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Existence of Positive Solutions for Nonlinear Third-Order
m-Point Boundary Value Problems on Time Scales

Ilkay Yaslan Karaca?, Fatma Tokmak®

?Department of Mathematics, Ege University, 35100, Bornova, Izmir, Turkey

Abstract. In this paper, we investigate the existence of double positive solutions for nonlinear third-order
m-point boundary value problems with p-Laplacian on time scales. By using double fixed point theorem,
we establish results on the existence of two positive solutions with suitable growth conditions imposed on
the nonlinear term. As an application, we give an example to demonstrate our main result.

1. Introduction

The theory of time scales was introduced by Stefan Hilger [9] in his PhD thesis in 1988. Theoretically,
this new theory has not only unify continuous and discrete equations, but has also exhibited much more
complicated dynamics on time scales. Moreover, the study of dynamic equations on time scales has led
to several important applications, for example, insect population models, biology, neural networks, heat
transfer, and epidemic models, see [1-3, 5, 6, 12].

The study of multi-point boundary value problem for linear second-order ordinary differential equations
was initiated by Il'in and Moiseev [10, 11]. Motivated by the study of II'in and Moiseev [10, 11], Gupta
[7] studied nonlinear three-point boundary value problems for nonlinear ordinary differential equations.
Since then, more general nonlinear multi-point boundary value problems have been studied by several
authors. We refer the reader to [8, 13-17] for some references along this line.

In [14], Ma considered the existence and multiplicity of positive solutions for the m-boundary value
problems

(pw') —qtu + f(t,u)=0, 0<t<]l,

2

au(0) = bp(O)u'(0) = ) au(&),
i=1
m=2

cu(l) +dp(w' (1) = Y piuE).
i=1

The main tool is Guo-Krasnoselskii fixed point theorem.
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In [16], Xu was concerned with the existence of positive solutions for the following third-order p-
Laplacian m-point boundary value problems on time scales

@ @) + a®)f(t,u(t) = .
Bu(0) = yu(0) = 0, u(T) = Y au(&), dp(u¥(0) = Y iy (™" (&)
i=1

i=1

0/ te [0/ T]T/
2

Xu obtained the existence of positive solutions by using fixed-point theorem in cones.
In [8], Han and Kang were concerned with the existence of multiple positive solutions of the third-order
p-Laplacian dynamic equation on time scales

(¢ w22e))” + ft,u(t) = 0, t € [a,b],
au(p(a)) — pu? (pla)) = 0, yu(b) +u’(b) = 0, u*(p(@) = 0.

By using fixed-point theorems in cones, they obtained the existence of multiple positive solutions for
singular nonlinear boundary value problem.

In [17], Yang and Yan studied the following third-order Sturm-Liouville boundary value problem with
p-Laplacian

(@pu” (1)) + f(t,u() =0, te€(0,1),
au(0) - pu'(0) = 0,

yu(l) +ou’'(1) =0,

u”(0) =0,

By using the fixed point index method, they established the existence of at least one or at least two positive
solutions for the third-order Sturm-Liouville boundary value problem with p-Laplacian.

Motivated by the above results, in this study, we consider the following third-order p-Laplacian bound-
ary value problem (BVP) on time scales:

(¢ @e@))” +a(t)f(t,u(t) = 0, t € [0,1]x,
m-2

au(0) - but(0) = ) aiu(&),
i=1

m—2

cu(l) + du®(1) = Z Biu(&i),
u*2(0) =0, -

1.1)

where T is a time scale, 0,1 € T, [0,1]r = [0,1] N'T, ¢,(s) is a p-Laplacian operator, i.e., ¢,(s) = |s|P~2s for
p>1, (Pp)"1(s) = Pg(s) where % + % =1.
We assume that following conditions hold:
(C1) a,b,c,d € [0, 00) with ac +ad + bc > 0; a;, i € [0,00), & € (0, 1) fori € {1,2,...,m =2},
(C2) feC(0,1]r x R*,R*),
(C3) g €C([0, 1], R*).

By using the double fixed point theorem [4], we get the existence of at least two positive solution for the
BVP (1.1). In fact, our result is also new when T = R (the differential case) and T = Z (the discrete case).
Therefore, the result can be considered as a contribution to this field.

This paper is organized as follows. In Section 2, we provide some definitions and preliminary lemmas
which are key tools for our main result. We give and prove our main result in Section 3. Finally, in Section
4, we give an example to demonstrate our main result.
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2. Preliminaries

In this section, to state the main results of this paper, we need the following lemmas.
We define B = C[0, 1], which is a Banach space with the norm

llull = mhax |u(®)].
Define the cone # C B by
P = {u < B:u(t)is nonnegative, nondecreasing and concave on [0, 1]r}.
Denote by 6 and ¢, the solutions of the corresponding homogeneous equation
(¢ (tt“(t)))A =0, te[0,1]r, 2.1)

under the initial conditions

0(0) =b, 02(0)=a,
{ p(1)=d, ¢*(1)=-c. (2.2)

Using the initial conditions (2.2), we can deduce from equation (2.1) for 6 and ¢ the following equations:

O(t) =b+at, p(t) =d+c(1-t). (2.3)
Set
m=2 m=2
=Y aib+az) p- Zocl(dﬂ(l &)
A=| =L 2.4)
p—Y pi(b+ag) —Z&(mca—a»
i=1 i=1
and
p :=ad +ac + bc. (2.5)

Lemma 2.1. Let (C1) — (C3) hold. Assume that
(C4) A=+0.

Ifu € C[0, 1] is a solution of the equation

1 S
u(t) = j(; G(t,s) Py (f(; q(t)f (7, u(1)) AT) As+ A(f)( +at) + B(f)d + c(1 - 1)), (2.6)
where
1 +aoG)d+c(1-1t), o)<t
Gt,s) = o { (b+at)(d+c(1-0(s)), t<s, 2.7)

m—2

m=2
Zaz(f G(éz,S)qbq(f qu(w(f»m) ) p=Y aid+c(l-&)

A(f) == m12 ml—
) ﬁz( f G(&s) Py ( fo qu(w(f))m)m) - Y B - &)

i=1

I\
—_

(2.8)

>| =
N
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and

m=2 m—2 1 S
) —Zai b+as) Y ( fo G (&i,5) &g ( fo (1) f (1, u(t)) M) As)

B(f) = K ljnl—z i=1

m—2 1 s
p- Z Bi (b + a&;) ; Bi ([) G (&i,s) Pq (L g(7t) f (t, u(1)) AT) As)

i=

(2.9)

then u is a solution of the boundary value problem (1.1).

Proof. Let u satisfies the integral equation (2.6), then u is a solution of the boundary value problem (1.1).
Then we have

1 S
u(t) = ](; G(t,s) Py (j; q(t) f (7, u(t)) AT) As+A(f)(D +at) + B(f)d + c(1 - 1)),

ie.,

t S
ut) = fo %(b +ao(s))(d + c(1 = 1), (fo q(t) f (7, u(t)) AT) AS

1 S
+ I %(b +at)(d + c(1 = a(s)P, (fo q(7) f (7, u(t)) A’L’) AS
+ A()®+at) + B(f)d+c(1-1),

t S
Wit = — fo g(b+aa(5))¢)q( fo q(T)f(T,u(T))AT)AS

1 a S
+ ft E (d+c(1-0(s)) Py (fo q(7) f (7, u(t)) AT) As + A(f)a — B(f)c.

So that
1 t
utt(t) = —=(=cb+ao(t)) —a(d+c(1l - o(h))) Pq (f q(0) f(z, M(T))AT)
p 0
t
= % (=(ad + ac + bc)) Qg (]0‘ q(7) f(7, M(T))AT)
f
= ¢y (f(; q(0)f(z, U(T))AT) ,
1
6, 0) == [ a@fuconas
t
(p (u22®))" = —q(t)f(t, u(t)),
(cp (u*2®)))” + q(f (1, u(t) = 0.
Since
1 S
u(0) = \fo g (d+c(1-0(s) Py (\fo q(7) f (7, u(t)) AT) As+ A(f)b + B(f)(d +¢),

1 S
u*(0) = [) g (d+c(1-0(s) Py (fo q(7) f (7, u(t)) AT) As + A(f)a — B(f)c,

we have that

au(0) — bu*(0) = B(f)p
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m-2 1 S

= a; [f G (&i,s) ¢q (f q() f (7, u(1)) AT) As+A(f) (b +aé&;) + B(f) (d+c(1-&))|. (2.10)
i=1 0 0

Since
1 S
u(l) = f(; g (b+ao(s)) Py (f(; q(t) f (z, u(t)) AT) as+A(f)( +a) + B(f)d,
1 S
u*(l) = - j(; % (b +ao(s)) Py (f(; q(t) f (7, u(t)) AT) As + A(f)a — B(f)c,

we have that

cu(1) + du(1) = A(f)p

m—2 1 S
=Y [ fo G (&9 ¢y ( fo q(T)f(T,u(T))M)AHA(f) (b+a&) +B(f) (@ +c(1- &) (2.11)

i=1

From (2.10) and (2.11), we get that

m=2
[— Y ai b+ ag) | A() + [p - Y wd+c(1- a))] B(f)

i i=1

=1
m=2 1 s
L a; (fo G(&i,9) g (fo q(7t) f (t, u(1)) M) As)

i=

Zﬁlb+a5)A<f>+ Bi(d+c(l- 5))}B(f)
i=1

m—. 2 S
- Zﬁl ( fo G (&i,5) g ( fo q(0)f (z,u(1)) m) As)

which implies that A(f) and B(f) satisfy (2.8) and (2.9), respectively. [

m—2

m—2

Lemma 2.2. Let (C1) — (C3) hold. Assume

m—2 m—2

(C5) A<0, p— Zﬁl(b+a£ )>0,a-Y a;>0.

i=1 i=1

Then for u € C[0, 1], the solution u of the problem (1.1) satisfies u(t) > 0 for t € [0, 1]r.
Proof. It is an immediate subsequence of the facts that G > 0 on [0, 1]T X [0, 1]t and A(f) = 0, B(f) > 0. O

Lemma 2.3. Let (C1) — (C3) and (C5) hold. Assume

m—2
(C6) ¢ Zﬁ, <0.
i=1

Then the solution u € C[0, 1] of the problem (1.1) satisfies u(t) > 0 for t € [0, 1]r.
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Proof. Assume that the inequality #*(f) < 0 holds. Since u*(t) is nonincreasing on [0, 1]t, one can verify that
u®(1) < u”(t), t €[0,1]t.

From the boundary conditions of the problem (1.1), we have
——u 1) + lmz u(&) <ut(t) <0
d = v '
The last inequality yields
-2
—cu(l)+ ) Biu(&;) <0.
i=1

Therefore, we obtain that

m=2 m=2
Y Bau(1) < Y pu(&) < cu(D),
i=1

i=1

m=2
[ ]u(l) > 0.
i=1
m-2

According to Lemma 2.2, we have that u(1) > 0. So, ¢ — Z Bi > 0. However, this contradicts to condition
i=1

ie.,

(C6). Consequently, u(t) = 0 for t € [0, 1]y. O
Lemma 2.4. Ifu € P, then u(t) > t|jul| for t € [0, 1]T.

Proof. Since u € P nonnegative and nondecreasing, ||u|| = trr[}ﬁ)]( [u(t)] = u(1). We have from the concavity of
€[o,
u, '
u(1) — u(0) S u(1) — u(t)
1 - 1-t 7

ie.,

u(t) = (1= u) + tu(l).
Since u is nonnegative, we get
u(t) > tu (1) = tull.

The proof is complete. [

Now define an operator T : # — B by

1 S
(Tu)(t) = fo G(t,9)¢q (j; q(0)f (T, u(1)) AT) As + A(f)(b + at) + B(f)(d + c(1 - 1)), (2.12)
where G, A(f) and B(f) are defined as in (2.7), (2.8) and (2.9) respectively.
Lemma 2.5. Let (C1) — (C6) hold. Then T : P — P is completely continuous.

Proof. By Arzela-Ascoli theorem, we can easily prove that operator T is completely continuous. [J



L. Y. Karaca, F. Tokmak / Filomat 28:5 (2014), 925-935 931

For a nonnegative continuous functional y on a cone # in a real Banach space BB, and each I > 0, we set
Py, D) ={uePlyu) <I}.
The following fixed point theorem [4] is fundamental and important to the proof of our main result.

Theorem 2.6. (Double Fixed Point Theorem) [4] Let P be a cone in a real Banach space B. Let o and y be increasing,
nonnegative, continuous functionals on P, and let B be a nonnegative, continuous functional on P with p(0) = 0
such that, for some | > 0 and M > 0,

y(u) < B(u) < a(u) and |lu|| < My(u)

for all u € P(y,1). Suppose that there exist positive numbers j and k with j < k < [ such that
B(Au) < AB(u), for 0<A<1 and uedP(B, k)
and
T:P@y,l)— P
is a completely continuous operator such that:
(i) y(Tu) > 1, for all u € IP(y,1);
(ii) B(Tu) < k, for all u € IP(B, k);
(iii) P(a, j) # 0, and a(Tu) > j, for all u € IP(a, j).
Then T has at least two fixed points, uy and u, belonging to P(y, 1) such that
j<a(uw), with 0O(u) <k,
and

k<0(up), with y(up)<l.

3. Main Results

In this section, we impose growth conditions on f and then apply Theorem 2.6 to establish the existence
of at least two positive solutions for the BVP (1.1).
Let us define the increasing, nonnegative, continuous functionals &, 8, and y on by

a(u) = o ax u(t) = u(&m-2),
pu) = hax u(t) = u(é&y),
Y = telggﬂmu(t)zu(él)'

It is obvious that for each u € P,

y(u) = Bu) < au).

In addition, from by Lemma 2.4, for each u € P,

1 1
[[ul| < au(él) = ay(u)-

Thus,

[|ul| < ly(u), Yu e P.
&1
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For the convenience, we denote

m—2 m—2
) ocl( G (&i,9) qu( q(T)M) AS) p- Zaz @d+c(1-&))
A= 5|5
/3,( G(&,9) ¢q( q( T)AT) AS) Zﬁ (d+c(l- &)
i=1 i=
m—2 m
. Zal (b +a&)) ( G(&;,9) (f(; q(T)AT) As)
B = K 121 2 m 2 S
p- Zﬁ (b + a&;) Z,Bl( G(Ezrs)(pq (L‘ L](T)AT) AS)
i=1
1
L = Ln,_zG(£1’S)¢q (f;”_z q(T)AT) As,
1 S
N = f(; G (&1,5) ¢q (L q(T)AT) As+ (b+a&)) A+ (d+c(1-&))B.

Theorem 3.1. Suppose that assumptions (C1) — (C6) are satisfied. Let there exist positive numbers j < k < I such
that

L&,
0<j< k< Nl,

and assume that f satisfies the following conditions

(C7) f(t,u) > qb,,( ) forall (t,u) € [E1, 1] x|

5!
"&

(C8) f(tu)<qbp( )forall(tu)e[o 1]T><[ é‘}
1

i
]'51]'

Then the boundary value problem (1.1) has at least two positive solutions uy and uy satisfying

(C9) f(t,u) > (%) forall (t,u) € [Ems, 1y X

j < a(u)with Bur) <k, k< pup) with y(up) < L.

Proof. We define the completely continuous operator T by (2.12). So, it is easy to check that T : P(y,[) — P.
We now show that all the conditions of Theorem 2.6 are satisfied. In order to show that condition (i) of
Theorem 2.6, we choose u € JP(y,l). Then y(u) = [mém] u(t) = u(&1) = 1, this implies that u(t) > [ for

G1,6m=-21T

€ [£1, 1]y. Recalling that [Jul| < —y(u) L l we get
l
I<u(t) < —, te[&, 1.
&1
Then assumption (C7) implies

flt,u) > ¢p (é), forall (t,u)e[&, 1] X [l, é]



L. Y. Karaca, F. Tokmak / Filomat 28:5 (2014), 925-935 933
Therefore,

y(Tu)

min (Tu)(t) = (Tu)(&1)

te[&1,Em-21T

fo G (E19)d, ( fo 90 f (5, u(0)) m) 85 + AF)(b + a&x) + B + c(1 - £1))

1 S
f G (&1,8) Qg (f q(0) f (7, u(t)) AT) AS
0 0

1 S
j; G (&1,8) @4 ( q(t) f (z, u(t)) AT) AS

Em-2

[ cton [ o)

Hence, condition (i) is satisfied.
Secondly, we show that (if) of Theorem 2.6 is satisfied. For this, we select u € dP(B, k). Then, f(u) =

[\

v

\

tIE[(;ta)i u(t) = u(é1) = k, this means 0 < u(t) <k, for all t € [0, &1]r. Noticing that [|u]| < ély( u) = élﬁ(u) = %
€ll,cilr 1
we get

OSu(t)Sg,forOStsl.
1

Then, assumption (C8) implies

k k
flt,u) <y (IT])’ forall (¢t u)e€[0,1]r X [0, 5—1]
Therefore

p(Tu)

max. (Tu)(t) = (Tu)(&1)

fo G(E19)d, ( fo 40 f (5, u(0)) m) 85 + AF)(b + a&x) + B + c(1 - £1))

1 S
%(j; G (&1,8) g (j; Q(T)Ar) As+ (b+a&)A+ (d+c(1-&1))B

= k

A

So, we get B(Tu) < k. Hence, condition (ii) is satisfied.

,0<t<1lisa

Ul —.

Finally, we show that the condition (iii) of Theorem 2.6 is satisfied. We note that u(t) =

member of P(«, j), and so P(«a, j) # 0.
Now, let u € P(a, j). Then a(u) = max  u(t) = u(&,-2) = j. This implies that u(t) > j for t € [Ey-2, 1]

te[0,Em—2lr

] , we get

Recalling that ||u|| < —y( u) < lcv(u)
&1 &1

&1
j<ul) < L te [Em—2, 7.
&1

By assumption (C9),

flt,u) > ¢y (%), for all (t,u) € [Em—2, 1T X [], Eil]



L. Y. Karaca, F. Tokmak / Filomat 28:5 (2014), 925-935 934

Then,

a(Tu)

[Bréax (Tu)(t) = (Tu)(Em-2)

te[0,Em-2lT

1 S
f G(am_2,s>¢q( f q(T)f(T,u(T))M)AS
0 0

1 S
f G(am_z,smsq( L qu(f,u(f))m)m

Em-2

1 S
f G (&1,5) @4 (f 9(7) f (7, u(t)) AT) AS
Em-2 Em-2

: 1 S
L[ cean( [ awe)es)=

So, we get a(Tu) > j. Thus, (iii) of Theorem 2.6 is satisfied. Hence, the boundary value problem (1.1) has at
least two positive solutions u; and u, satisfying

\%

\%

\%

\%

j < a(u1) with ‘B(ul) < k,
and
k < B(uz) with y(up) < L.

The proof is complete. [

4. An example

Example 4.1 In BVP (1.1), suppose that T = [O,le] U [%,1], p=2 m=44qt)=1,a=3,b=d=1,c=
1 1 2

1 3 .
2, 51=Z, 52=§, o=z, azzg,[i:zand[;’z:l ie.,

@2(H)" + f(t,u(t) =0, t € [0, 1],

swor-se= (3 ()
1)
2u(l) + ub(1) = gu (}L) +u (%)
u?2(0) =0,
where
7 180 0,400
Eu + B u € |0, ),
ftu) =
175

T (1/[ - 400) + 250, u > 400.
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935 8749 309

By simple calculation, we get p = 11, O(t) = 1+ 3¢t, @(t) =3 -2t, A = “1 A= 5970’ B = 7amg’ L=

119 3187 and
21127 8160
(1+30(s))(3—2t), a(s) <t,
G(t,s) = T

(1+3t)(3-20(s)), t<s.
Choose j = 10, k = 100 and [ = 500, it is easy to check that

L, 505750 L& 1264375
0<j=10<5k=25057 <N '~ To1r1d

and the conditions (C1) — (C6) are satisfied. Now, we show that (C7), (C8) and (C9) are satisfied:

I\ 1056000 1
F(t, ) > 9000 > ¢ (Z) = = forall (fu) € [Z’ 1]T x [500,2000],

for all (t, u) € [0, 1y x [0, 400],

k 816000
< —_— = —
f(t,u)_250<q§2(N) 3187

727 j ~ 21120 1
f(t, 1/[) > T > qb2 (Z) = W, for all (t,u) € [E, 1:|11" X [10,40] .

So, all conditions of Theorem 3.1 hold. Thus by Theorem 3.1, the BVP (4.1) has at least two positive solutions
1y and u; such that

10 < a(uq) with p(u1) < 100,
and

100 < B(u) with (i) < 500.
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