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Stability and Boundedness to Certain Differential Equations of
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Abstract. In this paper, we give sufficient conditions to guarantee the asymptotic stability and boundedness
of solutions to a kind of fourth-order functional differential equations with multiple delays. By using the
Lyapunov-Krasovskii functional approach, we establish two new results on the stability and boundedness
of solutions, which include and improve some related results in the literature.

1. Introduction

In 1956, Cartwright [6] investigated the asymptotic stability of zero solution of various linear and non-
linear differential equations of fourth order without delay. In [6], she considered the following differential
equations of fourth order:

/77

2@ + g x” + apx” +azx’ +asx =0,

2@+ X + apx” + azx’ + flx)=0
and
X+ a;x” + apx” + ()X + f(x) = 0.

She first constructed a Lyapunov function for the linear equation with constant coefficients, such that its
time derivative is negative semi-definite, as a sum of four linear squares, all with positive coefficients (given
explicitly) if the characteristic roots have negative real parts. Then, she studied the asymptotic stability
of zero solution of these equations by the Lyapunov ‘s direct method. The work of Cartwright [6] made
very important scientific contributions to the qualitative theory of differential equations of higher order,
and this paper may be accepted as a starting basic point for the later researches done on the topic. Later,
many researchers investigated the stability and boundedness of solutions of various nonlinear differential
equations of fourth order without delay, see, the book of Reissig et al. [24] as a survey and the papers
of Abou-El-Ela& Sadek [1], Adesina&Ogundare [3], Burganskaja [5], Cartwright [6],Chukwu [7], Ezeilo
[8-10], Ezeilo&Tejumola [11], Harrow [12], Hu [13], Kaufman & Harrow [15], Lalli & Skrapek [16-18], Lin et
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al. [19], Ogundare&Okecha [20], Ogurcov [21, 22], Skidmore [27], Skrapeké&Lalli [28], Tejumola [29], Tung
[31-34, 36,37], Wu&Xiong [44] and the references cited.

However, to the best of our information, the stability and boundedness to nonlinear differential equations
of fourth order with delay have only been discussed by a few authors, see, Bereketoglu[4], Abou-El-Ela
et al. [2], Kang&Si [14], Okoronkwo [23], Sadek [25], Sinha [26], Tejumola [30], Zhu [45] and Tung [35,
38-43], and the same topic for the differential equations of fourth order with multiple delays have not been
investigated in the literature yet. The possible reason for this case is probably the difficulty of construction
or definition of suitable Lyapunov functionals for higher order functional differential equations. This case
remains as an open problem in the literature.

The purpose of this work is to address this problem for a kind of nonlinear differential equations of
fourth order with multiple delays.

In this paper, we consider the fourth order nonlinear multi-delay differential equation of the form

4 O 4 Y (=) + Y g (=) + Y fie(t = 1)
i=1 i=1 i=1
=p(t,x,x', x",x""), 1)

where ¢, h;, g;, fi and p depend only on the variables displayed explicitly and ; are positive constant delays.
It is assumed as basic that the functions ¢, ;, g, fi and p are continuous in their respective arguments and
satisfy a Lipchitz condition in x(t — 7;),x'(t — r;), x”, x”(t — r;) and x’”; h;(0) = gi(0) = fi(0) = 0 and the

d!}i dh;

L dfi . .
derivatives 7 = g/(x"), 77 = hi(x”) and d—{( = f!(x) exist and are also continuous.

We write Eq.(1) in the system form,

W= —p@u-Y h@)-) g =Y fix)+ ) ft I (2(s))u(s)ds 2
i=1 i=1 i=1 i=1 —Ti
n f n t
+ Y [ oo+ Y, [ paemos 0
=1 Vit-ri i=1 YiTi

We use the functional Lyapunov approach to investigate the stability and boundedness of solutions of Eq.
(1). This work is the first attempt and an improvement on the topic in the literature, and it contributes to the
earlier relative works done on the nonlinear differential equations of fourth order with and without delay.
2. Preliminaries
We also consider the general autonomous delay differential system
x=f(x), x(0)=x(t+0), —r<0<0, t>0. 3)

Lemma 2.1. (See Sinha [27].) Suppose f(0) = 0. Let V be a continuous functional defined on Cy = C with V(0) = 0
, and let u(s) be a function, non-negative and continuous for 0 < s < oo, u(s) — oo as s — oo with u(0) = 0. If for all

¢peCu <|qb(0)() <V(¢), V(p) =0, V((f)) < 0, then the solution x = 0 of Eq.(3) is stable.

If we define Z = {cp €Cy:V(p) = O: , then the solution x = 0 of Eq.(3) is asymptotically stable, provided
that the largest invariant set in Z is Q = {0} .
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3. Main Results

For convenience, we shall introduce the notations:

P1(z) = { L[ o(dr, z#0

$(0) z=0
and
& giy)
e
Gy)=4 %
2. 7:(0), y=0

]
—_

Letp(t,x,y,z,u) = 0.
Our first main result is the following theorem.

Theorem 3.1. In addition to the basic assumptions imposed on ¢, h;, g; ve f; , we assume that there are positive
constants a,b,c,d, o, € and k;,c;,m; (i = 1,2, ...,n) such that:

i) abc — CZki —ad(z) 20> 0,g/(y) <k; forall yand z;
i=1

i) 0<d—%2 < Zf;(x) < Zci <d, 0<f(x)<¢ forallx;
i=1

i=1

iii) 0<G(y) —c < &[5 forally;

iv) 0 <Y, @ -b< ;37‘; forall z (z # 0) and hj(z) < m;, Zhl’.(z) < Zmi < b for all z; in which 0 < € <
i=1

. im1 im1
ﬁ,D =ab+%;
v) $(2) > a, P1(z) — P(2) < 5% forall z.
If
r = maxr; < min & 0 20e
izicn | ab + Bd + Bb + 21" 2ac(ab +d + b +2u)” aab + b + d) + 2p

witha=e+%,[3:e+%,/\: %(0(+,8+1)>0,y: %(0{+[3+1)>0,p: %(a+,8+1)>0,thenthezero
solution of the system (2) is asymtotically stable.

Remark 3.2. Conditions (i) and (v) imply that
be v
P(z) < L ;‘ki<ab, ac <1

Let p(t,x,y,z,u) # 0.

Our second main result is the following theorem.
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Theorem 3.3. Let all the conditions of Theorem 3.1 and the assumption

ot x, y,z,u)| < q(t)

hold, where max q(t) < oo and g € L}(0, %), L1(0, c0) is space of integrable Lebesgue functions.If

: &c 0 2ae
rERER T mm{abﬁ+ﬁd+ﬁb+2/\'2ac(ab+d+b+2y)’a(ab+b+d)+2p}

witha=e¢+1,p=e+ A 1=3(@+p+1)>0,u=L@a+p+1)>0,p=53@+p+1)>0,

then there exists a finite positive constant K such that the solution x(t) of Eq. (1) defined by the initial function
x(t) = (), x'(t) = '), X" () =" }), ¥’ (t) = ¢ (t), where t € [ty — 1, 0],
satisfies
OI<K W@HI<K KBl <K K6 <K

forall t > ty, where i € C3([to — 1 ,to], R).

Proof of Theorem 3.1 To prove the theorem, we define a Lyapunov functional,

x 1 y N
2V(x,y,z,u) =2 (Q0)dC + bBy? — ady? +2 (n)d
(9,21 ﬁfO;f«:)uﬁy adyf + fO;gm)n
2 'y hi(t)dT + 2 ) dt — pz? 2
+ af(); (t)dt + f0¢(T)TT pz° + au
+ 2yZ fi(x) + 2az Z fi(x) + 2az Z 7i(y)
i=1 i=1 i=1

4 0 t
+ Zﬁyf O(t)dT + 2Byu + 2zu + 2A f f y*(0)d0ds
0 —r Jt+s

0 t 0 t
+2u f f 22(6)d0ds + 2p f f u2(6)d6ds, (5)
-1 Jt+s —r Jit+s

wherea =e+1,B=¢+2and A, u, pare positive constants, which will be determined later in the proof.
It is clear that V(0,0,0,0) = 0. We can rearrange V in the following form:

2V=V1+V2+V3+V4+V5, (6)
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where

= Zﬂ(C)dC [Zﬂ(xl,

Vy = [bﬁ —ad - ﬁzdn(z)] Y +2 fo Z gi(mdn = cy?,
i=1

vi=loa [ hi(t)dt - 202 |+ |2 [ pleyede - 21
3 afz (v)dt—(B+a‘c)z" |+ [)cb(’c)’r T gbl(z)z]
V4=[ ¢1() u? +2ayz [G(y) - c],

[Zﬁ x)+cy+acz +¢( [u+¢1(z)z+ﬁqb1(z)y]2

0 t
+2A f y2(0)d0ds + 2u fﬂ f Z%(0)d0ds + 2p f f 1*(6)d6ds.
—r Jt+s —r Jt+s —r Jit+s

Subject to the assumptions of the theorem, it follows that

Vi =2f f Zﬁ(@)dc Zﬁ(xl
—2(e+ %) [0 Zﬁ (O - [Zfz(x)}

2 [ (C)}Zﬁ(C)dC ?)
[

0

2 O ( —)——]Zﬁ(@)dc

fo Zfz(C)dC>e (4-5)2

Since G(y) = ZgT Zgl (0iy), (0 < 0; < 1), from condition (iii) and (4), we have c < ab. Using the
i=1 i=1
first mean value theorem for integral, we have

v

IV

1 Z
=1 [ o0ds=009, 0sys1 )
From conditions (i) and (iii), and the estimates (4) and (8), we have
Y n
Va=[tp-ad =g +2 [ ) oy -
i=1
> [0p - ad - Bp(612)] v )

od

[\
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Since ¢}(z) = ( )fo (t)dt + 20 , we know

[ oo =261 f T, 2n(2)
0 0

= d d .
f(;qbl(’[)T T+f(; o(t)TdT

From conditions (iii)-(v) and the estimate (10), we get

2a foz ,an: hi(t)dt — (B + azc)zz} + [2 j: P(t)TdT —- (pl(z)zz]

2 foo- - o0 - porie= ()
[“_cpll(z)]”Z:[“%‘q>11<z>]”22[”%‘%]“2:€”2’

) d od 0
l2ayz [G(y) - c]| < |yz [Gy) -] < 2ac \ 2ac 2 = @yz " %ZZ'

od o
Va> eu? — 2 2
4=l 4ac2y 8a2cz
From the above analysis, we get

V3 =

. ad\ o od \ 5, . 2 o o
2V25(d—E)x +(w)]/ + cu +%Z + Vs.

Furthermore, we can easily check

n n ) 2
_ ;‘fi’(x)} (y + %Z)z _ [; @ _ b] (z + gy)

2[n 4
~ [6G() - d1 +ﬁ—[2@—blﬁ

z
i=1

—|b-a) g - B(Pl(Z)} 2
i=1

n

Sl

+ (au + By + z) Z fh (2(3))u(s)ds + pru® — pf u*(s)ds

lltr
t

+ (au + By +z) Z fgl (y(s))z(s)ds + yrz —-u fz (s)ds

llt T t—r
t t

+ (au + By +z) Z ffi’(x(s))y(s)ds + /\ryz -A fyz(s)ds.
i=1 t—r;

t—r

1054

(10)

(11)

(12)

(13)

(14)
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By conditions (i), (iii)-(v), we have

ce

po) ~dzcee< e <5 ﬁz Zh(z) b}_'

From conditions (i),(iii),(4) and (8), we get
b-a) gi) - pbi(2)
i=1

> [abe ~c Z gy - adqb(yz)l ~ abe - £¢(y2)

o
> —. 1
~ 2ac (15)

By conditions (ii) and (v), we have

o? =
Z[d—;fi (%)

In view of the above discussion, we get

< %, ap(z) — 1 > ae.

E;—‘t/ < —%yz - %22 —aeu® + (au + By +2) Zf fh;(z(s))u(s)ds
=er
.t
+ (au + By +z) Z ffi'(x(s))y(s)ds (16)
izlt—ri

t

Furpy+2)Y [ gz

=1 t—r;
t

t t
+pru® — p fu2(s)ds + Ary? = A fyz(s)ds +urz* —u fzz(s)ds.

t—r t—r t—r

Since Zfi’(x) < Zc,- <d, ng(y) < Zki < ab, Zh;(z) < Zmi < band 2mn < m* + n?, then we obtain

i=1 i=1 i=1 i=1 i=1 i=1

v o1 , 116
S <=3 lce —(abf + i + pb+20) 1]y —5[2——(ab+d+b+2y)r]

ae = (%ap+ S+ & 2
_ae (zab+2b+2d+p)r]u 17)

- t
+ g(a+ﬁ+1)—/\]fy2(s)ds
) t—r
t t

+'%(a+‘8+1)—y]f () ds+[ (a+p+1)- p]fuz(s)ds.

t=r t—r
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Take A =4 (a+p+1)>0,u=%2(a+p+1)>0and p = (e +p+1) > 0so that

lfi_‘t/ S—%[ce—(abﬁ+ﬁd+ﬁb+2)\)r]y2
—E[ﬁ—(ab+d+b+2y)r]z (18)

- _(¢ + @ + @ + 2
[ﬂ€ (zab 2b Zd p)r]u .
Therefore, if

: &c 0 2ae
TR <mm{abﬁ+ﬁd+ﬁb+2/\'2ac(ab+d+b+2y)’a(ab+b+d)+2p}’

then we have

d_‘t/ < -0 (yz +22 + uz) for some o > 0. (19)

Using 4/ = 0 and system (2), we can easily obtain x = y = z = u = 0. Hence, all the conditions in Lemma
2.1. are satisfied, and so the zero solution of Eq.(1) is asymptotically stable. The proof of the theorem is
now complete.

Proof of Theorem 3.3 From (13), we have

V >Dy (x2+y2+zz+u2), (20)

where D; = %min{s (d - %), %, ﬁ,euz}. Taking the time derivative of (5) with respect to t along the

trajectory of (2), we obtain
LZ—‘; <-0 <y2 +72 4 uz) + )au + By + zl )p(t, x(t), y(t), z(t), u(t))|
< |au + By + z| |p(t, x(t), y(t), z(t), u(t))(
< Dy ([y] + Izl + lul) q(8),

where D, = max{a, B, 1}.
Making use of the estimate M <1+ y? itis clear that

dv 2,2, .2
ESD2(3+y +z +u)q(t).

By (20), we also have
(yz +22 + uz) < (x2 +yr+ 2+ uz) < D'V(x,y,z,u).

Hence

av -1
— <D (3 +D7'V(x,y,z, u)) q(t)

= 3Dyq(t) + D2D; ' V(x, y, z, u)q(b).
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Now, integrating the last inequality from 0 to t, using the assumption g € L!(0, ) and Gronwall-Reid-
Bellman inequality, we obtain

t

Vix,y,z,u) < V(xo, Yo, 20, o) + 3D2A + DZDI1 fV(xs, Ys, Zs, Us)q(s)ds

0
t

< (V(xo, Yo, 20, 4o) + 3D2A) exp Dle‘1 fq(s)ds
0
< (V(XO, Yo, Zo, Mo) + 3D2A) exp (Dle_lA) = K1 < 0o, (21)

t
where K; > 0 is constant, (V(xo, Yo, 2o, to) + 3D2A) exp (Dle‘lA) =Ki<oand A = f q(s)ds.
0

Now, the inequalities (20) and (21) together yields that

XAt + () + 22 (D) + (D) < DTV, yi zu) < K,

where K? = K;D;!. Thus, we can conclude that

lx() < K,

y(h)| <K 1zt <K, lu(t) <K,

for all t > ty. The proof of Theorem 3.3. is completed.
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