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Available at: http://www.pmf.ni.ac.rs/filomat

Existence of Positive Solutions for Nonlinear Third-Order
m-Point Boundary Value Problems on Time Scales
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Abstract. In this paper, we investigate the existence of double positive solutions for nonlinear third-order
m-point boundary value problems with p-Laplacian on time scales. By using double fixed point theorem,
we establish results on the existence of two positive solutions with suitable growth conditions imposed on
the nonlinear term. As an application, we give an example to demonstrate our main result.

1. Introduction

The theory of time scales was introduced by Stefan Hilger [9] in his PhD thesis in 1988. Theoretically,
this new theory has not only unify continuous and discrete equations, but has also exhibited much more
complicated dynamics on time scales. Moreover, the study of dynamic equations on time scales has led
to several important applications, for example, insect population models, biology, neural networks, heat
transfer, and epidemic models, see [1–3, 5, 6, 12].

The study of multi-point boundary value problem for linear second-order ordinary differential equations
was initiated by Il’in and Moiseev [10, 11]. Motivated by the study of Il’in and Moiseev [10, 11], Gupta
[7] studied nonlinear three-point boundary value problems for nonlinear ordinary differential equations.
Since then, more general nonlinear multi-point boundary value problems have been studied by several
authors. We refer the reader to [8, 13–17] for some references along this line.

In [14], Ma considered the existence and multiplicity of positive solutions for the m-boundary value
problems

(
p(t)u′

)′
− q(t)u + f (t,u) = 0, 0 < t < 1,

au(0) − bp(0)u′(0) =

m−2∑
i=1

αiu(ξi),

cu(1) + dp(1)u′(1) =

m−2∑
i=1

βiu(ξi).

The main tool is Guo-Krasnoselskii fixed point theorem.
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In [16], Xu was concerned with the existence of positive solutions for the following third-order p-
Laplacian m-point boundary value problems on time scales

(φp(u4∇(t)))∇ + a(t) f (t,u(t)) = 0, t ∈ [0,T]T,

βu(0) − γu4(0) = 0, u(T) =

m−2∑
i=1

aiu(ξ), φp(u4∇(0)) =

m−2∑
i=1

biφp(u4∇(ξi))

Xu obtained the existence of positive solutions by using fixed-point theorem in cones.
In [8], Han and Kang were concerned with the existence of multiple positive solutions of the third-order

p-Laplacian dynamic equation on time scales
(
φp (u44(t))

)∇
+ f (t,u(t)) = 0, t ∈ [a, b],

αu(ρ(a)) − βu4(ρ(a)) = 0, γu(b) + δu4(b) = 0, u44(ρ(a)) = 0.

By using fixed-point theorems in cones, they obtained the existence of multiple positive solutions for
singular nonlinear boundary value problem.

In [17], Yang and Yan studied the following third-order Sturm-Liouville boundary value problem with
p-Laplacian

(φp(u′′(t)))′ + f (t,u(t)) = 0, t ∈ (0, 1),
αu(0) − βu′(0) = 0,
γu(1) + δu′(1) = 0,
u′′(0) = 0,

By using the fixed point index method, they established the existence of at least one or at least two positive
solutions for the third-order Sturm-Liouville boundary value problem with p-Laplacian.

Motivated by the above results, in this study, we consider the following third-order p-Laplacian bound-
ary value problem (BVP) on time scales:

(
φp (u44(t))

)4
+ q(t) f (t,u(t)) = 0, t ∈ [0, 1]T,

au(0) − bu4(0) =

m−2∑
i=1

αiu(ξi),

cu(1) + du4(1) =

m−2∑
i=1

βiu(ξi),

u44(0) = 0,

(1.1)

where T is a time scale, 0, 1 ∈ T, [0, 1]T = [0, 1] ∩ T, φp(s) is a p-Laplacian operator, i.e., φp(s) = |s|p−2s for

p > 1, (φp)−1(s) = φq(s) where
1
p

+
1
q

= 1.

We assume that following conditions hold:

(C1) a, b, c, d ∈ [0,∞) with ac + ad + bc > 0; αi, βi ∈ [0,∞), ξi ∈ (0, 1)T for i ∈ {1, 2, ...,m − 2} ,

(C2) f ∈ C([0, 1]T ×R+,R+),

(C3) q ∈ C([0, 1]T,R+).

By using the double fixed point theorem [4], we get the existence of at least two positive solution for the
BVP (1.1). In fact, our result is also new when T = R (the differential case) and T = Z (the discrete case).
Therefore, the result can be considered as a contribution to this field.

This paper is organized as follows. In Section 2, we provide some definitions and preliminary lemmas
which are key tools for our main result. We give and prove our main result in Section 3. Finally, in Section
4, we give an example to demonstrate our main result.
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2. Preliminaries

In this section, to state the main results of this paper, we need the following lemmas.
We define B = C[0, 1], which is a Banach space with the norm

‖u‖ = max
t∈[0,1]T

|u(t)| .

Define the cone P ⊂ B by

P =
{
u ∈ B : u(t) is nonnegative, nondecreasing and concave on [0, 1]T

}
.

Denote by θ and ϕ, the solutions of the corresponding homogeneous equation(
φp

(
u44(t)

))4
= 0, t ∈ [0, 1]T, (2.1)

under the initial conditions{
θ(0) = b, θ∆(0) = a,
ϕ(1) = d, ϕ∆(1) = −c. (2.2)

Using the initial conditions (2.2), we can deduce from equation (2.1) for θ andϕ the following equations:

θ(t) = b + at, ϕ(t) = d + c(1 − t). (2.3)

Set

∆ :=

−

m−2∑
i=1

αi (b + aξi) ρ −
m−2∑
i=1

αi (d + c(1 − ξi))

ρ −
m−2∑
i=1

βi (b + aξi) −

m−2∑
i=1

βi (d + c(1 − ξi))

, (2.4)

and

ρ := ad + ac + bc. (2.5)

Lemma 2.1. Let (C1) − (C3) hold. Assume that

(C4) ∆ , 0.

If u ∈ C[0, 1] is a solution of the equation

u(t) =

∫ 1

0
G (t, s)φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s + A( f )(b + at) + B( f )(d + c(1 − t)), (2.6)

where

G (t, s) =
1
ρ

{
(b + aσ(s)) (d + c(1 − t)) , σ(s) ≤ t,
(b + at) (d + c(1 − σ(s))) , t ≤ s, (2.7)

A( f ) :=
1
∆

m−2∑
i=1

αi

(∫ 1

0
G (ξi, s)φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s

)
ρ −

m−2∑
i=1

αi (d + c(1 − ξi))

m−2∑
i=1

βi

(∫ 1

0
G (ξi, s)φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s

)
−

m−2∑
i=1

βi (d + c(1 − ξi))

, (2.8)
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and

B( f ) :=
1
∆

−

m−2∑
i=1

αi (b + aξi)
m−2∑
i=1

αi

(∫ 1

0
G (ξi, s)φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s

)
ρ −

m−2∑
i=1

βi (b + aξi)
m−2∑
i=1

βi

(∫ 1

0
G (ξi, s)φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s

) , (2.9)

then u is a solution of the boundary value problem (1.1).

Proof. Let u satisfies the integral equation (2.6), then u is a solution of the boundary value problem (1.1).
Then we have

u(t) =

∫ 1

0
G (t, s)φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s + A( f )(b + at) + B( f )(d + c(1 − t)),

i.e.,

u(t) =

∫ t

0

1
ρ

(b + aσ(s))(d + c(1 − t))φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s

+

∫ 1

t

1
ρ

(b + at)(d + c(1 − σ(s)))φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s

+ A( f )(b + at) + B( f )(d + c(1 − t)),

u4(t) = −

∫ t

0

c
ρ

(b + aσ(s))φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s

+

∫ 1

t

a
ρ

(d + c(1 − σ(s)))φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s + A( f )a − B( f )c.

So that

u44(t) =
1
ρ

(−c(b + aσ(t)) − a(d + c(1 − σ(t))))φq

(∫ t

0
q(τ) f (τ,u(τ))4τ

)
=

1
ρ

(−(ad + ac + bc))φq

(∫ t

0
q(τ) f (τ,u(τ))4τ

)
= −φq

(∫ t

0
q(τ) f (τ,u(τ))4τ

)
,

φp
(
u44(t)

)
= −

∫ 1

t
q(τ) f (τ,u(τ))4τ,(

φp
(
u44(t)

))4
= −q(t) f (t,u(t)),(

φp
(
u44(t)

))4
+ q(t) f (t,u(t)) = 0.

Since

u(0) =

∫ 1

0

b
ρ

(d + c(1 − σ(s)))φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s + A( f )b + B( f )(d + c),

u4(0) =

∫ 1

0

a
ρ

(d + c(1 − σ(s)))φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s + A( f )a − B( f )c,

we have that

au(0) − bu4(0) = B( f )ρ
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=

m−2∑
i=1

αi

[∫ 1

0
G (ξi, s)φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s + A( f ) (b + aξi) + B( f ) (d + c(1 − ξi))

]
. (2.10)

Since

u(1) =

∫ 1

0

d
ρ

(b + aσ(s))φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s + A( f )(b + a) + B( f )d,

u4(1) = −

∫ 1

0

c
ρ

(b + aσ(s))φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s + A( f )a − B( f )c,

we have that

cu(1) + du4(1) = A( f )ρ

=

m−2∑
i=1

βi

[∫ 1

0
G (ξi, s)φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s + A( f ) (b + aξi) + B( f ) (d + c(1 − ξi))

]
. (2.11)

From (2.10) and (2.11), we get that

− m−2∑
i=1

αi (b + aξi)

 A( f ) +

ρ − m−2∑
i=1

αi (d + c(1 − ξi))

 B( f )

=

m−2∑
i=1

αi

(∫ 1

0
G (ξi, s)φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s

)
ρ − m−2∑

i=1

βi (b + aξi)

 A( f ) +

− m−2∑
i=1

βi (d + c(1 − ξi))

 B( f )

=

m−2∑
i=1

βi

(∫ 1

0
G (ξi, s)φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s

)
,

which implies that A( f ) and B( f ) satisfy (2.8) and (2.9), respectively.

Lemma 2.2. Let (C1) − (C3) hold. Assume

(C5) ∆ < 0, ρ −
m−2∑
i=1

βi (b + aξi) > 0, a −
m−2∑
i=1

αi > 0.

Then for u ∈ C[0, 1], the solution u of the problem (1.1) satisfies u(t) ≥ 0 for t ∈ [0, 1]T.

Proof. It is an immediate subsequence of the facts that G ≥ 0 on [0, 1]T × [0, 1]T and A( f ) ≥ 0, B( f ) ≥ 0.

Lemma 2.3. Let (C1) − (C3) and (C5) hold. Assume

(C6) c −
m−2∑
i=1

βi < 0.

Then the solution u ∈ C[0, 1] of the problem (1.1) satisfies u4(t) ≥ 0 for t ∈ [0, 1]T.
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Proof. Assume that the inequality u4(t) < 0 holds. Since u4(t) is nonincreasing on [0, 1]T, one can verify that

u4(1) ≤ u4(t), t ∈ [0, 1]T.

From the boundary conditions of the problem (1.1), we have

−
c
d

u(1) +
1
d

m−2∑
i=1

βiu(ξi) ≤ u4(t) < 0.

The last inequality yields

−cu(1) +

m−2∑
i=1

βiu(ξi) < 0.

Therefore, we obtain that

m−2∑
i=1

βiu(1) <
m−2∑
i=1

βiu(ξi) < cu(1),

i.e., c −
m−2∑
i=1

βi

 u(1) > 0.

According to Lemma 2.2, we have that u(1) ≥ 0. So, c −
m−2∑
i=1

βi > 0. However, this contradicts to condition

(C6). Consequently, u4(t) ≥ 0 for t ∈ [0, 1]T.

Lemma 2.4. If u ∈ P, then u(t) ≥ t ‖u‖ for t ∈ [0, 1]T.

Proof. Since u ∈ P nonnegative and nondecreasing, ‖u‖ = max
t∈[0,1]T

|u(t)| = u(1). We have from the concavity of
u,

u(1) − u(0)
1

≥
u(1) − u(t)

1 − t
,

i.e.,

u(t) ≥ (1 − t) u(0) + tu (1) .

Since u is nonnegative, we get

u(t) ≥ tu (1) = t ‖u‖ .

The proof is complete.

Now define an operator T : P −→ B by

(Tu)(t) =

∫ 1

0
G (t, s)φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s + A( f )(b + at) + B( f )(d + c(1 − t)), (2.12)

where G, A( f ) and B( f ) are defined as in (2.7), (2.8) and (2.9) respectively.

Lemma 2.5. Let (C1) − (C6) hold. Then T : P → P is completely continuous.

Proof. By Arzela-Ascoli theorem, we can easily prove that operator T is completely continuous.
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For a nonnegative continuous functional γ on a cone P in a real Banach space B, and each l > 0, we set

P(γ, l) = {u ∈ P|γ(u) < l}.

The following fixed point theorem [4] is fundamental and important to the proof of our main result.

Theorem 2.6. (Double Fixed Point Theorem) [4] LetP be a cone in a real Banach spaceB. Let α and γ be increasing,
nonnegative, continuous functionals on P, and let β be a nonnegative, continuous functional on P with β(0) = 0
such that, for some l > 0 and M > 0,

γ(u) ≤ β(u) ≤ α(u) and ‖u‖ ≤Mγ(u)

for all u ∈ P(γ, l). Suppose that there exist positive numbers j and k with j < k < l such that

β(λu) ≤ λβ(u), f or 0 ≤ λ ≤ 1 and u ∈ ∂P(β, k)

and

T : P(γ, l)→ P

is a completely continuous operator such that:

(i) γ(Tu) > l, for all u ∈ ∂P(γ, l);

(ii) β(Tu) < k, for all u ∈ ∂P(β, k);

(iii) P(α, j) , ∅, and α(Tu) > j, for all u ∈ ∂P(α, j).

Then T has at least two fixed points, u1 and u2 belonging to P(γ, l) such that

j < α(u1), with θ(u1) < k,

and

k < θ(u2), with γ(u2) < l.

3. Main Results

In this section, we impose growth conditions on f and then apply Theorem 2.6 to establish the existence
of at least two positive solutions for the BVP (1.1).

Let us define the increasing, nonnegative, continuous functionals α, β, and γ on P by

α(u) = max
t∈[0,ξm−2]T

u(t) = u(ξm−2),

β(u) = max
t∈[0,ξ1]T

u(t) = u(ξ1),

γ(u) = min
t∈[ξ1,ξm−2]T

u(t) = u(ξ1).

It is obvious that for each u ∈ P,

γ(u) = β(u) ≤ α(u).

In addition, from by Lemma 2.4, for each u ∈ P,

‖u‖ ≤
1
ξ1

u(ξ1) =
1
ξ1
γ(u).

Thus,

‖u‖ ≤
1
ξ1
γ(u), ∀u ∈ P.
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For the convenience, we denote

A =
1
∆

m−2∑
i=1

αi

(∫ 1

0
G (ξi, s)φq

(∫ s

0
q(τ)4τ

)
4s

)
ρ −

m−2∑
i=1

αi (d + c(1 − ξi))

m−2∑
i=1

βi

(∫ 1

0
G (ξi, s)φq

(∫ s

0
q(τ)4τ

)
4s

)
−

m−2∑
i=1

βi (d + c(1 − ξi))

,

B =
1
∆

−

m−2∑
i=1

αi (b + aξi)
m−2∑
i=1

αi

(∫ 1

0
G (ξi, s)φq

(∫ s

0
q(τ)4τ

)
4s

)
ρ −

m−2∑
i=1

βi (b + aξi)
m−2∑
i=1

βi

(∫ 1

0
G (ξi, s)φq

(∫ s

0
q(τ)4τ

)
4s

) ,

L =

∫ 1

ξm−2

G (ξ1, s)φq

(∫ s

ξm−2

q(τ)4τ
)
4s,

N =

∫ 1

0
G (ξ1, s)φq

(∫ s

0
q(τ)4τ

)
4s + (b + aξ1) A + (d + c(1 − ξ1)) B.

Theorem 3.1. Suppose that assumptions (C1) − (C6) are satisfied. Let there exist positive numbers j < k < l such
that

0 < j <
L
N

k <
Lξ1

N
l,

and assume that f satisfies the following conditions

(C7) f (t,u) > φp

(
l
L

)
, for all (t,u) ∈ [ξ1, 1]T ×

[
l,

l
ξ1

]
,

(C8) f (t,u) < φp

(
k
N

)
, for all (t,u) ∈ [0, 1]T ×

[
0,

k
ξ1

]
,

(C9) f (t,u) > φp

(
j
L

)
, for all (t,u) ∈ [ξm−2, 1]T ×

[
j,

j
ξ1

]
.

Then the boundary value problem (1.1) has at least two positive solutions u1 and u2 satisfying

j < α(u1) with β(u1) < k, k < β(u2) with γ(u2) < l.

Proof. We define the completely continuous operator T by (2.12). So, it is easy to check that T : P(γ, l)→ P.
We now show that all the conditions of Theorem 2.6 are satisfied. In order to show that condition (i) of
Theorem 2.6, we choose u ∈ ∂P(γ, l). Then γ(u) = min

t∈[ξ1,ξm−2]T
u(t) = u(ξ1) = l, this implies that u(t) ≥ l for

t ∈ [ξ1, 1]T. Recalling that ‖u‖ ≤
1
ξ1
γ(u) =

1
ξ1

l, we get

l ≤ u(t) ≤
l
ξ1
, t ∈ [ξ1, 1]T.

Then assumption (C7) implies

f (t,u) > φp

(
l
L

)
, for all (t,u) ∈ [ξ1, 1]T ×

[
l,

l
ξ1

]
.
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Therefore,

γ(Tu) = min
t∈[ξ1,ξm−2]T

(Tu)(t) = (Tu)(ξ1)

=

∫ 1

0
G (ξ1, s)φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s + A( f )(b + aξ1) + B( f )(d + c(1 − ξ1))

≥

∫ 1

0
G (ξ1, s)φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s

≥

∫ 1

ξm−2

G (ξ1, s)φq

(∫ s

ξm−2

q(τ) f (τ,u(τ))4τ
)
4s

>
l
L

(∫ 1

ξm−2

G (ξ1, s)φq

(∫ s

ξm−2

q(τ)4τ
)
4s

)
= l.

Hence, condition (i) is satisfied.
Secondly, we show that (ii) of Theorem 2.6 is satisfied. For this, we select u ∈ ∂P(β, k). Then, β(u) =

max
t∈[0,ξ1]T

u(t) = u(ξ1) = k, this means 0 ≤ u(t) ≤ k, for all t ∈ [0, ξ1]T. Noticing that ‖u‖ ≤
1
ξ1
γ(u) =

1
ξ1
β(u) =

k
ξ1
,

we get

0 ≤ u(t) ≤
k
ξ1
, for 0 ≤ t ≤ 1.

Then, assumption (C8) implies

f (t,u) < φp

(
k
N

)
, for all (t,u) ∈ [0, 1]T ×

[
0,

k
ξ1

]
.

Therefore

β(Tu) = max
t∈[0,ξ1]T

(Tu)(t) = (Tu)(ξ1)

=

∫ 1

0
G (ξ1, s)φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s + A( f )(b + aξ1) + B( f )(d + c(1 − ξ1))

<
k
N

(∫ 1

0
G (ξ1, s)φq

(∫ s

0
q(τ)4τ

)
4s + (b + aξ1)A + (d + c(1 − ξ1))B

)
= k.

So, we get β(Tu) < k. Hence, condition (ii) is satisfied.

Finally, we show that the condition (iii) of Theorem 2.6 is satisfied. We note that u(t) =
j
5
, 0 ≤ t ≤ 1 is a

member of P(α, j), and so P(α, j) , ∅.
Now, let u ∈ ∂P(α, j). Then α(u) = max

t∈[0,ξm−2]T
u(t) = u(ξm−2) = j. This implies that u(t) ≥ j for t ∈ [ξm−2, 1]T.

Recalling that ‖u‖ ≤
1
ξ1
γ(u) ≤

1
ξ1
α(u) =

j
ξ1
, we get

j ≤ u(t) ≤
j
ξ1
, t ∈ [ξm−2, 1]T.

By assumption (C9),

f (t,u) > φp

(
j
L

)
, for all (t,u) ∈ [ξm−2, 1]T ×

[
j,

j
ξ1

]
.
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Then,

α(Tu) = max
t∈[0,ξm−2]T

(Tu)(t) = (Tu)(ξm−2)

≥

∫ 1

0
G (ξm−2, s)φq

(∫ s

0
q(τ) f (τ,u(τ))4τ

)
4s

≥

∫ 1

ξm−2

G (ξm−2, s)φq

(∫ s

ξm−2

q(τ) f (τ,u(τ))4τ
)
4s

≥

∫ 1

ξm−2

G (ξ1, s)φq

(∫ s

ξm−2

q(τ) f (τ,u(τ))4τ
)
4s

>
j
L

(∫ 1

ξm−2

G (ξ1, s)φq

(∫ s

ξm−2

q(τ)4τ
)
4s

)
= j.

So, we get α(Tu) > j. Thus, (iii) of Theorem 2.6 is satisfied. Hence, the boundary value problem (1.1) has at
least two positive solutions u1 and u2 satisfying

j < α(u1) with β(u1) < k,

and

k < β(u2) with γ(u2) < l.

The proof is complete.

4. An example

Example 4.1 In BVP (1.1), suppose that T =
[
0,

1
4

]
∪

[1
2
, 1

]
, p = 2, m = 4, q(t) = 1, a = 3, b = d = 1, c =

2, ξ1 =
1
4
, ξ2 =

1
2
, α1 =

1
3
, α2 =

2
3
, β1 =

3
2

and β2 = 1 i.e.,



(u44(t))4 + f (t,u(t)) = 0, t ∈ [0, 1]T,

3u(0) − u4(0) =
1
3

u
(1

4

)
+

2
3

u
(1

2

)
,

2u(1) + u4(1) =
3
2

u
(1

4

)
+ u

(1
2

)
,

u44(0) = 0,

(4.1)

where

f (t,u) =


7

40
u + 180, u ∈ [0, 400),

175
2

(u − 400) + 250, u ≥ 400.
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By simple calculation, we get ρ = 11, θ(t) = 1 + 3t, ϕ(t) = 3 − 2t, ∆ = −
935
24
, A =

8749
89760

, B =
309

7480
, L =

119
2112

, N =
3187
8160

and

G(t, s) =
1
11


(1 + 3σ(s))(3 − 2t), σ(s) ≤ t,

(1 + 3t) (3 − 2σ(s)) , t ≤ s.

Choose j = 10, k = 100 and l = 500, it is easy to check that

0 < j = 10 <
L
N

k =
505750
35057

<
Lξ1

N
l =

1264375
70114

,

and the conditions (C1) − (C6) are satisfied. Now, we show that (C7), (C8) and (C9) are satisfied:

f (t,u) ≥ 9000 > φ2

(
l
L

)
=

1056000
119

, for all (t,u) ∈
[1
4
, 1

]
T
× [500, 2000] ,

f (t,u) ≤ 250 < φ2

(
k
N

)
=

816000
3187

, for all (t,u) ∈ [0, 1]T × [0, 400] ,

f (t,u) ≥
727
4

> φ2

(
j
L

)
=

21120
119

, for all (t,u) ∈
[1
2
, 1

]
T
× [10, 40] .

So, all conditions of Theorem 3.1 hold. Thus by Theorem 3.1, the BVP (4.1) has at least two positive solutions
u1 and u2 such that

10 < α(u1) with β(u1) < 100,

and

100 < β(u2) with γ(u2) < 500.
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