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Abstract. In this paper, we characterize the matrix classes (¢;, l’g) (1 £ p < ). We also obtain estimates for
the norms of the bounded linear operators L4 defined by these matrix transformations and find conditions
to obtain the corresponding subclasses of compact matrix operators by using the Hausdorff measure of
noncompactness.

1. Preliminaries

We shall write w for the set of all complex sequences x = (x¢);”,. Let ¢, {w, ¢ and ¢y denote the sets of
all finite, bounded, convergent and null sequences, respectively. We write £, = {x € w : Y,jo, [P < co} for
1<p < o0. Byeand e™ (n € N), we denote the sequences such thate, = 1fork =0,1, ..., and e,(f) =1and
¢ =0 (k # n). For any sequence x = (x)=,, let 2"l = T x¢e® be its n-section.

A sequence (b™)*_ in a linear metric space X is called Schauder basis if for every x € X, there is a unique
sequence (A,)*, of scalars such that x = },,” A,b™. A sequence space X with a linear topology is called a
K-space if each of the maps p; : X — C defined by p;(x) = x; is continuous for all i € N. A K-space is called
an FK—space if X is a complete linear metric space; a BK—space is a normed FK-space. An FK-space X D ¢ is
said to have AK if every sequence x = (x);°,, € X has a unique representation x = Y,;2 xxe®, that s, x"l — x
as n — oo (cf. [20]).

The classical sequence spaces cy,c and ¢, (1 < p < oo) all have Schauder bases but £, has no Schauder
basis; the spaces ¢y and £, (1 < p < o) have AK.

Let (X, | - |[) be a normed space. Then the unit sphere and closed unit ball in X are denoted by Sx := {x €
X :|lx|l = 1} and Bx := {x € X : ||x|]| < 1}. If X and Y are normed spaces then we write, as usual, B(X, Y) for
the space of all bounded linear operators L : X — Y normed by ||L|| = sup{||IL(x)|| : x € Sx}; if Y is a Banach
space, so is B(X, Y).

Throughout this paper, the matrices are infinite matrices of complex numbers. If A is an infinite matrix
with complex entries a,x (1, k € IN), then we write A = (a,«) instead of A = (ank):,)k=0' Also, we write A, for
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the sequence in the nth row of A, that is, A,, = @)y for every n € IN. In addition, if x = (x;) € w, then we
define the A-transform of x as the sequence Ax = (A,x),,, where A,x = Yok (n=0,1,...) provided the
series on the right converges for each n.

An infinite matrix T = (t,) is said to be a triangle if t,, = 0 fork >nand t,, #0(n=0,1,...).

Let X and Y be subsets of w and A = (4,) an infinite matrix. Then the set X4 = {x € w : Ax € X} is called
the matrix domain of A in X. We say that A defines a matrix mapping from X into Y, and we denote this by
writing A : X — Y, if Ax exists and is in Y for all x € X. By (X, Y), we denote the class of all infinite matrices
that map X into Y. Thus A € (X,Y) if and only if X € Yy, thatis, A, € XP for all n € N and Ax € Y for all
xeX.

The following results are well known and give some relations between the classes (X, Y) and 8(X, Y).

Lemma 1.1. Let X D ¢ and Y be BK—spaces.

(a) Then we have (X,Y) C B(X,Y), that is, every matrix A € (X, Y) defines an operator Ly € B(X,Y) by La(x) = Ax
forall x € X ([20, Theorem 4.2.8].

(b) If X has AK, then B(X,Y) C (X, Y), that is, for every operator L € B(X,Y) there exists a matrix A € (X,Y) such
that L(x) = Ax for all x € X ([8, Theorem 1.9]).

In case of Lemma 1.1 (b), we say that L € B(X, Y) is represented by a matrix A € (X, Y).

2. A-Sequence Spaces

We consider some A-sequence spaces which are the matrix domains of the matrices of weighted means
matrix in £, for 1 <p < co.

Here and in the sequel, we shall use the convention that any term with a negative subscript is equal to
naught.

Let (rk);:;o be a sequence of nonnegative real numbers with 7o > 0and R, = }.;_yrx forn =0,1,.... Then
the triangle N, = (a,x) of weighted means is given by a,x = /R, (0 < k < m;n =0,1,...). If we write
Awv=R,forn=0,1,..., 7 = ARk = Ry — Ry—1 = AA, then (A,) is a nondecreasing sequence of positive reals
and, defining the triangle A = (A%) by A = (A = A1)/A, 0 <k <m;n=0,1,...), we obtain N, = A.

Conversely, let (1,) be a nondecreasing sequence of positive reals and the matrix A = (A,) be defined
as above. If we write r, = AAi, thenrg > 0,7, > 0forallk >1,R, = Y;_orc = A, > 0and A = N,.

So, let A = (A);2, be a nondecreasing sequence of positive reals numbers. We say that a sequence
x = (xx) € w is A-convergent to the number & € C, called the A-limit of x, if A,x — & as n — oo, where

A= Y e A (1€ N), o
" k=0

In particular, we say that x is a A-null sequence if A,x — 0 as n — oco. Furthermore, we say that x is
A-bounded if sup,, |A,x| < co. We also say that the associated series Y. -, Xy is p-absolutely convergent of type A if
Yoo [AnxlP < 00, where 0 < p < oo.

Recently, the sequence spaces %, ¢*, ¢; and £, have been defined and studied by Mursaleen and
Noman (cf. [16]) which are the sets of all A-bounded, A-convergent, A-null sequences and A(p)-absolutely
convergent series, respectively, that is, the matrix domains of the triangle A in the spaces (., ¢ and cy,
respectively,

08 = (xo)a, ¢ =ca, ¢y = (co)a and 52 = (6p)a-
The following result is known.
Lemma 2.1. ([16]) The spaces £r, ct and cé are BK spaces with the same norm given by ||x|l,. = ||Axl|«, that is,

lIxll;2 = sup [Ayx].
n
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The space {’Q (1 < p < o0) is a BK space with the norm ||x||€;7\ = ||Axl|,, that is,
) 1/p
llxlly = [Z IAan”] (1<p< o).
n

3. The Hausdorff Measure of Noncompactness

The Hausdorff measure of noncompactness can be most effectively used to characterize compact oper-
ators between Banach spaces.

Here we recall some fundamental definitions and results, and give a short outline of how the Hausdorff
measure of noncompactness can be applied in the characterization of compact matrix operators between
BK spaces when the final space has a Schauder basis.

There are several measures of noncompactness in use. Here we only mention two of them. We refer the
reader to the the monographs [2, 3] for further studies.

The first measure of noncompactness, the function o, was defined and studied by Kuratowski [9] in 1930.
Darbo [5] used this measure to generalize both the classical Schauder fixed point principle and (a special
variant of) Banach’s contraction mapping principle for so called condensing operators. The Hausdorff or
ball measure of noncompactness y was introduced by Goldenstein, Gohberg and Markus [6] in 1957, and
later studied by Goldenstein and Markus [7].

Let X and Y be infinite dimensional Banach spaces. We recall that a linear operator L from X into Y is
called compact if its domain is all of X and, for every bounded sequence (x,) in X, the sequence the sequence
(L(xn)) has a convergent subsequence. We denote the class of all compact operators in B(X, Y) by C(X, Y).

Let (X, d) be a metric space, xo € X and r > 0. Then we write, as usual, B(x,r) = {x € X : d(x, xp) < r} for
the open ball of radius r and center xg. Let Mx denote the class of all bounded subsets of X. If Q € My,
then the Hausdorff measure of noncompactness of the set Q, denoted by x(Q), is defined by

x(Q) = inf{e >0:QcC UB(xk,rk),xk eX n<ek=1,2,.) ne IN}.
k=1

The function yx : Mx — [0, o) is called the Hausdorff measure of noncompactness.

The basic properties of the Hausdorff measure of noncompactness can be found in [1-3, 12, 13].

Now we recall the definition of the Hausdorff measure of noncompactness operators between Banach
spaces. Let X and Y be Banach spaces and x; and x» be the Hausdorff measures of noncompactness on X
and Y, respectively. An operator L : X — Y is said to be (x1,x2)-bounded if L(Q) € My for all Q € Mx and
there exist a constant C > 0 such that x>(L(Q)) < Cx1(Q) for all Q € Mx. If an operator L is (x1,x2)-bounded
then the number

Ll ) = Inf{C 2 02 x2(L(Q)) < Cx1(Q) for all Q € Mx}

is called the (x1, x2)—-measure of noncompactness of L. If x1 = x» = x, then we write ||L||(;,,x») = IILll;.

Now we outline the applications of the Hausdorff measure of noncompactness to the characterization
of compact operators between Banach spaces. Let X and Y be Banach spaces and L € B(X,Y). Then the
Hausdorff measure of noncompactness of L is given by ([13, Theorem 2.25])

LIl = x(L(Sx)) 2)
and L is compact if and only if ([13, Corollary 2.26 (2.58)])

IILIl; = 0. €)

The identities in (2) and (3) reduce the characterization of compact operators L € B(X, Y) to the determi-
nation of the Hausdorff measure of noncompactness x(Q) of bounded sets Q in a Banach space X. If X has
a Schauder basis, then there exist estimates or even identities for x(Q).
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Theorem 3.1 (Goldenstein, Gohberg, Markus). ([6] or [13, Theorem 2.23])
Let X be a Banach space with a Schauder basis (bx);2, Q € Mx, P : X — X be the projectors onto the linear span
of {bo, b1,..., byt and R, =1 - P, forn =0,1,..., where I denotes the identity map on X. Then we have

% - lim sup (sup ||Rn(x)||] < x(Q) < limsup (sup ||Rn(x)||) ,

n—oo xeQ n—eo x€Q
where a = limsup, __ [[Rull-

In particular, the following result shows how to compute the Hausdorff measure of noncompactness in
the spaces cp and ¢, (1 < p < ) which are BK-spaces with AK.

Theorem 3.2. ([13, Theorem 2.15]) Let Q be a bounded subset of the normed space X, where X is £, for 1 <p < oo
or co. If Py, : X — X is the operator defined by P, (x) = X forall x = (xk)}‘:"zo eXand R, =1-P,forn=0,1,...,
then we have

x(Q) = lim (Sug II&(X)II]- (4)

Since matrix mappings between BK spaces define bounded linear operators between these spaces which
are Banach spaces, it is natural to use the above results and the Hausdorff measure of noncompactness
to obtain necessary and sufficient conditions for matrix operators between BK spaces with a Schauder
basis or AK to be compact operators. This technique has recently been used by several authors in many
research papers (see for instance [4, 10, 15, 18]. In this paper, we characterize the matrix classes (€1,€;})
(1 £ p < ). We also obtain an identity for the norms of the bounded linear operators L defined by
these matrix transformations and find conditions to obtain the corresponding subclasses of compact matrix
operators by using the Hausdorff measure of noncompactness.

4. Main Results

Here we characterize the classes B(¢1, é’g) for (1 < p < 00) and compute the norm of operators in B(¢1, fl’g‘).
We also apply the results of the previous section to determine the Hausdorff measure of noncompactness
of operators in B({1, é’;) and to characterize the classes C({1, {,) for 1 < p < co.

The following result is useful.

Lemma 4.1. ([13, Theorem 3.8]) Let T be a triangle and X and Y be arbitrary subsets of w.
(a) Then we have A € (X, Y1) ifand only if C=T - A € (X,Y), where C denotes the matrix product of T and A.
(b) If X and Y are B spaces and A € (X, Yr) then

ILAll = IILcl- (5)

First we establish the characterizations of the classes B(é’l,é’;}) for (1 < p < o0) and an identity for the
operator norm.

Theorem 4.2. Let1 < p < oo.
(a) We have L € B(t4, 5;} if and only if there exists an infinite matrix A € (€1, 52) such that

- p\1/p
Z J < 00 (6)
n=0

lA|l = sup
k

1 n
T Z(/\j = Aj-1)aj
n ]:0

and

L(x) = Ax for all x € ;. 7)
(b IfLe B({’l,fg) then

IILI| = Al (8)
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Proof. Since ¢; is a BK space with AK it follows from Lemma 1.1 that L € B(fl,t’g) for 1 < p < oo if and
only if there exists an infinite matrix A € ({3, t’;}) such that (7) holds. Also we have by Lemma 4.1 (a) that
A € (ty, {’Q) if and only if C = A - A € ({1, {,), where the entries of the triangle C are given by

1 n
Cuk = A—n;)‘()tj—)tj_l)ajkforoSkSnandn=O,1,....

Furthermore, we have by [20, Example 8.4.1D] that C € ({1, {;) if and only if

00 1/p
IICll = sup {Z |cnk|f’} < .
k

n=0

This completes the proof of Part (a).
(b) If L € B({4, €;,‘) then it follows from (5) that ||L|| = [|Lc||, where L¢c € B({1, {;) is given by Lc(x) = Cx for
all x € £;. It follows by Minkowski’s inequality that

AN oo 1/p
] sZ|xk|[Z|cnk|ﬂ]

k=0 n=0

(o)

L@l = (Z

n=0

(o8]

Z CnkXk

k=0
< ICIE- Hlell = AN - {1l

and so
LIl < [IA]l. ©9)

We also obtain for e® € S, (k € IN)

|Lce®) = [Z mw]
n=0

and so |[L|| > [|A]l. This and (9) yield (8). O

P
’

Now we are going to establish a formula for the Hausdorff measure of noncompactness of operators in
B(l1, £;). We need the following result.

Lemma 4.3. ([14, Theorem 4.2]) Let X be a linear metric space with a translation invariant metric, T be a triangle
and x, and xt denote the Hausdorff measures of noncompactness on My and My, respectively. Then xt(Q) = x(TQ)
forall Q € Mx,.

Theorem 4.4. Let L € B({y, f?,) (1 £ p < o0) and A denote the matrix which represents L. Then we have

- p\1/p
Ll = lim [supz ] : (10)
m—-0o0 k

Proof. We write S = Sg,, for short, and Cl"l (m € N) for the matrix with the rows CLm] =0for0<n<mand
CE,m] = C, for n > m + 1. It follows from (2), Lemma 4.3, (4), (8) and (6)

n

3, 2 (4= )

n j=0

iy = 2 (L)) = e, (Le(S) = lim (sug ||Rm<Cx>n,,)

= lim (sup ||c[m1x||,,) = lim [|C!"|
X€S m—eo

m—00
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o0 n AN
= ,,%l_rgo sup Z /\lnz(;()\j _Aj—l)ﬂjk

k' n=m+1 j=
0

Finally, the characterization of C(¢1, é’;‘) is an immediate consequence of Theorem 4.4 and (3).

Corollary 4.5. Let L € B(t4, 6’[;‘) (1 < p < o0) and A denote the matrix which represents L. Then L is compact if and
only if
P

(o) n
Wlll_r}c}o supZ %Z(Aj_/\j—l)ajk =0.
k n=m n j=0

Remark 4.6. The characterizations of the classes C(1, f;}) (1 < p < o0) could be obtained from the characterizations
of the classes C(€1, £y) in ([19], p. 85). The Hausdorff measure of noncompactness is, however, not used in [19].

Acknowledgements. The authors gratefully acknowledge the financial support from King Abdulaziz
University, Jeddah, Saudi Arabia.

References

[1] R.R.Akhmerov, M.I. Kamenskij, A.S. Potapov, A. E. Rodkina and B. N. Sadovskii, Measures of Noncompactness and Condensing
Operators, Operator Theory: Advances and Applications, Vol. 55, Birkhauser, Basel, 1992.
[2] J. M. Ayerbe Toledano, T. Dominguez Benavides, G. Lépez Azedo, Measures of Noncompactness in Metric Fixed Point Theory,
Birkhiuser, Basel, 1997.
[3] J. Banas and K. Goebel, Measures of Noncompactness in Banach Spaces, Lecture Notes in Pure and Applied Mathematics, Vol.
60, Marcel Dekker, New York 1980.
[4] F. Basar and E. Malkowsky, The characterization of compact operators on spaces of strongly summable and bounded sequences,
Appl. Math. Comput., 217 (2011) 5199-5207.
[5] G. Darbo, Punti uniti in transformazioni a condominio non compatto, Rend. Sem. Math. Univ. Padova, 24 (1955), 84-92.
[6] L.S. Goldenstein, I. T. Gohberg and A. S. Markus, Investigations of some properties of bounded linear operators with their
g-norms, U¢en. Zap. Kishinevsk. Univ., 29 (1957) 29-36.
L.S. Goldenstein and A. S. Markus, On a measure of noncompactness of bounded sets and linear operators, in: Studies in Algebra
and Mathematical Analysis, Kishinev, 1965, pp. 45-54.
[8] A. M. Jarrah and E. Malkowsky, Ordinary, absolute amd strong summability and matrix transformations, Filomat 17 (2003),
59-78.
[9] K.Kuratowski, Sur les espaces complets, Fund. Math., 15 (1930) 301-309.
[10] B. de Malafosse, E. Malkowsky and V. Rakocevi¢, Measure of noncompactness of operators and matrices on the spaces ¢ and ¢y,
Int. J. Math. Math. Sci., 2006 (2006) 1-5.
[11] B. de Malafosse and V. Rakocevi¢, Applications of measure of noncompactness in operators on the spaces s,, sg, Sff), KZ, J. Math.
Anal. Appl., 323(1) (2006) 131-145.
[12] E. Malkowsky, Compact matrix operators between some BK spaces, in: M. Mursaleen (Ed.), Modern Methods of Analysis and
Its Applications, Anamaya Publ., New Delhi, 2010, pp. 86-120.
[13] E. Malkowsky and V. Rakocevi¢, An introduction into the theory of sequence spaces and measures of noncompactness, Zbornik
radova, Mat. institut SANU (Beograd), 9(17) (2000) 143-234.
[14] E. Malkowsky, V. Rako¢evi¢, On matrix domains of triangles, Appl. Math. Comp. 187 (2007), 1146-1163.
[15] M. Mursaleen and S. A. Mohiuddine, Applications of measures of noncompactness to the infinite system of differential equations
in ¢, spaces, Nonlinear Analysis, 75 (2012) 2111-2115.
[16] M. Mursaleen and A. K. Noman, On the spaces of A—convergent and bounded sequences, Thai J. Math., 8(2) (2010) 311-329.
[17] M. Mursaleen and A. K. Noman, Compactness of matrix operators on some new difference sequence spaces, Linear Algebra
Appl., 436(1) (2012) 41-52.
[18] M. Mursaleen and A. K. Noman, Applications of Hausdorff measure of noncompactness in the spaces of generalized means,
Math. Ineq. Appl., 16 (2013) 207-220.
[19] W. L. C. Sargent, On compact matrix transformations berween sectionally bounded BK-spaces, J. London Math. Soc. 41 (1960)
79-87.
[20] A. Wilansky, Summability through Functional Analysis, North-Holland Mathematics Studies 85, Elsevier Science Publishers,
Amesterdam-New York-Oxford, 1984.

[7



