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Abstract. The aim of this work is to study the global existence of solutions for the Cauchy problem of a
Klein-Gordon equation with high energy initial data. The proof relies on constructing a new functional,
which includes both the initial displacement and the initial velocity: with sign preserving property of the
new functional we show the existence of global weak solutions.

1. Introduction
The nonlinear Klein-Gordon equation with quadratic nonlinearity is
Uy — Uy + U — ﬁuz =0, (1)

where a, and § # 0. Eq. (1) arises in many scientific applications such as solid state physics, nonlinear
optics and quantum field theory. The Klein-Gordon equation is the first relativistic equation in quantum
mechanics for the wave function of a particle with zero spin. It was proposed as a relativistic generalization
of the Schrodinger equation and was investigated in many papers [1, 2, 4-6, 9, 12, 15, 23, 26].

The goal of the present paper is to investigate the existence of global solutions for the Cauchy problem
of the Klein-Gordon equation with dissipation

up—Au+u+u =uftu, xeR', t>0, ()

ulx,0)=uy(x), ux,0=u(x), xeR" (3)

where 1y and u; are the initial value functions, n > 2and 1 < p < ’:Z—J_'é ifn>3,1<p<ooifn =2. Evolution
equations with dissipation are studied from various aspects in many papers [3, 13, 16, 17, 19].
In the present paper, we investigate the existence of global solutions by using the potential well method

[18]. Sattinger [18] investigated global existence of the initial-boundary value problem of the following
nonlinear hyperbolic equation

Upt —V2u+f(x,u) =0
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in the case of initial energy less than the potential well depth d. Then this result extended to the total energy
of the initial data is less than or equal to d [24]. Very recently in a paper of Kutev et al. [8] it was proved that
there exist global solutions when the total energy of initial data is greater than d and they established the
existence of global weak solutions by constructing a functional which include both the initial displacement
and the initial velocity. Because they showed numerically that the initial velocity plays a crucial role in
the behaviour of the problem. Problem (2), (3) was already treated in the E (0) < d case by Runzhang [25],
but the functional I (1) used in their paper fails to prove the E (0) > d case. Although a strongly damped
nonlinear Klein-Gordon equation is studied in [26] and a blow up result was given for the high energy intial
data, i.e. E(0) > d, the global existence was studied for E (0) < d. In the present paper, we reinvestigate the
problem for the case E (0) < d, where we use a standard functional that include only the initial displacement
up. Then, we prove that the existence of global solutions for E (0) > d can not be proved via sign invariance
of this functional. A new functional which includes both the initial displacement uy and initial velocity
1, will be constructed for the case of high energy initial data. Functionals depending on uy and u; are
introduced for the first time in [8] and then they were successfully applied for proving the global existence
to some Boussinesg-type equations in [20-22].

Throughout this paper H* = H*(R") will denote the L? Sobolev space on R" with norm H f

B

f” and

“(I —A):f ” = H(l + kz)i jﬂ , where s is a real number, I is unitary operator. The notation ” f
“ f ||w will be used instead of norms of L? (R"), L? (R") and L*® (R"), respectively.

pl

2. Global Existence for E (0) < d

The present section refers to two points. Firstly, we define a functional which includes only the initial
displacement, and prove the existence of global solutions for E (0) < d by aid of the sign invariance of this
functional. We then show that this functional fails to prove the global existence in the case of E (0) > d.

Now, let us define

E®) = E@), 1 0) = 5 [l + 19+ 1] - 1l @
E(t>+fot||uf||2df = E(0)

) = 5 (IVulf + i) - ;%1 ey )
1) = (VP + lull?) = lll (6)
4= inf] ), 7

where N = {u eH" | I(u) =0, |lullyp # O}, E (u(t),u; (t)) is the total energy, | (u) is the potential energy and d
is the depth of potential well which can exactly be written in terms of the Sobolev constant as

_ P~ 1 +1\~2/(p-1)
C2(p+1) (55 ) ' ®)

Here S, is the imbedding constant from H' (R") into L/*! (R") given by

When 0 < E (0) < d, by the sign invariance of (6) one can prove the existence of global solutions of (2), (3).
Existence of global solutions was proved by such functionals for problem (2), (3) in [25]. It was proved in
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[25] that if I (1) > 0, then every weak solutions of the problem exist globally, and if I (1) < 0, then every
weak solutions of the problem blow up in finite time.

Foro > —’%1, define
Iy () = (1= 0) (IIVailP + lull®) = [l
=) — o (IVulP + lull®).
Then D, and N, are defined by
Dy = inf](), Ny={ueH" :I;(u)=0,ullm #0}.
UeN,

Obviously, taking ¢ = 0, I, corresponds to the functional I (1) . Moreover, if 0 < —F%l then D, < 0. In this
case for E (0) = D, < 0, all weak solutions of (2), (3) blow-up in a finite time.

Foro € (_;%1, 1) , we have the following lemmas.

1/(p-1)
Lemma 2.1. Assume that u € H' (R"). If I, (u) < 0, then ||ullm > (;;—j{) Af I (w) = 0, then lullyp >
P

- 1/(p-1)
( ) or |l = 0.

p+1
SP

Proof. First, since I, (1) < 0, we have ||u||;n # 0. Hence, from

2 +1 +1 +1
A=) llullyy < IIMIIZ+1 < Sl 9)
) 1/(p-1)
we have ||u||g: > (s;—f{) .
r

If [|ul|gp = 0, then I, (1) = 0. If I, (1) = 0 and ||u||gn # O, then from

2 +1 +1 +1
A=) lull, = IIMIIZ+1 < S, ullf

)”‘”‘“. 0

it follows that [ull;y > (;;;

1/(p-1)
Lemma 2.2. If [jul|g < (;p‘j) , then I, (u) > 0.
P

. 1/(p-1) .
Proof. By |lullg: < (s”_g) , we obtain

4

+1 +1 +1 2
IIuII£+1 < Sl < (1= o) llullf,

from which follows I, (u) > 0. O
Theorem 2.3. Let D, be defined as above. Then for ¢ > —7’2;1, we have

2/(p-1
D _p—1+20([1-0] =)
T2+ s '

If we write Dy in terms of d, we obtain

_p-1+2 11— O|2/(P—1) Md.

7T 2(p+1) p—1 (10)
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1/(p-1)
Proof. If u € Ny, we have by Lemma 2.1 that ||ullg: > (%) . In the proof of Lemma 2.1 the inequality

P
(9) is an equality iff u is a minimizer of the imbedding H! into L7*!. Since el 41 = Sp llullg is attained only

2
foru = (COSh (’%1) x) ! for n = 1[11], and for the ground state solution of (2), (3) for n > 1 [14] and it has
constant sign, we have

1/(p-1)
inf g = | =2
UEN, H SP+1 ’

p

Hence from

. _ - 1.0 1 p+l
u1€nl\£] (u) = ulgll\{, (2 el P ||u||p+1)
. 1 (1-09)), 1
= uler}\;fu [(2 P+1 )”u”Hl + P+1IU (u)]
_ 1 _ (1 —O') . 2
= (2 ¥l )ulgggllullH] ,

and by definition of D, we obtain D, = O

p-1+20 (1—0 )2/(p_1) )

2(p+1) \ o™
We can also state the following properties of D,;, which can be proved easily.
i) D, is strictly increasing on o € (—’%1, O) U (1, o) and strictly decreasing on (0, 1).

ii) lirrllDJ =0, and D,, = 0, where gy = iy
The following theorems show the invariance of I, under the flow of (2), (3) for 0 < E(0) < dand E (0) = 4,
respectively, and can be proved by contradiction as in [20].

Theorem 2.4. Assume that ug € H' (R"), u; € L2 (R"). Let 0 < E (0) < d. Then the sign of I, is invariant under the
flow of (2), (3) for o € (01, 02], where o1 and o, are the corresponding minimal negative and minimal positive roots
of equation D, = E(0).

Theorem 2.5. Let all the assumptions of Theorem 2.4 hold and that E (0) = d. Then the sign of Iy (recall that when
E (0) = d, we have 01 = 0, = 0) is invariant with respect to (2), (3) for every t € [0, 00) .

Now, we give a lemma for o > 1, which states similar results to Lemmas 2.1, 2.2, and can be proved
similarly.

Lemma 2.6. Assume that u € H* (R"). Let 0 > 1. If I, (u) > O, then |[ullgn > s (o). If I, (u) = 0, then ||ullm > s (o)
)1/(P—1)

o—1
p+1
SP

or |[ullgn = 0, where s (o) = ( . Moreover, if |[ullgn < s (o), then I, (u) < 0 and 1, (u) = 0 if and only if

Il = 0.

Theorem 2.7. Assume that ug € H' (R"), uy € L2 (R"). IfE(0) > O, then I, (u(t)) < 0 for every t > 0 and o > oy,
where o,y is the maximal positive root of Dy = E (0).

Proof. We give the proof of the theorem for ¢ = o), and ¢ > o), separately. First, we prove the theorem for
0 = 0p. By contradiction, assume that there exists some t' > 0 such that I, (u#(t')) > 0. By Lemma 2.1, we
have |[u]l;p > 0 and there exists a value ¢ > oy, such that I;(u(t')) = 0. Then, by (4), D,,, = E(0) = J (u (') >
uigg J (1) = D,. By definition of Dy, for 0 > ¢, > 1 we have D, > D,;,. A contradiction occurs, which proves

the theorem for o = 0. For 0 > 0y, I, (u(t)) > I;(u(t)) implies that the theorem is true for every ¢ > 0,,. O
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The following Corollary gives a more precise result for subcritical initial energy.
Corollary 2.8. Suppose ug € H' (R"), u; € L*(R"). Let 0 < E (0) < d and Iy (ug) > 0. Then,
0 < Io (u (1) < oyl an
for every t > 0.

Proof. We know that for Iy (u(t)) > 0, the solution u (x,t) of problem (2), (3) is globally defined. Since
E(0) = Dy, for some ¢, > 1 then by Theorem 2.7 we have I, (1 (t)) < 0 for every ¢ € [0, o). Thus we get the
inequality (11) from below and from above. O

Remark 2.9. We tried to characterize the behavior of solutions for E(0) > d in terms of initial displacement. We
constituted the new functional 1, (u) and proved the sign invariance of I, (u) for 0 < E(0) < d and E(0) = d. But
the case E (0) > d is still an open question, because from Theorem 2.7, we concluded that in this case I, (u) is always
non-positive.

3. Main Results

We will introduce our new functional which will be used for global existence of solutions with high
energy initial data.

M, @) = (IVIF + [Iol?) = I} = (@, @) (12)

for every v € H! and w € L?. For simplicity we denote

M(u, 1) = M(u (., 1), 10 ().
The sign invariance of this new functional can be stated as follows.
Theorem 3.1. Let ug € H' (R"), u; € L2 (R") and E (0) > 0. For ¢ > 0,,,, assume that

(p+1Do

1
(11, u0) + 5 lluoll* +

If M (u, 0) is positive, then M (u, t) is positive for every t € [0, c0).

Proof. [Proof]We prove the theorem by contradiction. Let us define

t
em:wwﬂwaﬁ
0

Then

O (t) = 2 (us, u) + |Jull?,

0" (8) = 2uell® +2 (g, ) + 2 (us, w)
= 2l + 2 Ul = V0l = sl = Gaag, )] + 2 Gaag, )
=-=2M (u,t).

To get a contradiction, let us assume that there exists some ¢’ > 0 such that M (i, ') = 0. Since 6” () < 0, we
conclude that 6’ (t) is strictly decreasing on [0, #’). Moreover, (13) implies 8’ (0) < 0 and therefore 6 (t) < 0in
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[0,#'], from which follows that O (¢) is strictly decreasing on [0, '] . By the energy identity and M (u,t') = 0,
we have

1 N2 p-1 2 2 1 ,
EO) = 5l (0 + 7= (IVulP + lP) + =5 1 (4)
_(1 1 ne . P11 2 2
—(§+p+1ﬁma»|+2@+DOWM|+wu) (14)

Theorem 2.7 and M (u, ') = 0 yield
(IVull® + llul?) 2 03, o (u () = 07" [l ()1

The use of this inequality in (14) gives

1 1 p_ "2
E(0)2(§+p+1 +2(p+1)0)“”t(t)”
_ (p+3)o+p-1

’ \\ (12
T o L@ +u@l
=2 (g (), u(t)) = I ()IF].
From the monotonocity of 0 (t) and 0’ (), we get

(p+3)o+p-1
(p+1)o
which contradicts with (13). Thus the proof is completed. [

EQ) > [, 00) = 5 ol

Theorem 3.2. Let 1 <p <ooforn=21<p <™ forn > 3and uy € H' (R"), uy € L*>(R"). Suppose that
E(0) > 0, M (u,0) > 0 and (13) holds for some ¢ > 6,,. Then, the weak solution of problem (2),(3) is globally defined
for every t € [0, 00).

Proof. [Proof]The proof of this theorem follows from adding some arguments to the local existence result
of Proposition 1.1 of [25]. M (1,0) > 0 implies from the sign preserving property of M (u,t) that M (u,t) > 0,
thereby Iy (1) > 0 for every t > 0. From enegy identity, we have

EO 2 5l + Ths (9 +1ul?) + =10
S f‘l)owmﬁ+wwy

Therefore ||u||g: and [Jug]l;> are bounded for every t > 0. The previously mentioned local existence theory
completes the proof. [
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