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On Pointwise A—Statistical Convergence of Order o of Sequences of
Fuzzy Mappings

Mikail Et?

?Department of Mathematics, Firat University, 23119, Elazi§-TURKEY

Abstract. In this study, we introduce the concepts of pointwise A—statistical convergence of order a of
sequences of fuzzy mappings and strongly pointwise (V, A, p) —summable of order «a of sequences of fuzzy
mappings. Some relations between pointwise A—statistical convergence of order a and strongly pointwise
(V, A, p) —summable of order a of sequences of fuzzy mappings are given.

1. Introduction

The idea of statistical convergence was given by Zygmund [41] in the first edition of his monograph
published in Warsaw in 1935. The concept of statistical convergence was introduced by Steinhaus [36] and
Fast [16] and later reintroduced by Schoenberg [35] independently. Over the years and under different
names statistical convergence has been discussed in the theory of Fourier analysis, ergodic theory, number
theory, measure theory, trigonometric series, turnpike theory and Banach spaces. Later on it was further
investigated from the sequence space point of view and linked with summability theory by Alotaibi and
Alroqi [1], Connor [10], Et et al. ([12],[14]), Fridy [17], Guingor et al. ([20],[21]), Isik [22], Kolk [23],
Mohiuddine et al. ([26],[28]) Mursaleen et al. ([27],[29],[30]), Salat [32], Ozarslan et al. [31], Srivastava ef al.
([13],[33]) Tripathy [38] and many others.

The existing literature on statistical convergence appears to have been restricted to real or complex
sequences, but Altin et al.([2],[3]) Altinok et al. [4], Burgin [5], Colak et al. [6], Et et al. [15], Gokhan et al.
[19], Savas [34], Talo and Basar [37], Tripathy and Dutta [39] extended the idea to apply to sequences of
fuzzy numbers.

In the present paper, we introduce pointwise A—statistical convergence of order a and strongly pointwise
(V, A, p) —summable of order a of sequences of fuzzy mappings. In section 2 we give a brief overview about
statistical convergence, p—Cesaro summability and fuzzy numbers. In section 3 we introduce the concepts
of pointwise A—statistical convergence of order a and strongly pointwise (V, A, p) —summable of order «
of sequences of fuzzy mappings. We also establish some inclusion relations between wip (F) and S (F) for

different a's and y's.
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2. Definitions and Preliminaries

A sequence x = (xy) is said to be statistically convergent to Lif forevery e > 0,0 ((k € N : [x, — L| > €}) = 0.

In this case we write x; ~— L or S — limx; = L. The set of all statistically convergent sequences will be
denoted by S.

The order of statistical convergence of a sequence of numbers was given by Gadjiev and Orhan in [18]
and after then statistical convergence of order a and strong p—Cesaro summability of order a was studied
by Colak ([7], [8]) and was generalized by Colak and Asma [9].

Let A = (A,) be a non-decreasing sequence of positive real numbers tending to co such that 4,41 < A, +1,

A1 = 1. The generalized de la Vallée-Poussin mean is defined by £, (x) = /\i Y, x;, where I, = [n— A, +1,n]
" kel,

forn=1,2,.... Asequence x = (xi) is said to be (V, ) —summable to a number L if t, (x) - Lasn — oo.
By A we denote the class of all non-decreasing sequence of positive real numbers tending to oo such that
A1 S A +1, A =1

Fuzzy sets are considered with respect to a nonempty base set X of elements of interest. The essential
idea is that each element x € X is assigned a membership grade u(x) taking values in [0, 1], with u(x) = 0
corresponding to nonmembership, 0 < u(x) < 1 to partial membership, and u(x) = 1 to full membership.
According to Zadeh [40] a fuzzy subset of X is a nonempty subset {(x, u(x)) : x € X} of X x [0, 1] for some
function u : X — [0, 1]. The function u itself is often used for the fuzzy set.

Let C(IR") denote the family of all nonempty, compact, convex subsets of R". If ¢, f € Rand A, B € C(R"),
then

a(A+B)=aA +aB, (ap)A = a(BA), 1A=A
and if , f > 0, then (a + f)A = @A + BA. The distance between A and B is defined by the Hausdorff metric
0o(A, B) = max{sup %ng la="0||,sup inj la-="bl},

acA Y€ beB 7€
where || . || denotes the usual Euclidean norm in R”. It is well known that (C(IR"), 6,) is a complete metric
space.
Denote

L(R") = {u : R" — [0, 1] : u satisfies (i) — (iv) below},
where

i) u is normal, that is, there exists an xy € R” such that u(xg) = 1;
if) u is fuzzy convex, thatis, for x,y € R" and 0 < A < 1, u(Ax + (1 — A)y) > min[u(x), u(y)];
iii) u is upper semicontinuous;
iv) the closure of {x € R" : u(x) > 0}, denoted by [u]°, is compact.

If u € L(IR"), then u is called a fuzzy number, and L(IR") is said to be a fuzzy number space.
For 0 < a <1, the a-level set [u]* is defined by

[ul* = {x e R" : u(x) > a}.
Then from (i) — (iv), it follows that the a-level sets [u]* € C(IR").
Define, for each 1 < g < oo,
1 1/q
dy(u,0) = | [ [6eo([u]*, [0]*)]7 dax
0

and de(1,v) = sup O ([u]*, [0]*), where O is the Hausdorff metric. Clearly de(u,v) = limd,(u,v) with
0<a<1 g—oo

dy < ds if g < s ([11], [24]). For simplicity in notation, throughout the paper d will denote the notation d,
with1 < g < .

A fuzzy mapping X is a mapping from a set T (C IR") to the set of all fuzzy numbers. A sequence of
fuzzy mappings is a function whose domain is the set of positive integers and whose range is a set of
fuzzy mappings. We denote a sequence of fuzzy mappings by (Xj). If (Xy) is a sequence of fuzzy mappings
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then (X (f)) is a sequence of fuzzy numbers for every t € T. Corresponding to a number ¢ in the domain
of each of terms of the sequence of fuzzy mappings (Xx), there is a sequence of fuzzy numbers (X (1)) . If
(Xk (t)) converges for each number ¢ in a set T and we get lilzn Xk (t) = X (t), then we say that (Xj) converges

pointwise to X on T [25]. By B(Ar) we denote the class of all bounded sequences of fuzzy mappings on T.

Throughout the paper, unless stated otherwise, by “for all n € IN,,,” we mean "for all n € IN except finite
numbers of positive integers” where N,,, = {n,,n, + 1,1, +2,...} forsome n, e N = {1,2,3, ..}.

3. Main Results

In this section we give the main results of this paper. In Theorem 3.7 we give the inclusion relations
between the sets of pointwise A-—statistical convergence of order a of sequences of fuzzy mappings for
different a’'s and u's. In Theorem 3.10 we give the relationship between the sets of strongly pointwise
(V, A, p) —summable of order a of sequences of fuzzy mappings for different a's and y's. In Theorem 3.13
we give the relationship between pointwise A—statistical convergence of order @ and strongly pointwise
(V, A, p) —summable of order & of sequences of fuzzy mappings for different a’s and y's.

Before giving the inculision relations we will give two new definitions.

Definition 3.1 Let the sequence A = (A,,) be as above and « € (0, 1] be any real number. A sequence of fuzzy
mappings (Xj) is said to be pointwise A—statistically convergent ( or pointwise S —statistically convergent)
of order @ to X on a set T if, for every ¢ > 0,

lim % |{k €l :d(Xk(t), X (t) > e forevery t € T}| =0,

where I,, = [n — A, + 1,n] and A} denote the ath power (A,)" of A, thatis A% = (A%) = ()\f, AS, s AL, ) .In
this case we write 7 —lim X (f) = X (f) on T. S — lim X (t) = X (t) means that forevery 6 >0and0 <a <1,
there is an integer N such that

1

= |{k €l,:dXi(t),X(t) = e forevery t € T}| <,

forall n > N (= N (g, 6,x)) and for each ¢ > 0.

The set of all pointwise A-statistically convergent sequences of fuzzy mappings of order a will be
denoted by S¢ (F). For A, = n foralln € N and a = 1, we shall write S (F) instead of S (F) and in the special
case X = 0, we shall write S;y (F) instead of S¢ (F), where

~n_| 1, fort=(0,0,0,..,0)

0t) = { 0, otherwise
Definition 3.2 Let the sequence A = (A,) be as above, a € (0,1] be any real number and let p be a positive
real number. A sequence of fuzzy mappings (Xi) is said to be strongly pointwise (V, A, p) —summable of

order a (or strongly pointwise wgp—summable ), if there is a function X such that

lim = Y (@d(Xe®), X =0,

n=0 Ny kel teT
In this case we write wjp —lim X (t) = X (t) on T. The set of all strongly pointwise (V, A, p) —summable of
order a of sequences of fuzzy mappings will be denoted by wh, (F). In the special case X = 0, we shall write
Wy, (F) instead of wﬁp (F).

Definition 3.3 A fuzzy sequence space E(F) with metric d is said to be normal ( or solid) if (Xj) € E(F) and
(Y) is such that d(Yy, 0) < d(Xx, 0) implies (Yy) € E(F).
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Definition 3.4 A fuzzy sequence space E(F) is said to be monotone if X = (Xy) € E(F) implies x.X C E(F)
where y is the class of all sequences of zeros and ones. The product considered is the term product.

Remark 1. From the above definitions it follows that if a fuzzy sequence space E(F) is solid, then it is
monotone.

Definition 3.5 A fuzzy sequence space E(F) is said to be symmetric if (Xi) € E(F) implies (X)) € E(F),
where 7 is a permutation of IN.

The proof of the following theorem is easy, so we state without proof.

Theorem 3.6 Let 0 < @ <1 and (X)) and (Yx) be two sequences of fuzzy mappings.

(1) If S§ — lim X; (t) = Xo (f) and ¢ € R, then §§ — lim cX (t) = cXo (t),

(ii) If S§ = lim X (t) = Xo (t) and S} — lim Y (t) = Yo (t), then S¢ — lim (X (£) + Yy (£)) = Xo () + Yo (£).
Theorem 3.7 Let A = (A,) and u = (u,) be two sequencesin AsuchthatA, < p,foralln e N, ,(0 <a < <1)
and (Xi) be a sequence of fuzzy mappings.

(i) If

Aa
liminf —% > 0 1)
n—-oo ﬁ
Hn
p a
then S, (F) € % (F),
(i1) If
lim &2 =1 2)
n—oo Aﬁ
then $% (F) € S}, (F).
Proof (i) Suppose that A, < u, for all n € IN,,, and let (1) be satisfied. Then I, C J, and so that € > 0 we may
write

{ke]y:dXe(),X() =¢, foreveryx e T} D {kel, :d (X (t), X (t) > ¢, forevery t € T}
and so

1
uh

A1

){k €Jn:dX(t),X () = ¢, forevery x € T}| > 5T
o "1

{ kel,:dXc (), X 1) > e, }’

foreveryteT

for all n € IN,,,, where ], = [n — u, + 1,n]. Now taking the limit as # — oo in the last inequality and using
(1) we get Sl, (F) C S4 (F).
(ii) Let S§ — lim X (t) = X (t) on T and (2) be satisfied. Since I, C ], for ¢ > 0 we may write

%“k €Jn:dXi(t),X () = ¢, forevery t € T}|
= l,;‘{”_#n"‘l <k<n—A,:d(Xc(t), X (1) > ¢, forevery t € T}|
n

+ lﬁ |tk € I : d (X (t), X () > ¢, for every t € T}

tn — Ay 1
<H T+ S lkel i d (X (1), X (1) 2 ¢, forevery x € T|

W
= A

. S|k, d (X (6, X (1) 2 ¢, for every t e T)|
n Hn

< [“—Z —1]+ % {kel, :d(Xe(t),X(t) > ¢, foreveryte T}|
A8 :
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for all n € IN,,,. Since lim o _ 1 and by (2) the first term and since S¢ — lim X (t) = X (f) on T, the second

n Ag
term of right hand side of above inequality tend to 0 as # — oo (Note that [F—; - 1] >0 foralln € Ny, ). This
An

implies that S (F) C Sﬁ (F).

From Theorem 3.7 we have the following.
Corollary 3.8 Let A = (A,,) and u = (ux) be two sequences in A such that A, < u, for all n € IN,,, and (X) be
a sequence of fuzzy mappings. If (1) holds then,

i) Sft (F) € S§ (F) foreach a € (0,1] and for all t € T,

ii) S, (F) € Sq (F) for each a € (0,1] and for all t € T,

iii) S, (F) € Sy (F) for all t € T.

Corollary 3.9 Let A = (A,,) and u = () be two sequences in A such that A, < u, for all n € IN,,, and (Xx) be
a sequence of fuzzy mappings. If (2) holds then,

i) S§(F) € Sy (F) foreacha € (0,1]and forall t € T,
ii) 59 (F) € S, (F) for each a € (0,1] and for all t € T,
iii) Sy (F) € S, (F) for all t € T.

Theorem 3.10 Given for A = (A,), y = (4n) € A suppose that A, < py, foralln e N, (0 <a <B<1)and
(Xx) be a sequence of fuzzy mappings. Then

() If (1) holds then wfm (F) c wﬁp (F)forallteT,

(i7) If (2) holds then B (Ap) N wﬁp (F) c wﬁp (F)forallteT.
Proof (i) Omitted.

(i1) Let (Xx) € B(Ap) N wﬁp (F) and suppose that (2) holds. Since (Xi) € B (Ar) then there exists some

M > 0 such that d (Xi (t), X (t)) < M for all k € N and t € T. Now, since A,, < y, and I, C J, for alln € IN,,,
we may write

1 p_ 1 P

— Y @X®),XON == L @dX®,X[®)

‘uﬁ keJ, teT yﬁ ke],~I,teT
+— L @ ®, X @)Y

n - An
B2 = X @Xe®), XO)

Uy Ly kel teT

IA

= A 1
£ — M= X @), XO)
An Ly, kel teT

IA

Bn o Mm% Y @), XO)

)\5 n kel teT

IA

for every n € IN,,,. Therefore B (Ar) N w‘/{p (F) c wﬁp (F).
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Corollary 3.11 Let A = (A,) and p = (u,) be two sequences in A such that A, < u, for all n € IN,,, and (Xx)
be a sequence of fuzzy mappings. If (1) holds then,

i) wi, (F) c w‘jp (F) foreacha € (0,1]and forall t € T,
i) wyy (F) C wip (F) foreacha € (0,1] and forallt € T,
iii) wyp (F) C wyy (F) forall t € T.

Corollary 3.12 Let A = (A,) and p = (u,) be two sequences in A such that A, < u, for all n € IN,,, and (Xx)
be a sequence of fuzzy mappings. If (2) holds then,

) B(Ap)N wip (F) c wyy (F) foreacha € (0,1]and forall t € T,
ii) B(Ap) N w‘}"tp (F) Cwyy (F) foreach a € (0,1] and for all t € T,
iii) B (Ar) Nwyp (F) C wyy, (F) forall t € T.

Theorem 3.13 Let @ and p be fixed real numbers such that 0 <« < <1,0 <p < o0 and A, < p, for all
n € N, and (Xi) be a sequence of fuzzy mappings. Then

(i) Let (1) holds, if a sequence of fuzzy mappings is strongly wﬁp (F) —summable to X then it is
S¢ (F) —statistically convergent to X,

(i1) Let (2) holds and (Xj) be a bounded sequence of fuzzy mappings, then if a sequence of fuzzy
mappings is S (F) —statistically convergent to X then it is strongly wﬁp (F) —summable to X.

Proof. (i) For any sequence of fuzzy mappings (Xi) and ¢ > 0, we have

ke}ﬂZteT d X (1), X O 2 EZ @ X)), X )Y
A(Xi(8),X(t))=e,teT

+ ké A Xk (B), X (®)
d(X (), X(H)<e, teT

> L @ X (1), X D)

kel,
(X (1), X(t)=e,teT
>[kel,:dXe (), X () > e}l &

and so that

ST @GO, XOF 2 kel d (X0, X0) 2 )l
Ly, k€JuteT Uy

; il{keln 1A (X (1), X (1) = e}| €.

=
A

=R

Falz

Since (1) holds it follows that if (Xj) is strongly wﬁp (F) —summable to X then it is S (X) —statistically
convergent to X.

(if) Suppose that S — lim X; (t) = X (t) on T and (Xi) € B (Ar). Then there exists some M > 0 such that
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d (X (), X (1)) < M for all k, then for every € > 0 we may write

SOY @0 XO) = L @0, XOF + 5 L @Xet), X0O)
Uy keJu teT U ke],—I,,teT Uy kel,,
n— An
<[EP s S Y @, x@)y
Wy Ly, kel teT
_ P
<[Pl Ly @em,xey
)\n [unkeln,teT
Hn 1
_ —ﬁ—l]M’”+—ﬁ Y @O, X0
/\n Lty kel teT
[A(X (), X(D)ze
fT @), XY
u kel teT

" AXi(),X (1) <e

< [”—ﬁ —1]M7’+ Aifukeznzd(xk(t),xa)) > el + e
AP A

n
for all n € N, . Using (2) we obtain that w’Zp (F) — lim X (t) = X (t) whenever S¢ (F) — lim X () = X () .
Corollary 3.14 Let A = (A,,) and y = (u,) be two sequences in A such that A,, < y, foralln € N,,,. If (1) holds

then,

i) If a sequence of fuzzy mappings is strongly wy, (F) —summable to X then it is S} (F) —statistically
convergent to X for each a € (0,1] and forallt € T,

ii) If a sequence of fuzzy mappings is strongly w,, (F) —summable to X then it is S} (F) —statistically
convergent to X for each a € (0,1] and forall t € T,

iii) If a sequence of fuzzy mappings is strongly w,, (F) —summable to X then it is S, (F) —statistically
convergent to X forall t € T.
Corollary 3.15 Let A = (A,,) and u = (u,) be two sequences in A such that A, < p, for all n € IN,,. If (2) holds
then,

i) If a bounded sequence of fuzzy mappings is S (F) —statistically convergent to X then it is strongly
Wy (F) —summable to X for each @ € (0,1] and for all f € T,

i) If a bounded sequence of fuzzy mappings is S} (F) —statistically convergent to X then it is strongly
wyp (F) —summable to X for each a € (0,1] and forall t € T,

iif) If a bounded sequence of fuzzy mappings is S, (F) —statistically convergent to X then it is strongly
wy,p (F) —summable to X forall t € T,

Theorem 3.16 (i) The spaces S}, (F) and wf{po (F) are solid and monotone,
(i) The spaces S¢ (F) and w‘j\‘p (F) are neither solid nor monotone.

Proof. (i) We shall prove only for 5% (F) and the other can be treated similarly. Let (Xi) be a sequence of
fuzzy mappings in S5, (F). Let d(Y (t),0) < d(Xi (), 0) for all k € N. The proof follows from the following
inclusion:

(ke N:d(Xi(t),0) > e} 2 ke IN:d(Yi(t),0) > &}
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The rest of the proof follows from the Remark 1.
(i))The proof follows from the following examples.
Example 1 Leta =1, A, = n for all n € IN and consider the sequences (Xx) and (Y) defined as follows:

] 1, fort=(,1,1,..,1)
Xi(t) = { 0, otherwise.

1, forallkoddandt=(-1,-1,-1,...,—-1)
0, forallkoddandt # (-1,-1,-1,...,—1)
1, forallkevenandt=(1,1,1,..,1)

1, forallkevenandt #(1,1,1,...,1)

Yi(t) =

Then (Xj) belongs to both S¢ (F) and wj‘po (F) and but (Yx) does not belong, hence the spaces are not solid.
Example 2 Let « = 1, A, = n for all n € IN and consider the sequence (Xy) defined by

X, =1,forall ke N.

Consider its [ step space Z; defined as (Yy) € Z; = Yy = X forallk=2i+1,i € Nand Yy = 0, otherwise.
Then (Xx) € S (F), but (Y}) does not belong to S¢ (F) . Hence the space S (F) is not monotone.

Theorem 3.17 The spaces S;"O (P, w‘/{po (F), S§ (F) and w, (F) are not symmetric.
Proof . The proof follows from the following example.
Example 3 Let o« = 1, A, = n for all n € IN consider the sequence (Xj) defined by

, k=#8ieNandt=(1,1,1,.,1)
. k=fieNandt#(1,1,1,.,1)
1, k##, foranyandt =(0,0,0,...,0)
0, k#i, foranyandt # (0,0,0,...,0)

(=

Xi(t) =

Consider the rearranged sequence (Yj) of (Xy), defined as follows :
(Yr) = (X1, X2, Xs, X3, Xo7, X4, Xe4, X5, X125, X6, X216, X7, X343, X9, ...)

Then (Xi) belongs to all the spaces, but (Yx) does not belong to, hence the spaces are not symmetric.
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