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Abstract. In the present paper, the stability of difference schemes for the approximate solution of
the initial value problem for delay differential equations with unbounded operators acting on delay
terms in an arbitrary Banach space is studied. Theorems on stability of these difference schemes in
fractional spaces are established. In practice, the stability estimates in Holder norms for the solutions of

difference schemes for the approximate solutions of the mixed problems for delay parabolic equations
are obtained.

1. Introduction

Delay differential equations have been studied extensively in a series of works (see, for example,

[1]-[6] and the references therein) and developed over the last three decades. In the literature mostly
the sufficient condition

Ib(t)] < Re a(t),t >0 (1.1)

was considered for the stability of the following test delay differential equation

0

=+ Ao = boo(t -~ ), t > 0 1.2)

with the initial condition

o(t) = g(t)(~w < t < 0). (1.3)

Itis known that delay differential equations can be solved by applying standard numerical methods
for ordinary differential equations without the presence of delay. However, it is difficult to generalize
any numerical method to obtain high order of accuracy algorithms, because high order methods may
not lead to efficient results. It is well-known that even if a(t), b(t) and g(t) are arbitrary differentiable
functions, v(t) may not possess the higher order derivatives for a sufficiently large t. Therefore, we
may have a non-smooth solution of delay differential equations for given smooth data. This is the
main difficulty in the study of convergence of numerical methods for delay differential equations.

Delay partial differential equations arise from various applications, like in control theory, biology,
medicine, climate models, and many others (see, for example, [7] and the references therein).
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The theory of delay partial differential equations has received less attention than of delay ordinary
differential equations. A situation which occurs in delay partial differential equations when the delay
term is an operator of lower order with respect to other operator terms is widely investigated (see,
for example, [7]-[9] and the references therein). In the case where the delay term is an operator of
the same order with respect to other operator terms is studied mainly if H is a Hilbert space (see,
for example, [10] and the references therein). In fact there are very few papers which allow E to be
a general Banach space (see, [11]-[14]) and in these works, authors look only for partial differential
equations under regular data. Moreover, approximate solutions of the delay parabolic equations in
the case where the delay term is a simple operator of the same order with respect to other operator
terms were studied recently in papers [15]- [19].

It is known that various initial-boundary value problems for linear evolutionary delay partial
differential equations can be reduced to an initial value problem of the form

O 4 Av() = Bo(t — ) + f(E),£ > 0, B
o(t) = g(H)(~w < t < 0) :

in an arbitrary Banach space E with the unbounded linear operators A and B(f) in E with dense
domains D(A) € D(B(t)). Let A be a strongly positive operator, i.e. —A is the generator of the analytic
semigroup exp{—tA}(t > 0) of the linear bounded operators with exponentially decreasing norm when
t — oo. That means the following estimates hold:

llexp{—tAllleme < Me ™, |[tAexp{—tAlllpme < Mt >0 (1.5)

for some M > 1, 6 > 0. Let B(t) be closed operators.
The strongly positive operator A defines the fractional spaces E, = E (A, E) (0 < @ < 1) consisting
of all u € E for which the following norms are finite:

llulle, = sup IA'~* A exp{-AA}ulle.
A>0
As noted in [19], it is important to study the stability of solutions of the initial value problem (1.4)
for delay differential equations and of difference schemes for approximate solutions of problem (1.4)
under the assumption that

IBOA lgme < 1 (1.6)

holds for every t > 0. This assumption for delay differential equation (1.2) follows from assumption
(1.1) in the case when E = R!. Unfortunately, we have not been able to obtain the stability estimate
for the solution of problem (1.4) in the arbitrary Banach space E. Nevertheless, in [20], the analogue
of stability estimate for the solution of problem (1.4) was established, when the space E is replaced by
the fractional spaces E,(0 < a < 1) which were defined above under the condition

1-a
M22—a
for every t > 0, where M is the constant from (1.5). However, the condition (1.7) is stronger than (1.6)

and E # E,. Finally, in papers [32]-[35], theorems on well-posedness of the initial value problem for
the delay parabolic equation

IBOA ok < 1.7)

e 1 Au(t) = B(tyo(t — w) + f(£), £ 20,
(1.8)

o(t) = g(t)(—w <t < 0)

in an arbitrary Banach space E with the small positive parameter ¢ in the high derivative and with the

unbounded linear operators A and B(t) in E with dense domains D(A) C D(B(t)) were established.
Applying the first and second order of accuracy implicit difference schemes for differential equa-

tions without the presence of delay, the first and second order of accuracy implicit difference schemes

L(ug — 1) + Ay = By + 9, @k = f(B), Bx = B(k), b =k, 1 <k,
(1.9)
Nt =w,u, = g(fk),tk =kt,-N<k<0,
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%(uk - le_l) + ASuy = SBkg(tk_N - %), 1<k<N,

L — ur) + ASuy = ISBi(upen + ren-1) + @, @k = Sf(tc — 3), (1.10)
By = B(tx — %),fk =kt, N+1<k

are presented for approximate solutions of the initial value problem (1.4). Here, we will put S = I+317A.

The main aim of the present paper is to study the stability of difference schemes (1.9) and (1.10).
We establish the stability estimates in fractional spaces E,(0 < a < 1) under an assumption stronger
than (1.6). In practice, the stability estimates in Hélder norms for the solutions of difference schemes
for the approximate solutions of the mixed problem of delay parabolic equations are obtained.

The paper is organized as follows. In Section 2, main theorems on stability of difference schemes
(1.9) and (1.10) are established. In Section 3, the stability estimates in Hélder norms for the solutions of
difference schemes for the approximate solutions of delay parabolic equations are obtained. Finally,
Section 4 is conclusion.

2. Theorems on Stability of Difference Schemes (1.9) and (1.10)
First, we consider the problem (1.4) when A~! and B(t) commute, i.e.

AT'B(H)u = BOA 'u, u € D(A). (2.1)

Theorem 2.1. Assume that the condition (1.7) holds for every t > 0, where M is the constant from (1.5). Then
for the solution of difference scheme (1.9), the estimate

k
llle, < max [lg()ll, + Zf [ (2.2)

holds for any k > 1.

Proof. Let us consider 1 < k < N. In this case

k k
U = ng(O) + Z Rk_j+1B]'g(t]'_N)T + Z Rk_jHquo]"( = U + Wy,
= p=

where
k .
o = Rig(0) + Z RSB g(tin)T,
j=1

k
wy = Z REMBiiT, R = (I + TA) ™
j=1

The estimate
oz, < max llg(t)lz, 23)

was proved in [12]. Therefore, we will estimate wy. Using the formula

(e8]

ftk_l exp(—t) exp(—ttA)dt k > 1, (2.4)
0

1
—k _
(I+tA)™ = *=D
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estimate (1.5), we obtain

(o8]

) dt
k—j Ay .
ft exp(—t) o A)lfa“(pf”E”‘

k
A9 A expl-AA}wllp < A1 “ZT
j=1

k
< 2l «
i=1

forevery k,1 <k < Nand A, A > 0. This shows that

k
llwlle, < Z ”ﬁoi“Ea T (2.5)
i=1

for every k,1 < k < N. Using triangle inequality and estimates (2.3) and (2.5), we get

k
lulle, < max llg(t)lle, + Z; e, = (2:6)

Applying the mathematical induction, one can easily show that it is true for every k. Namely, assume
that the estimate (2.6) is true for the k, (n — 1)N < k < nN, for somen =1,2,3--- . Letting k = m + nN,
we have

1

;(um+nN - um+nN—1) + Aum+nN = Bm+nNum+nN—N + Pm+nN, 1<m<N.

Using the estimate (2.6), we obtain

k
< - ]
leelle, < max ffummn-nlle, + 2 Pillg, T

i=nN+1

k

nN k
< max llg(t)le, + ; lill, =+ Z [ = max flg(t)le, + ; il

m=nN+1

forevery k, nN <k<(m+1)N, n=1,2,3,--- ,and A, A > 0.This shows that

k
lielle, < max llg(t:)lle, + ; ledl, <

forevery k,nN <k<(n+1)N, n=1,2,3,--- . Theorem 2.1 is proved.

Now, we consider the problem (1.4) when
A71B(t)x # B)A™ %, x € D(A)

for some t > 0. Recall that A is a strongly positive operator in a Banach spaces E iff its spectrum o(A)
lies in the interior of the sector of angle ¢,0 < 2¢ < 1, symmetric with respect to the real axis, and if
on the edges of this sector, 51 = [z =pexp(ip): 0 < p <oo]land S; = [z = pexp(—ip) : 0 < p < oo] and
outside it the resolvent (z — A)™! is subject to the bound

M
_ Ay? < 1
Iz —A) " lle—E < T (2.7)

for some M; > 0. First of all let us give lemmas from the paper [12].
Lemma 2.1. For any z on the edges of the sector,

S51=[z=pexp(ip): 0 < p < od]
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and
S5y =[z = pexp(—ip): 0 < p < oo
and outside it the estimate

MEM*(1 + M;)!-022-9)a

1Az - A xllg < ol — )1 + [2])*

lixllE,

holds for any x € E,. Here and in the future M and M, are the same constants of the estimates (1.5)
and (2.7).

Lemma 2.2. Let for all s > 0 the operator B(s)A™! — A"!B(s) with domain, which coincides with
D(A), permit the closure Q = B(s)A~! — A~1B(s) bounded in E. Then for all 7 > 0 the following estimate
holds:

[[A7'[A exp{-TA}B(s) — B(s)A exp{-TA}]x||,

e(a + MM+ (1 + 2My)(1 + Mp)'=* 299 Q| |5 gl X,
< .
- t-ana?(1 - a)

Here Q = A~1(AB(s) — B(s)A)AL.
Suppose that

A1 (AB(#) — BO)A)A  lpk (28)

- n(l - a)’a’e
T MM MIT(1 + 2M1)(1 + My)1-e22+ =0 (1 + av)

holds for every t > 0. Here and in the future ¢ is a some constant, 0 < ¢ < 1.

Theorem 2.2. Assume that the condition

TATR(A (1= -¢)
A7 BOeor < = ppaa— 29)
holds for every t > 0. Then for the solution of difference scheme (1.9), the estimate (2.2) holds.
Proof. Let us consider 1 < k < N. The estimate
ole, < max llgtlle, (2.10)

was proved in [12]. Therefore, using triangle inequality and estimates (2.10), and (2.5), we get

k
e, = s ol + 3 o,

In a similar manner with Theorem 2.1 applying the mathematical induction, one can easily show that
it is true for every k. Theorem 2.2 is proved.

Now we consider the difference scheme (1.10). We have not been able to obtain the same result
for the solution of the difference scheme (1.10) in spaces E, under assumption (1.7). Nevertheless, for
the solution of difference scheme (1.10) the stability estimate in the norm of the same fractional spaces
E,(0 < a < 1) under an additional restriction of the operator A is established.

Theorem 2.3. Suppose that the following estimates hold:

I+ AT+ TAS) Mpr < 1, (2.11)
ISU + TAYT + TAS) Mgy < - ;‘5

and
AT BOlper < — =Y 450 (2.12)

M21-a(1 + V2)
Then for the solution of difference scheme (1.10), estimate (2.2) holds.
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Proof. Let us consider 1 < k < N. In this case

k
; TA
w = Rg(0) + ) RTU(I+ 2)Bj(g(tion + gltion-1))T
j=1

k
_; TA
+ 2 1 RFHU(T + 7)@1 = v + Wy, (2.13)
IS

where

k
; A
v = Rg(0) + ) RIAI+ 0B (g(tin + g(tjn-0),
j=1

@Ay

k
Wy = ZRk‘f+1(I+ %)QOJT,R =(I+1A+ 5

=1

)
The estimate
< .
oz, < max llg(t)l, (214)

was proved in [12]. Therefore, we will estimate wy. Using the formula (2.13), condition (2.11) and the
estimate (1.5), we obtain

) AN

k
A 2
M A exp{-AA}w|le < AT Z 7|l + tA)(I + TA + %

j=1

(A _
2

A
X + )0+ TANT + A+ =5) g

o)

1 i exp(—) —2 1o
0

(o)

. k » dt .
<Y | e e < Yl

forevery k,1 <k < Nand A, A > 0. This shows that

k
lkoelle, < ) [led],. « (2.15)
i=1
for every k,1 < k < N. Using triangle inequality and estimates (2.14) and (2.15), we get
k
MAule, < max g, + Z; il = (2.16)
=

In a similar manner with Theorem 2.1 applying the mathematical induction, one can easily show that
it is true for every k. Theorem 2.3 is proved.

Now, we consider the difference scheme (1.10) when

A7'B(t)x # B(H) A x, x € D(A)
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for some t > 0. Suppose that the operator B(t)A™! — A~!B(t) with domain, which coincides with D(A),
permits the closure bounded in E and the following estimate

(1 — a)?a?(1 +a) 11+ V2)le
eMI+aMIT (1 + 2My)(1 + My)l-a22+a-a?

holds for every t > 0 and some ¢€[0, 1].

A1 (AB(t) - BOA)A g <

Theorem 2.4. Assume that all conditions of Theorems 2.2 and 2.3 are satisfied. Then for the solution of
difference scheme (1.10), estimate (2.2) holds.

Proof. Let us consider 1 < k < N. The estimate
< ,
[orlle, < _Ill\r]lggollg(fz)llzsa (2.17)

was proved in [12]. Therefore, using triangle inequality and estimates (2.17) and (2.15), we get

k
u < max ti +Z|| “ T.
[l24llE, WSISOHH( i)lE, L Pillg.
i=

In a similar manner with Theorem 2.1 applying the mathematical induction, one can easily show that
it is true for every k. Theorem 2.4 is proved.

Note that these abstract results are applicable to the study of stability of various delay parabolic
equations with local and nonlocal boundary conditions with respect to space variables. However, it
is important to study the structure of E, for space operators in Banach spaces. The structure of E,
for some space differential and difference operators in Banach spaces has been investigated in papers
(see, [21]-[29]). In Section 3, applications of Theorem 2.1 to the study of stability of difference schemes
for delay parabolic equations are given.

3. Applications

First, the initial-boundary value problem for one dimensional delay differential equations of
parabolic type is considered:

2D — () TR+ su(t, x) = b(t) (~a(0) 2L + du(t - w, )

+f(t,x),0<t<oo,x€ 0,D),
(3.1)

u(t,x) = g(t,x),~w <t < 0,x € [0,1],

ut,0)=u(t,)=0,-w <t < oo,

where a(x), b(t), g(t, x), f(t, x) are given sufficiently smooth functions and 6 > 0 is a sufficiently large
number. It will be assumed that a(x) > a > 0. The discretization of problem (3.1) is carried out in two
steps. In the first step, let us define the grid space

[0,],={x:x, =rh,0<r <K ,Kh=1}.

We introduce the Banach space Ci = CP([0,1]) (0 < B < 1) of the grid functions ¢"(x) = {p )it
defined on [0, [];, equipped with the norm

|Pker — @kl

lo*llee = llo'lle, +  sup ==

1<k<k+t<K-1

where C;, = C([0,1]; ) is the space of the grid functions (ph(x) = {(p,}f‘1 defined on [0, ], equipped
with the norm

lo*llc, =, max ol

1<k<K-1
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To the differential operator A* generated by the problem (3.1), we assign the difference operator A; by
the formula

K-1
1 7

Alp(x) = {—(ﬂ(x)(P;()x,r + 6@}

acting in the space of grid functions ¢"(x) = {¢,}X satisfying the conditions @y = ¢ = 0. With the help
of A7, we arrive at the initial-boundary value problem

B 4 ARt x) = BOATU(E - w,%) + Fi(E,%),t 2 0, x € [0, 1],
(3.2)
ul(t, x) = g'(t,x) = g(t,x)(~w < t < 0),x € [0,1],

for the system of ordinary differential equations. In the second step, we replace problem (3.2) by the
first order of accuracy in t difference scheme

T (0) = wl_ () + Al (x) = b(B)Ajul_ (x) + f1(x),
fhx) = fit, x), b = k1,1 <k, N1 = w,x €[0,1], 3.3)

ul(x) = g"(t, %), t = kt,-N < k < 0,x € [0, 1]

Theorem 3.1. Assume that

1-a
sup |b(t)| < . 3.4
05t<1:<)>o ® M22- G4
Then for the solution of difference scheme (3.3) the following stability estimate
. 1
h h h
1S<’1];1<p ||ukHC2“‘[O,1]h < M3(0{) _I]{[1<ak)§0”gk||C2“[0J]n + kZ ||fk 20,1y, T ’0 sas E (35)
<k<oo =n= =1 .

holds, where M3(cx) does not depend on g and f'.

The proof of Theorem 3.1 is based on the estimate
llexp{~tcA}llc,—~c, <M,k >0,

and on the abstract Theorem 2.1, the positivity of the operator A} in CZ and on the following theorem
on the structure of the fractional space E,(Cy, A}).

Theorem 3.2. Forany 0 < o < 1 the norms in the spaces E, (Ch,AZ) and C3¢ are equivalent uniformly in h
[22].

Second, the initial nonlocal boundary value problem for one dimensional delay differential equa-
tions of parabolic type is considered:

22 — () TR+ su(t, x) = b(t) (~a(0) ZL522 + du(t - w, )

+f(t,x),0 <t <o0,x€(0,]),
(3.6)

u(t,x) =gt x),-w<t<0,x€l0,1],

u(t,0) = u(t, ), ux(t,0) = ux(t, ), —w < t < 00,

where a(x), b(t), g(t, x), f(t, x) are given sufficiently smooth functions and 0 > 0 is a sufficiently large
number. It will be assumed that a(x) > a > 0. The discretization of problem (3.6) is carried out in two
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steps. In the first step, let us use the discretization in space variable x. To the differential operator A*
generated by the problem (3.6), we assign the difference operator A} by the formula

3.7)

K-1
1 7

A () = {~@()po)sr + O}

acting in the space of grid functions ¢"(x) = {¢/}X satisfying the conditions o = @k, p1—@0 = Px—Qk-1.
With the help of A7, we arrive at the initial value problem

W 4 Au(t,x) = b()ATU"(t — w,x) + f'(t,x),t 20, x € [0,1];,

3.8)
ul(t, x) = ¢'(t,x) = g(t, x)(~w < t < 0),x € [0,]];

for the system of ordinary fractional differential equations. In the second step, we replace problem
(3.8) by the first order of accuracy of difference scheme in ¢

T (x) = (0) + Ajul(x) = b(t)Aju_ () + fl(x),
fix) = fit, x), b = k1,1 <k, N1 = w,x €[0,1], (3.9)

ul(x) = g"(t, %), t = kT, -N < k < 0,x € [0, ],

Theorem 3.3. Assume that all the conditions of Theorem 3.1 are satisfied. Then for the solution of difference
scheme (3.9) the stability estimate (3.5) holds.

The proof of Theorem 3.3 is based on the estimate
lexp{-teAjllc,~c, < M,k >0,

and on the abstract Theorem 2.1, the positivity of the operator A} in CZ and on the following theorem
on the structure of the fractional space E(X(Ch,AZ).

Theorem 3.4. Forany 0 < a <  the norms in the spaces E, (Ch,AZ‘) and Ci“ are equivalent uniformly in h
[25].

Third, the initial value problem on the range
{0 <t< 11x = (xlr' : '/xl’l) € Rn/r = (rlr' ' 'rr‘rl)}
for 2m-th order multidimensional delay differential equations of parabolic type is considered:

Ju(t,x) Mu(t,x)

T L () g+ ou(t,x)
[r|=2m 1 n

= b(t)( Y 2028 4 su(t — w,x)| + f(t,2),0 <t < 00,x ER?, (3.10)
|r|=2m 1

u(t,x) =gt,x),—w <t<0,xeR, | r|=r +..+1,

where a,(x), b(t), g(t, x), f(t, x) are given sufficiently smooth functions and 6 > 0 is a sufficiently large
number. It will be assumed that the symbol [£ = (&1, - - -, £1)eR]

A = Y A GE)" )"

|r|=2m
of the differential operator of the form

pallg
Ach = Z ﬂr(X)m (311)
[r|=2m 1
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acting on functions defined on the space IR", satisfies the inequalities

0 < MilEP" < (=1)"AJ(E) < MalEP" < oo

for & # 0, where | & |= +/|&112 + - - - +|&4%. The discretization of problem (3.10) is carried out in two
steps. In the first step the grid space R} (0 < < ho) is defined as the set of all points of the Euclidean
space R" whose coordinates are given by

Xk = sih, si=0,%1,+2,-- k=1,---,n.

The difference operator Ay = B + alj is assigned to the differential operator A* = B* + o1, defined by
(3.10). The operator

By =h" ) BIATATLATA

n— n+s
2m<|s|<S

(3.12)

acts on functions defined on the entire space R}'. Here s € R " is a vector with nonnegative integer
coordinates,

Ak f" () = £ (f" (x £ ) = f* (),

where ¢, is the unit vector of the axis x;.

An infinitely differentiable function ¢ (x) of the continuous argument x € R" that is continuous and
bounded together with all its derivatives is said to be smooth. We say that the difference operator Ay
is a A-th order (A > 0) approximation of the differential operator A* if the inequality

sup |AZ(p (x) - A% (x)| <M (p) K

n
xeRj

holds for any smooth function ¢ (x) . The coefficients b} are chosen in such a way that the operator A}
approximates in a specified way the operator A*. It will be assumed that the operator A; approximates
the differential operator A* with any prescribed order [30]-[31] .

The function A* (&h, h) is obtained by replacing the operator A, in the right-hand side of equality
(3.12) with the expression + (exp {iéxh} — 1), respectively, and is called the symbol of the difference
operator B, .

It will be assumed that for |Exh| < 7t and fixed x the symbol A*(Eh, h) of the operator B; = A} — ol
satisfies the inequalities

(1" A%(Eh, by = MIEP™, |arg A¥(Eh, )| < ¢ < go < 2. (3.13)
Suppose that the coefficient b7 of the operator By = A} — ol), is bounded and satisfies the inequalities

" — b¥| < MKE, x € RY, e € (0,1]. (3.14)
With the help of A7 we arrive at the initial value problem
W"(t, x)) + Atul(t, x) = b(OATUM(t - w, %) + f'(t,x),t =2 0,x € RY,
(3.15)
ul(t,x) = g'(t,x) = g(t, x)(~w < t < 0),x € R,

for an infinite system of ordinary differential equations. Now, we replace problem (3.15) by the first
order of accuracy of difference scheme in ¢

T (0) = wl_ () + Al (x) = b(E)Aju_ (x) + f1(x),
f}f(x) = 't %),k = k1,1 <k,N1 = w,x € R}, (3.16)

ul(x) = g"(t, ), ty = kt,-N <k < 0,x € R!.
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To formulate the result, one needs to introduce the spaces C;, = C(R}) and Cﬁ = Cﬁ(RZ) of all
bounded grid functions u"(x) defined on R, equipped with the norms

h h
llu*llc, = sup " (x)I,
xeR}

" (x) — u"(x + )

n h
lu"lls = sup [u”(x)| + sup B
" xeR! x,yeRy Iyl

Theorem 3.5. Assume that the condition (3.4) holds. Then for the solution of difference scheme (3.16) the
following stability estimate

209 g M) | i o
<k<oo h

—N<k<0 C2ma (il

1

) 1
h
+; T ||fk ‘|C2,,,a(Rz)l/0 <a< %

holds, where M(cx) does not depend on g} and f;'.
The proof of Theorem 3.5 is based on the estimate
| exp{—txA} Hlc@wn—cmn < M,k =0,

and on the abstract Theorem 2.1, the positivity of the operator A} in C(R}}), and on the fact that the

E, = Ea(A;, C(R}))—norms are equivalent to the norms sza(]RZ) uniformly in i for 0 < a < ﬁ ([21],
[24]).

4. Conclusion

In the present paper, the stability of difference schemes for the approximate solutions of the
initial value problem for delay parabolic equations with unbounded operators acting on delay terms
in an arbitrary Banach space is established. Theorems on stability of these difference schemes in
fractional spaces are established. In practice, the stability estimates in Hélder norms for the solutions of
difference schemes for the approximate solutions of the mixed problems for delay parabolic equations
are obtained. Note that in the present paper B(f) is a time-dependent unbounded space operator acting
on the delay term. The delay w is a positive constant. In general, it is interesting to consider delay
as w(t), a function dependent on t. A well-known parabolic problem with delay used in population
dynamics is the so-called Hutchinson equation where B(t) is a time-dependent bounded nonlinear
space operator acting on the delay term (see, [8],[9]). It would be an interesting case to consider when
B(t)is anonlinear unbounded space operator acting on the delay term. Actually, it will be possible after
establishing theorems on existence, uniqueness and stability of solutions and smoothness property of
solutions and obtaining a suitable contractivity condition of the numerical solutions.
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