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Stability of Difference Schemes for Bitsadze-Samarskii Type Nonlocal
Boundary Value Problem Involving Integral Condition
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Abstract. In this study, the stable difference schemes for the numerical solution of Bitsadze-Samarskii
type nonlocal boundary-value problem involving integral condition for the elliptic equations are studied.
The second and fourth orders of the accuracy difference schemes are presented. A procedure of modified
Gauss elimination method is used for solving these difference schemes for the two-dimensional elliptic
differential equation. The method is illustrated by numerical examples.

1. Introduction. Fourth-order of the accuracy difference scheme

Many problems in fluid mechanics, dynamics, elasticity and other areas of engineering, physics and
biological systems lead to partial differential equations of elliptic type. The importance of nonlocal problems
appears to have been first noted in the literature by Bitsadze-Samarskii. The problem studied in these papers
constitutes a direct generalization of the classical boundary value problems [1]-[2]. Methods of solutions
Bitsadze-Samarskii type nonlocal boundary-value problems for elliptic differential equations have been
studied extensively by many researchers [6]-[22]. Furthermore investigations of the difference schemes for
the approximate solution of boundary-value problems were carried out in [23]-[27]. In the present paper,
we consider the Bitsadze-Samarskii type nonlocal boundary-value problem with integral condition,

~E1O 4 Au() = f(), 0<t <1,

1 (1.1)
u(0) = ¢, u(l) = [p(Mu(A)ydA +
0

for the differential equation of elliptic type in a Hilbert space H with the self-adjoint positive definite
operator A with a closed domain D (A) C H. Here, let f (t) be a given abstract continuous function defined
on [0,1] with values in H, ¢, and ¢ are elements of D (A) and p (t) is a scalar function. A function u(t) is
called a solution of problem (1.1) if the following conditions are satisfied:

i; u(t) is a twice continuously differentiable on the segment [0, 1].

ii; The element u(t) belongs to D(A) for all t € [0,1], and the function Au(t) is continuous on the
segment [0, 1].

iii; u(t) satisfies the equation and nonlocal boundary conditions (1.1).
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The fourth order of the accuracy difference scheme

Upep1 —2Uj+Uj_ 2 402 _
— el ek el Tzk L+ Aug + %A U = @k,

o = f(t) + SLEZWD | A f(py)), =kt 1<k<N-1,

ug = @, un = 5 (p (to) uo + p (tn) un) (1.2)

N
(4 Y. p (tok—1) Upk—1 + 2 Z P(tZk)MZkJJrlP

for the approximate solution of (1.1) is presented. The stability and almost coercive stability estimates for
the solution of this difference scheme are established. For applications, the stability and the almost coercive
stability estimates for solutions of difference schemes for approximate solutions of nonlocal boundary-value
problems for elliptic equations are obtained. Since A is a self-adjoint positive definite operator, we have

that C = 4 + A is also self- adjoint positive definite operator. It follows that the operator R = (I + tB)™

exists for B = % +
identity operator. Namely, the stability estimates of solution of difference scheme (1.2) is established under
the assumption:

z 4C + C and is defined on the whole space H is a bounded operator. Here, I is the

N N_
N 71

3l o) + 5 o ()] + 83i Y o ttaen)| + ‘%T Y o[ <1 (1.3)

k=1 k=1

2. The Bitsadze-Samarskii Type Nonlocal Boundary Value Problem with the Integral Condition for
Elliptic Difference Equations

Firstly, let us give lemma that will be needed below.
Lemma 2.1. The following estimates hold [5]:

Jo-r7Y,.,, <
IRl < M@)(1 + 67)™, ktllBR I < M(9),k 21,6 >0, 1)
IBF (R¥ = R¥) [l < M(8) ks, 1 <k <k+r<N,0<ap<1.

Lemma 2.2. Suppose A is the positive operator in Hilbert space H. Then the following estimate holds [5]:

Z

-1
|@-RR|,_, < Mmm(ln( )1+ T|ln||B||H_>H|) (2.2)

I\
—_

j

where M does not depend on .

Lemma 2.3. The operator

iz
oIz

-1

27 o (t) (I _ RZN)_l (RN—Zk _ RN+2k>

3kl

I- —P (tn) — p (tor—1) (1 - RZN)_l (RN—2k+1 _ RN+2k—1) B

il
3

has an inverse
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-1
N N]
2 2

G, =|1- gp (tn) — % 3 p (ty1) (I _ RZN)_l (RN—2k+1 _ RN+2k—1> _2?7 kz_:‘ p (t) (I _ RZN)_l (RN—Zk _ RN+2k)

and the following estimate is satisfied under the assumption (1.3)

Gl < M(®) T, (2.3)

where M does not depend on .

Theorem 2.1. For any ¢, 1 <k < N — 1, the solution of the problem (1.2) exists and the following formula
holds:

we=(I— R2N)—1 :(Rk _ RZN—k)(p + (RN—k _ RN+k) Uy

-1
— (RN~ RN*F) (1+ tB) @I + tB) "B~ Y (RN = RN 1) i)
1

i=

P4

-1
+(I+1B) @I+ B) B ) (RFIT - R gt fork=1,--,N-1,

1

1l
—_

Nz

4t

3 L p (tk-1) (I - RZN)_l (RZk‘1 - RZN—2k+1)

1

UuN = G’l’ %P (tO) +
+2_T ZZ" p (ta) (I _ RZN)_l (RZk _ RZN—Zk) o+ (I _ RzN)‘1

p (to1) ( RN-2k-1 _ RN+2k—1)

-1
X (I+7B) (20 +7B) B~ ) (RN1- - RN14) i
1

1=

N
47 & 2%k-1 ‘ |
+§ p (ta_1) (I + TB) (2 + 7B)"'B™! 2 (RZk*2*l _ R2k72+1) -
k=1 i=1
47 ¥ N-1 '
e (tak—1) I + B) 2I + TB)'B7! Z (Rz—zk _ Rzk—2+1) it
k=1 i=2k
2 & 2% . |
+3 2Pt [+ B) (2L + 7B)"1B Z (R%1-1 - 14 0

P
I
—_

i=1
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§-1 N-1 ' '
+— Z p (ty) (I + TB) (21 + TB) B! Z (R - RE) o
i=2k+1
Here,
5 5-1
_ 4t ANV (pN=2k+1 _ pN+2k— 1 N\ (pN-2k _ pN+2k
G, = I——p(tN) Ep2 p(tz) (I- R2N) (R -R - kz p (b) (I = R2V) ™ (RN-26 - RN+26)
Proof. The difference scheme
— L[ — 2ug + ] + Aug = @, 1<k <N-1,Nt =1,
(2.4)
Up = @, uy is given
has a solution and the following formula holds [5]:
ue = ([ = RN {(RF = RNH) g + (RN F = RN*) 2.5)

N-1
— (RN = RN*F) (1 + tB)(2I + 7B) !B~ ) | (RN-17 — RN-1) (pi’[}
i=1

Z

-1
+(I+TB)(I + tB) "B Y (RKIT - R g1,

i

Il
—_

The fourth order of the accuracy difference scheme can be written as,

L +

= Cuy = @,
ok = flt) + GO 4 Afn)), =kt 1<k<N-1,

ug =@, un = 5 (p (to) uo + p (tn) un)

N
42 p (fax-1) k-1 + 2 Z P(tzk)”Zk]“'lab

Applying formula (2.5) and the nonlocal boundary condition, we obtain

uy = % (p (to) uo + p (tn) un) + % 4;‘ p (tae-1)

X [(I — RN)~1 {(RZk—l _ RZN—2k+1) o+ (RN—2k+1 _ RN+2k—1)uN

N-1
— (RN-261 — RN+21) (1 4 ¢B) 21 + 7B) 1B Y (RN - RN141) i)
=1
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N-1 ‘ .
+(I+7B) (2 +7B) 1B~ ) | (RPF111 - R%472) .
i=1
N1
+2 Z p (t) [(I _ R2N)—1 {(Rzk _ Rszzk) o+ (RN—Zk _ RN+2k> Uy
N-1
_ (RN—zk _ RN+2k) (I+1B) (2l + TB)—lB—l Z (RN—l—z _ RN—1+1) @it}
i=1
N-1 4
+(I+7B) (21 +7B) "B )| (RA-I! — 2+ o ]+¢
i=1
Since the operator
5 51
4t aNYL (pN-2k#1 _ pN+2k-1) _ 2T N\ (pN=2k _ pN+2k
I——p(tN) 3 1p(t2k_1)(1—R ) (R -R )—?klp(tZk)(I—R ) (RN - RN+2)
has an inverse G, it follows that
%
_ T 4t N\ (p2k-1 _ p2N-2k+1
= Grl |30 W)+ 5 ) p i) (1= R2N) (R — RN2) (2.6)

=1

N

+— Z p (tZk) I RZN) (RZk _ RZN—Zk) o+ (I 3 RZN)’l

N
47
3 =

«| - p (ta1) (RN—Zk—l _ RN+2k—1)

Z

-1
X (I+7B) (21 +7B) "B ) (RN - RN 1) i

i

]
—_

N_q

Z

-1

Z p (b) (RN"2 = RN*2) (1 + ¢B) (2 + tB) 1B Y (RN17 — RN-1) g7

i

I\
—_

N
4 2 2k—1 4 ,
+§ p (ty-1) (I + TB) (21 + 1B) 1B~ Z (R¥=27 - R*2) gy
k=1 i=1
4t z L ,
+ ) p ) ([ +1B) 2L+ 7B) 1B Z (Rl—z" - RZk‘Z“) QT

k=1 i=2k
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F-1 2k
27 3 , ,
+§ p () (1 + 7B) (21 + tB) "B~ Y (R¥1 = R¥1) i
k=1 i=1
o 5-1 N-1 '
3 Z p (ty) (I + TB) (21 + TB) B! Z (R - RE) o
k=1 i=2k+1

Theorem 2.1. is proved.

Let F([0, 1], , H) be the linear space of the mesh functions ¢ = {(pk}ll\F1 with values in the Hilbert space H.
We denote by C([0, 1], , H) Banach space with the norm

”@THC([OJ]T,H) = ey ”@k”H‘

The nonlocal boundary-value problem (1.2) is said to be stable in F([0, 1], H) if we have the inequality

o 1, 1y < M(O) [”(PT”F([O,l]T,H) + ”@HH + ||¢||H] :

Theorem 2.2. The solution of the difference scheme (1.2) satisfies the stability estimate with the assumption
(1.3)

14 llcqo e < M(©) [HWTHC([OJ]T,H) + HIPHH + ”(PHH] ’ 2.7

where M does not depend on ¢°, ¢, ¢ and 7.
Proof. We have that

I eontorn < MO |l egonyorn + 191l + ol (2.8)

for the solution of difference scheme (2.4).
The proof of (2.7) is based on (2.8) and on the estimate

sl <M [ egopan * 1 + sl

Using the formula (2.6), the estimates (2.1), (2.3) and the triangle inequality, we get

s < 1Gelle (7= RNY (1= R 5 o o)

rolz

£33 o o) (R + R,
k=1

N
N

2 _
IOV ([ PR e W (79

+? |P (tZk—l)) <||RN_2k_1||H—>H + ||RN+2k_1||H—>H) “B_1||H—>H
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N-1
X ”(I +7B) (21 + TB)%”HHH Z (||RN71’71HH—>H + ||RN+1’71HH—>H) ||90i”H T
=1

N

L2T3 +
? Z p(tzk)‘ |RN 2k”H_>H + HRN 2k”H—>H)||B 1”H—>H

k=1
N-1
x ”(I +7B) (21 + TB)71|’H—>H Z (||RN71’71HH—>H + ||RN+{71)‘H—>H) ||90i”H T
i=1
%
+ ”I - RZN“H—>H 4? |P (tZk—l)) H(I +7B) (2 + TB)_1“H—>H “B_1||H—>H
2%k-1 ' '
x 3 (R + R4 ) el @
i=1
iz 5
+? |P(t2’< 1))H (I+7B) (2l + 7B)” 1“H—>H“B_1“H—>H
k=1
N-1
x D (IR + IR ) il =
i=2k

N
Nq

+23—Tz|p<t2k>u|a+w> @1+ B, B

N
=~

x Y (IR Ly R ) el =

i=1

N_
2

2 z o e0] [0+ B) @1 + B, 1B

< 3 0 1 ol |

i=2k+1

From (1.3) it follows that

ol < M )07 o, + el + 16|
So, Theorem 2.2. is proved.

Theorem 2.3. The solution of the difference problem (1.2) in C([0, 1], , H) under the assumption (1.3) obeys
the almost coercive inequality

-2 N-1 AT v
7™ (s = 20 + w1 oy, +I14A L+ o | M llcqo,11,, 1)
1
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. 1
< M) [min{in =, 1+ Il Bl 0" Do
ATZ) ( ATZ)
+A(I+—(p +|A[T+ —=|y| |-
12 . 12 .

Here M does not depend on 7, ¢, p and ¢, 1 <k <N -1.
Proof. The proof of this theorem is based on the estimate

“ {T_Z(uk+l - 2uk + uk—l)}ll\]_l ”C([O,I]T,H) + || {Auk}ll\] ”C([O,l]T,H)

< M() [min {m % 1+|in|| B ||HHH|} 167 legonym + lAe]l, + ||A¢||H]

and on the estimate

AT?
Il A(I + H)uN 1751 (2.9)

(1 .
< M@ (min {in =, 14 M1 B sl oo
2
clafr+ 4%, +||AI+A— ¢||
12 H

for the solutions of difference scheme (1.2). Using the formula (2.6), and A = B*R we obtain

AT?
A(“‘ ﬁ)uN =h +)

where

N
2

T 4t -1 _ _
Ji = Ge||3p () + 5 ) p (o) (1= ROV) (R — RAN-2K+1)
3 3 =

N_q

S N L e e

=

=G, (I _ RzN)’l _% 0 (tyer) (RN—Zk—l _ RN+2k—1)
=1

N-1
x (I + 7B) (2I + 7B)"! Z B(RN*171 — RN+14) .7
i=1

51 N-1
- Z p (t ) RN -2k RN+2k) (I + TB) (2[ + TB -1 Z‘ B RN+1—i _ RN+1+[) (piT
i=1

NIz

2k-1
o . .
? p (ty_1) (I + TB) (21 + TB) ™! Z B (R — R%+1) ;7
=1 i=1
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N
4T & N-1 , ,
+2= V" p(tyer) L+ 7B) (21 + TB)! Y BRI - R%) e
3 .
k=1 i=2k
21 = 2k . .
+= Y p(ty) ([ +1B)(2[ +1B)" Z B (R2k+1—1 _ R2k+1+1) o
3 .
k=1 i=1
i N-1
+— Z p (tz) (I + TB) (21 + TB)™ Z B (Ri—2k+1 _ R2k+1+i) (PiT\J-
i=2k+1

To this end (1.2) suffices to show that
At?
+1A (1 + —)IPII )
H 12 H

(1 .
IJallyy < M (6) min {ln ~1+[In|| B ||HﬁH|} ™ I

T2
Il < M(é) AL+ ﬁ)w

and

1035

(2.10)

(2.11)

The estimate (2.10) follows from the estimates (2.1), (2.3). Using the estimates (2.1), (2.3), (2.2) and under

the assumption (1.3) we obtain

2lly < IGellp—p ”(I - R2N>_1HH—>H

N
4t ¢ e i}
x5 Ll G (IR + IR, )
k=1

N-1
X ”(I +7B) (21 + TB)il”HaH Z (”(I - R) RN7i||H—>H + ”(I - R) RN””H—»H) H(Pf”H
im1

N

2 N
? kZ: |p (t 2k ”RN 2k||H—>H + “RN+2k|)H—>H)

N-1
x @+ By + B, Y (0= R RN+ 0= R RN, ) e,
i=1

=R | 5 Y o s 0+ <By @1+ B) )

k=1

2k-1
x Y (la=R R+ fla =R R e,
i=1



A. Ashyralyev, E. Ozturk / Filomat 28:5 (2014), 1027-1047 1036

N[z

4 ,
+§ ) lp (ta)| |+ B) @I+ B,

=1

N-1

x Z (”(I - R) Ri_z}ﬁl”HaH + H(I - R) Rzk_l+i)‘H—>H) ”(PfHH
i=2k

2o

+§ Y lo ||+ 2By @1+ B,

k=1
2k
Y (la-R R+ a =R R, e,

i=1
81
Y pella s,
k=1

N-1
) <||<1—R>R’-2k1|HﬁH+na—R>R2k+f||HﬁH>u<of||H]

i=2k+1

. 1
< My min {ln ~1+0In|B ||HHH|} 1t I

Hence, from the estimates (2.11) and (2.10), it follows (2.9). Theorem 2.3. is proved.
Secondly, we will give the application of Theorems 2.2. and 2.3. We consider the mixed boundary-value
problem for elliptic equation

—uy — (@(X)ux)y + 06u = f(t,x),0<t<1,0<x <1,

u(t,0) = u(t, 1), ux(t,1) = ux(t,0),0<t <1, (2.12)

1
u(0,x) = p(x), u(l,x) = fp(A)u(/\, X)dA+¢P(x),0<x <1,
0

where a(x), @(x), Y(x) and f(t,x) are given sufficiently smooth functions and a(x) > a > 0, a(1) = a(0),
0 = const > 0. The discretization of problem (2.12) is carried out in two steps. In the first step, let us define
the grid space

[0,1], ={x:x, =nh,0<n <M, Mh = 1}.

We introduce the Hilbert space Ly, = Ly([0,1];) of the grid functions qoh(x) = {(pn}fl/i_ll defined on [0, 1],
equipped with the norms

let, =Y '@l mt,

x€[0,1]h

1/2 1/2
o'l = o/l [ Y I <x>>x|2h] [ y |<¢h<x>>x,x;2h] |

x€[0,1], x€[0,1],
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To the differential operator A generated by the problem (2.12) we assign the difference operator A} by the
formula

AZp"(x) = {~(@()@x)xn + S@a ]y, (2.13)

acting in the space of the grid functions ¢"(x) = {(pn}llvH satisfying the conditions @y = ¢m, @1 — @o =
om — pum-1. It is known that A7 is a self-adjoint positive definite operator in Ly,. With the help of A; , we
arrive at the nonlocal boundary-value problem

le;t(ti) +Ax tX) fh(t x O0<t<l1, xe [0 1]}1/

(2.14)
u0,x) = ¢"(x); u'(1,x) = fp (1) u(t, x)dt + ' (x), x € [0,1],

for an infinite system of ordinary differential equations. In the second step, equation (2.14) is replaced, by
the difference scheme found next:

u”+ (x)- Zuh(v)+u (x)
k+1 . k-1 +Ax h(x)+ (x)u(x):(PZ/

T

= ity x) + (L2 D) | px iy, ),

tk=kt, 1<k<N-1,Nt=1,x€l0,1],, (2.15)

uh(x) = @"(x); iy (x) = 5 (p (o) uf () + p (bn) 1y (%)

7—1
(4 2 P (tZk 1) qu 1 (X) +2 Z P (tZk) qu (x)J + ¢h(x)l X € [O 1]11

Theorem 2.4. Let 7 and h be sufficiently small positive numbers. Then under the assumption (1.3), the
solution of the difference scheme (2.15) satisfies the following stability and almost coercivity estimates:

e il <[ max et + 11, + o'l

2l - 2u ) (1)
max |[t7° (u U +u + max ||(u
1§k5N—1” k1 k k1) leay 1§k5N—1” k ”W§h

< a0 [im oy max el + o + 970 ]

Here, M; and M, independent on T, h, "(x), ¢"(x) and ¢ (x),1 <k <N - 1.
The proof of Theorem 2.4. is based on abstract Theorems 2.2. and 2.3., on the estimate

1

et (2.16)

min {ln % 1+In| Bﬁ||L2,,_,L2h|} <Min
and on the symmetry properties of the difference operator A; defined by the formula (2.13) in Ly,

Let Q) be the unit open cube in R"(x = (x1,- -+, x,) : 0 < x¢ < 1,1 < k < n) with boundary S, Q=QUS. In
[0,1] x Q, the Dirichlet-Bitsadze-Samarskii type mixed boundary-value problem for the multidimensional
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elliptic equation

—Up — Z (ai'(x)uxy)xy = f(t/ x)/O <t< 1r X = (xll o 'lel) € Q/
r=1

1
(0, %) = 9(x), 1(1,%) = [pA)u(A, A + ¥ (x), x € Q, (217)
0

u(t, x) les=0, x € Q

is considered. We will study the problem (2.17) under the assumption (1.3). Here, a,(x), (x € Q), P (x), p(x) (x €

Q) and f(t,x) (t €(0,1), x € Q) are smooth functions and a,(x) > a > 0. The discretization of problem (2.17)
is carried out in two steps. In the first step let us define the grid sets

5]’l = {x =Xm = (hlmlr' : '/hmmm)/m = (mll Tty mm)lo S ny S NV/

mWN, =1, r=1,---,m},Q, = 5;,0(2,5]1 = 5;,05.

\LVe introduce the Hilbert space Ly, = L2(£~)h) of the grid functions (ph(x) = {p(himy,- - -, hyym,,)} defined on
y,, equipped with the norms

el = X lo" el - )2,

xeQy,

1/2
m
lole = Nl +] 2 Yl sl -
XEE);, r=1
- 1/2
+ Z Z ’((Ph(x))x,JT,, m,|2 hl e hm
xe()h r=1

To the differential operator A generated by the problem (2.17), we assign the difference operator A; by the
formula

AZuh (x) =— Z(ar(x)u]; | (2.18)
r=1 ’

acting in the space of the grid functions u"(x), satisfying the conditions u"(x) = 0 for all x € Sj,. It is known
that A} is a self-adjoint positive definite operator in Ly,. With the help of A}, we arrive at the nonlocal
boundary-value problem for an infinite system of ordinary differential equations

~ B0 | Axyh(t x) = fi(x), 0<t <1, x€QY,
(2.19)
uh(0,x) = ¢"(x); u"(1,x) = fp(t)uh(t X)dt + P"'(x), x € Q.

In the second step, (2.19) is replaced, by the difference scheme (1.2), and we obtain the fourth order of
accuracy difference scheme
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u (x)— Zuh(x)+u

BB | pr() + 5 (A2l () = ) (),

T

2 (1 ) =2 (b )+ 1 (Ben
@1 (x) = fi(t, x) + (2Rt o) o Ax iy, ),

th=kt, 1<k<N-1,Nt=1,x€ Q,

uh(x) = 9" (x); 1l (x) = % (p (ko) 1 (x) + p () 1 (%)

N
(4 Y p(taka) uly | (x) +2 Z p (o) ul (x)] +Ph(x), x € Q.

Theorem 2.5. Let 7 and |i| = /3 + ... + I be sufficiently small positive numbers.
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(2.20)

Then under the

assumption (1.3) , the solution of the difference scheme (2.20) satisfies the following stability and almost

coercive stability estimates:

max [, < M@ [ max [lelll, +[9'],, +l¢'ll,

1<k<N-1 1<k<N-1

-2, h ho, o h
max ”T (uk+1 —2u, + uk_l)

h
+ max_[uf]
1<k<N-1 kw3,

Ly, 1<k<N-1

< Ms(0)[in — o max [l + e + 1] |

Here, M4 and M5 independent on 7, I, z/)h(x), (ph(x) and (pZ (x),1<k<N-1.

The proof of Theorem 2.5. is based on Theorems 2.2. and 2.3., on the estimate (2.16), on the symmetry
properties of the difference operator A; defined by the formula (2.18) in Ly, along with the theorem on the

coercivity inequality for the solution of the elliptic difference problem in Ly [4].

3. Numerical Results

We consider the Bitsadze-Samarskii type nonlocal boundary-value problem for the elliptic equation

_Pu(tx)  Pultx)

7 Z +u = n* exp(—t) sin (x),

0<t<1 0<x<1,u0,x)=sin(nx),

u(t,0)=u(t,1) =0, 0<t <1
The exact solution of this problem is

u (¢, x) = exp(—t) sin (7tx) .

u(l,x) = J(;l e u(A, x)dA + (exp(—1) + 3 exp(-2) — 3)sin(nx), 0 < x < 1,

(3.1)

In the present part for the approximate solutions of the Bitsadze-Samarskii type nonlocal boundary-value
problem (3.1), we will use the second and fourth orders of the accuracy difference schemes with grid
intervals T = %, h = ; for t and x, respectively. For the approximate solution of the Bitsadze-Samarskii type
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nonlocal boundary problem (3.1), we consider the set [0, 1]; X [0, 1], of a family of grid points depending
on the small parameters 7 and h,

[0,1]; X [0,1], = {(tr,xu):tx=kt, 1<k<N-1, Nt=1,
X, = nh, 1<n<M-1,Mh=1}.
Applying the second order of the accuracy difference scheme from [16] for the approximate solutions of the
problem (3.1), we get

k+1 k k-1 k  _n.k k
_ W —2u, i, _ s 2M”-"uu—l + uk — f(t X )
T2 h2 n — krAn)s

1<k<N-1,1<n<M-1,

ul =opx,), 0<n<M,

Y = Ty 5 (exp(—(k = Do)l + exp (—ka) uh) = (),
(3.2)
P(xy) = (exp(-1) + L exp(-2) - )sin(nx,), 0 <n <M,

k— ok _
uy =11y, =0,0<k<N,

f(te, xn) = 7% exp(—tx) sin (1x,),

P(xy) = sin (1xy) .

We have (N + 1) X (M + 1) system of linear equations in (3.2) and we will write them in the matrix form. We
can rewrite this system as the following form

(R (= =)+ ()
# () ()l = 00,
1<k<N-1,1<n<M-1,

ud =opx,), 0<n <M,
(3.3)

Y = T3 5 (exp(—(k = Do)l + exp (—ka) uh) = P(xy),
P(xy) = (exp(-1) + L exp(-2) - $)sin(nx,), 0 <n <M,

=0,0<k<N,

@(x) = sin (rxy,) .

We denote
1 2 2 1
O A R

sin (rtx,), k=0,
Py = flt,xy), 1<k<N-1,
(exp(-1) + 5 exp(=2) - 3)sin (1x,)), k= N,
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n
(Pn = (p'n 7
oy (N+1)x1
000 - -000D0
0O a 0 -0 00
0 0 a 0 0 0
A= e . ,C=A,
000 - -a 00
000 - -0wa0o0
000 -000 I+ nxv+1)
1 0 0 0 0 0
c b c 0 0 0
0 c b 0 0 0
B = . . . . . . . ,
0 0 0 . b c 0
0 0 0 . c b c
=3 —FeT —32e7 . =32 (NTRT _Zen(DE ] e dN+1)xv+1)

and D is an (N + 1) X (N + 1) identity matrix, and

N
s A(N+1)x1
wheres = n—1, n,n + 1. Then, (3.3) can be written as

{Aun+1+Bl:In+Cun_1:D(pn, 1<n<M-1, (3.4)
Uy = Uy = 0. ‘
So, we have a second order difference equation with respect to n with matrix coefficients. To solve this
difference equation we have applied a procedure of modified Gauss elimination method for difference
equation with respect to n matrix coefficients [3]. Hence, we seek a solution of the matrix equation in the
following form

Un = Op+l un+1 + ﬁn+1/ n= M - 1/ Yy 2/ 1 (35)

where a, (n=1,---,M)are (N + 1) X (N + 1) square matrix and , (n =1,---, M) are (N + 1) X 1 column
matrix.

Here
a1 = —(B+Cay) ' A, (3.6)
Bii = (B+Cay) ' (Dp,—CBy), n=1,2,---,M~-1. (3.7)

For the solution of difference equations, we need to find a; and 1. We can find them from Uy = 0 = ay Uy +p1.
Thus, we have

000 -0 0
000 -0 0
m=[{000 -0 Br=|0
000 -0 0

(N+1)X(N+1) (N+1)x1
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For the first step, using formulas (3.6), (3.7) we can compute a4+ and f,4+1, 1 < n < M — 1. Thus, using
formula (3.5) and Uy = 0, we can compute Uy, 1 < n < M — 1. Applying the fourth order of the accuracy
difference scheme (1.2) for the approximate solutions of the problem (3.1), we obtain

k+1 k k-1 k  _nk k k  _n.k k
gt =2t M 20, k ol S k
+ 2 + tTo|E\TT e THna

ko ok
My 2uy+u

AR ()
1<k<N-1,2<n<M-2,
ud =p(x,), 0<n<M,
N_yv3

uy Y2 % (exp(— (2k = 2) T)uZ2 + dexp(— (2k — 1) T)u"1 + exp(— (2k) T)u,%k) (3.8)

= P(x,) = (exp(-1) + %exp(—Z) - %) sin(mx,), 0<n <M,

k_ ok _

uy =11y, =0,0<k<N,

k_ 4,k _ 1,k

Uy = sy — Uy, 0<k <N,

ko _ 4k _ 1.k

Upig = 5y — 5y 0 k<N,

f(t, xu) = 7* exp(—ty) sin (1x,,),

@(x,) = sin (mxy) .

We have (N + 1) X (M + 1) system of linear equations in (3.8) and we will write them in the matrix form. We
can rewrite this system as the following form
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2\, k (712112741272;1212) k (_ 1 ) k-1
( 12h4)”n+2+ 12018 W "1 ) Uy

12k + 4?2+ 6122402 + 12 h* —272h? 2 k 1 k+1 1 k-1
+< Tt + T—z)un +(—§)un +(——)Mn

() ul L+ (o) 2 = St ),
1<k<N-1,2<n<M-2,

ull — Zké z (exp(— (2k — 2) )22 + dexp(— 2k — 1) T)u?1
+exp(— (2k) T)u?k = ¥(x,).

P(xy) = (exp(-1) + 1 exp(-2) — 3)sin (nx,),0 <n < M,

) =opx,), 0<n<M,

ub =uk =0,0<k<N,

k_ 4,k _ 1,k

up = suy — 53, 0 <k <N,

koo_ 4k _ 1,k

Uy = 5y o — 5y 5 0SKSN,

f(tk/ Xp) = s eXP(—tk) sin (1tx,,),

P(xy) = sin (xy) .

We denote
. 72 _ —12h? — 47% - 2h%1?
12K T 12h* ’
e 24K* + KAt + 120t + 61* + 1272h* + 24722
B 12K472 ’
1
d = —p,

=121 — 47% - 2771
- 1214 ’

sin (1tx,), k=0,

oy = fltox), 1<k<N-1,
(exp(-1) + L exp(=2) - 3)sin (x,), k=N,
(PO
1
(pn - (p'n ’
o

(N+1)x1

1043

(3.9)



A. Ashyralyev, E. Ozturk / Filomat 28:5 (2014), 1027-1047 1044

0 0 0 0 0 O
0 a O 0 0 O
0 0a - 00O
A= . . . . )
0 0 0 a 0 0
0 0 0 0 a O
L 000 000 J(N+1)X(N+1)
[0 0 O 0 0 07
0 b O 0 0 0
0 0 b 0 0 O
B=| - - . . )
000 -b 00
0 0 O 0 b O
000 -000 dN+1)x(N+1)
and
1 0 0 0 0
d c d 0 0 0
0 d c 0 0 0
C= . . . . . . ]
0 0 0 . c d 0
0 0 0 . d c d
T T ,—T 21 271 2t ,—(N-2)t T ,—(N-1)1 T ,—Nt
-3 -3¢t —Fer o —Fe WA U 12 N v
0 00 - 0 0O
0 e 0O -0 00
0 0 e 0 0 O
D=]| - .. .. JE=A,
00 0 - e 00
00 0 -0 e O
(000 - 000 JN+1)x(N+1)
and R =D,
uO
i
US - s 7
N
US (N+1)x(1)

wheres=n-2,n-1, n,n+1,n+2.
Then, (3.9) can be written as

AUy, +BUp +CU, + DU, +EU,2 =Rep,, 2<n<M-2,

Ug=Upm=0,

Uy = 3U, — 1U3,0<k <N,

Un-1 = §Up-2 — sUm-3, 0 <k <N.

For the solution of the last matrix equation, we use the modified Gauss elimination method. We seek a
solution of the matrix equation by the following form:
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U, = aprlysr + Br+1 Upio + Yue1, n=M-=2,---,2,1, (3.10)

Um =0,

Up-1 = [(Bm—2 + 5I) — (4 - an-2)an1] " [@] = apa)ym-1 — ymal,

Up—z = [(Bm—2 + 5I) Uni—1 + ym—2] [(4] — am—2)] "

Here, ay, pn (n =1,---,M) are (N + 1) X (N + 1) square matrix and y,,-s are (N + 1) X 1 column matrix.

a1 = —(C + Day, + Efy-1 + Eay_10,) " (B + DB,y + Ecty-1Bn), (3.11)
ﬁn+1 = _(C + Da;, + E,Bn—l + Eanflan)_l(A)r (3-12)
Yns1 = (C + Day, + Efy1 + Eaygay) ™! (3.13)

X(R(Pn - Dyn - Ean—lyn - Ean—l)/n - E)/n—l)r
wheren =2: M —2.

Here,

0 00 0 0 0O 0 0
000 -0 0 00 -0 0
ap=[0 0 0 - 0 ,1=10 0 0 - O ,v1=1 0 ,

000 0 (N+1)x(N+1) 000 -0 (N+1)x(N+1) 0 (N+1)x1
(2 00 - 0 -+ 0 0 0
020 -0 0 -1 0 0
w=0 0 % -0 B2=| 0 0 -f - 0 ,
4 1
(00 0 - 5 J(N+1)x(N+1) 0 0 0 75 dN+1)x(N+1)
[ 0
0
y2=|0
- 0 (N+1)x1

For the second step, using formulas (3.11), (3.12) and (3.13) we can compute 41, fpr1, and Yu41, 1 <1 <
M - 1. Thus, using formulas (3.10) and Uy = 0, we can compute U,, 1 <n <M —1.

Now, we will give the results of the numerical analysis. In order to get the solution of (3.2) and (3.8)
we use MATLAB program. The errors are computed by

M-1 2
N _ k|2
Ey = 152%’51,[2 |u(te, xa) — k| h]

n=1
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of numerical solutions for different values of M and N, where u(t, x,,) represents the exact solution and uﬁ
represents the numerical solution at (t, x,;). The results are shown in Table 1, respectively.

Table 1. Comparison of the errors of different difference schemes for (3.1)
Difference Schemes | N=M=20 | N=M =40 N=M=80

Second order DS (3.2) | 6.245e-004 1.562e-004 3,906e-005

Fourth order DS (3.8) | 1.326e-004 | 2.906e-005 7.158e-006

4. Conclusion

In this paper, the fourth order of the accuracy difference scheme for the approximate solution of the
Bitsadze-Samarskii type nonlocal boundary-value problem with integral condition for elliptic equations
is presented. Theorems on the stability estimates, almost coercive stability estimates for the solution of
difference scheme for elliptic equations are proved. The theoretical statements for the solution of this
difference scheme are supported by the results of a numerical example. As can be seen from Table 1, the
fourth order of the accuracy difference scheme is more accurate than the second order of the accuracy
difference scheme.
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