +x° (32,14, 8]
u+ux+1+u?+ud)? + (w+u?)3 +ulxt + @ +ud) + 1+ [32,16,8]*
u + u?)x® + u?x’
T+u+Q+u+ud)x+ 1+ + w+u?)x3+ w+ud)xt+ [32,24,4]*
(u+u?)x® + (1 +u+ud)x’
T+u+?+ @+ +122+ A +up* +w+ )+ 1+ [32,28,2]*
u? + 1u®)x® + (1 + u?)x”
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When y = 1, we get the ordinary cyclic codes. In the same way as for cyclic codes, when we identify
codewords (co,c1, ..., cq—1) With polynomials cg + c1x + -+ + Cu1 X" 1 € R[x], the y-constacyclic shift cor-
responds to multiplying the polynomial by x in the quotient ring R[x]/(x" — ). Thus in our case we see
that

Lemma 5.2. Let y € Sy be a unit. Then a linear code C of length n over Sy is y-constacylic if and only if the
corresponding polynomial set is an ideal in Su[x]/(x" — ).

In [1], constacyclic codes over [F, + ulF, were studied in a general setting while in [13] (1 + u)-constacyclic
codes over IF, +ulF, were considered. [16], [9], [12] and [4] are some other examples of works on constacyclic
codes over different rings. In this section we will focus on (1 + u?)-constacyclic codes over Sy of odd length.
There are a few reasons for our choice of 1 + u2. First of all (1 + 1?)Fis 1if k is even and it is 1 + 2 if k is odd.
Also

¢or((1 +ut)a+bu+ca® +du®))=(c+da+b+c+d,db+d),

which is permutation equivalent to ¢r(a + bu + cu? + du®). This means that multiplying any coordinate
of a codeword by (1 + u?) does not affect the weight. Another important reason will be the following
isomorphism which will reduce studying (1 + u?)-constacyclic codes over Sy to studying cyclic codes:

Theorem 5.3. Let ¢ : Sy[x]/(x" — 1) = Sa[x]/(x" — (1 + u?)) be defined as P(c(x)) = c((1 + u?)x). If n is odd,
then  is a ring isomorphism from Sy [x] /(x" — 1) to Sy [x] /(x" — (1 + u?)).

Proof. Clearly 1) is a ring homomorphism. To complete the proof, we need to show that 1 is bijective.
We just saw above that (1 + u?)* is (1 + u?) if k is odd and 1 otherwise. Thus, since 7 is odd, we see that
(1+u?)" = 1+u> Now, suppose a(x) = b(x) (mod x" —1),i.e.,a(x) — b(x) = (x" — 1)g(x) for some g(x) € S [x].
Then a((1+u?)x)—b((1+u)x) = (1+u?)"x" = 1)g((1+u?)x) = (1+u?)x" —(1+u?)?)g((1+u?)x) = (1+u?)(x" - (1+
1?))q((1+u2)x), which means if a(x) = b(x) (mod x"—1), then a((1+u*)x) = b((1+u?)x) (mod x"—(1+u?)). But
the converse can easily be shown as well which means a(x) = b(x) (mod x" —1) & a((1 + u?)x) = b((1 + u?)x)
(mod x" —(1+u?)). Note that the = of the above equivalence shows that ¢ is well defined and the < shows
that it is injective. But since the rings are finite this proves that 1 is an isomorphism. [

The following are natural consequences of the previous theorem:
Corollary 5.4. I is an ideal of Sy [x] /(x" — 1) if and only (1) is an ideal of Sy [x] /(x" — (1 + u?)) when n is odd.
Corollary 5.5. Let ) be the map that acts on S} with odd length n as follows:
U(co, 1, cnm1) = (co, (1 +uP)er, (1 +uP)2cy, -+, (1+u?)"Lepg)

Then C is a linear cyclic code over Sy of odd length n if and only if Y(C) is a linear (1 + u®)-constacylic code of length
n over Sy.

Corollary 5.6. C is a cyclic code over Sy of parameters [n,2,d] if and only if ¥(C) is a (1 + u?)-constacyclic code
over Sy of parameters [n, 2%, d, where n is odd.

So now, in the light of above corollaries, we refer to the results obtained in the previous section about
cyclic codes and by modifying the generators by 1 in the way described above, we get the following tables
for (1 + u?)-constacyclic codes of odd lengths over Sy. Again, the ones marked by * denote the optimal ones

by [8]:
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Table 9: Some (1 + u2)-constacyclic codes of length 3 and the binary images

g(x) PLg()))
13 + 13x + usx? [12,1,12]*
13 + usx [12,2,8]*
u+ (1 + ud)x + ux? [12,3,6]*
13 + 1uPx + u?x? [12,5,4]*
u+ (u+ud)x [12,6,4]*
13 + (u + ud)x + ux? [12,7,4]*
14+ u+u?+x+ (u+u?)x? [12,9,2]*
T+u+u?+ud+ w+ud)x+ (1 +u+u?)x? [12,11,2]*

Table 10: Some (1 + u?)-constacyclic codes of length 5 and the binary images

g(x) PLg()))
13 + 18x + 137 + 1Px° + 1t [20,1,20]*
w2 +ud +1lx 4+ (u+ u? + 1)+ (u+u? + )+ W +ud)x® [20,12,4]*
ud + ux + (u+ u? + ud)x® + 1P + (u? + ud)xt [20,13,4]*
W+ A +u+u®+ud)x+ w+u?+ud)? +udx®+ (1 +ud)x* [20,17,2]*
14+ ux+ @+ ) + (1 +u+u)t [20,18,2]*
T+u+u?x+ 1 +u+u?)+ (u+u?+ud)xt [20,19,2]*

Table 11: Some (1 + u?)-constacyclic codes of length 7 and the binary images

g9(x) PL(g(x)))

u+u? +ux + u?x® + (U + ) + (u+ u)xt + w0 + u’x® [28,12,8]*
T+u+l +u?x+(1+u+12) 3+ (1)t +(1+u+u?) P+ 2 +ul)x®  [28,15,4]
1+ +Q+u+x+Q+u+)*+ 1+ + 1 +u?>+  [28,16,4]
)t + (1 4+ 120 + (1 +u + u? + ud)x®

T+u+ @+ + A+ + w+d)P + A +u? +ud)x® +  [28,18,4]
(1 +u+u?+ud)x®

1+ + A +u+)x+ x>+ @ + )+ A+ uxd + (w+  [28,21,4]*
u)x® + (1 + u + ud)x®

W+t + A +u+Px+Q+u+d)®+ A +u+u> +ud)+ [28,22,2]
(u+1u? + ud)x® + (1 + u?)x®

W+ u+u?+ud)x+ 1 +u+u? +ud)? + 1+ +(1+u+  [28,24,2]*
u? + 1)t + (1 + u + u?)x® + ux®

1+ + A+ P+ 122+ (u+ 1>+ )3+ (w+u?)x* +(1+  [28,25,2]*
u)x® + (u? + u®)x®

1+ u? +u®)x + uBx? + (u + ud)x* + 20 + (u + u?)x® [28,26,2]*
1?2 +13x+ (1 + )% + (L + 1) +udx* + (u? + 1) + (1 +u)x®  [28,27,2]*
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