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Abstract. Recently, Wardowski [15] introduced the concept of F-contraction on complete metric space.
This type contraction is proper generalization of ordinary contraction. In the present paper, we give some
fixed point results for generalized F-contractions including Ciri¢ type generalized F-contraction and almost
F-contraction on complete metric space. Also, we give some illustrative examples.

1. Introduction and Preliminaries

Fixed point theory contains many different fields of mathematics, such as nonlinear functional analysis,
mathematical analysis, operator theory and general topology. The fixed point theory is divided into two
major areas: One is the fixed point theory on contraction or contraction type mappings on complete metric
spaces and the second is the fixed point theory on continuous operators on compact and convex subsets of a
normed space. The beginning of fixed point theory in normed space is attributed to the work of Brouwer in
1910, who proved that any continuous self-map of the closed unit ball of R” has a fixed point. The beginning
of fixed point theory on complete metric space is related to Banach Contraction Principle, published in 1922.
Let (X, d) be a metric space and T : X — X be a mapping. Then T is said to be a contraction mapping if
there exists a constant L € [0, 1), called a contraction factor, such that

d(Tx, Ty) < Ld(x, y) for all x,y € X. (1)

Banach Contraction Principle says that any contraction self-mappings on a complete metric space has a
unique fixed point. This principle is one of a very power test for existence and uniqueness of the solution of
considerable problems arising in mathematics. Because of its importance for mathematical theory, Banach
Contraction Principle has been extended and generalized in many directions (see[1-3, 6, 7, 9-14, 16]). One
of the most interesting generalization of it was given by Wardowski [15]. First we recall the concept of
F-contraction, which was introduced by Wardowski [15], later we will mention his result.

Let # be the set of all functions F : (0, o) — R satisfying the following conditions:

(F1) F is strictly increasing, i.e., for all a, § € (0, 00) such that a < 8, F(a) < F(B),

(F2) For each sequence {a,} of positive numbers lim,_,« a4, = 0 if and only if lim,_, F(a,) = —o0

(F3) There exists k € (0,1) such that lim,_,o+ a*F(a) = 0.
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Definition 1.1 ([15]). Let (X, d) be a metric spaceand T : X — X be a mapping. Then T is said to be an F-contraction
if F € ¥ and there exists T > 0 such that

Vx,y € X [d(Tx, Ty) > 0 = 1t + F(d(Tx, Ty)) < F(d(x, ))]. ?)

When Wardowski considered in (2) the different type of the mapping F then we obtain the variety of
contractions, some of them are of a type known in the literature. We can examine the following examples:

Example 1.2 ([15]). Let Fy : (0, 00) — R be given by the formulae F1(a) = Ina. It is clear that F1 € F. Then each
self mappings T on a metric space (X, d) satisfying (2) is an Fy-contraction such that

d(Tx, Ty) < e "d(x,y), forall x,y € X, Tx # Ty. 3)

It is clear that for x, y € X such that Tx = Ty the inequality d(Tx, Ty) < e *d(x, y) also holds. Therefore T
satisfies (1) with L = ¢77, thus T is a contraction.

Example 1.3 ([15]). Let F; : (0,0) — R be given by the formulae Fo(a) = o + Inav. It is clear that Fy € . Then
each self mappings T on a metric space (X, d) satisfying (2) is an F,-contraction such that

d(Tx/ Ty) A(Tx, Ty)— _
= P ATTy-dey) < o7 forall x,y € X, Tx # Ty. 4
d(x,y) f y y 4)

We can find some different examples for the function F belonging to # in [15]. In addition, Wardowski
concluded that every F-contraction T is a contractive mapping, i.e.,

d(Tx, Ty) < d(x,y), forallx,y € X, Tx # Ty.

Thus, every F-contraction is a continuous mapping.

Also, Wardowski concluded that if Fi,F, € ¥ with Fi(a) < Fy(a) for all@ > 0 and G = F, — F; is
nondecreasing, then every Fi-contraction T is an Fp-contraction.

He noted that for the mappings Fi(a) = Ina and Fy(a) = a + Ina, F; < F, and a mapping F, — F; is
strictly increasing. Hence, it obtained that every Banach contraction (3) satisfies the contractive condition
(4). On the other side, Example 2.5 in [15] shows that the mapping T which is not F;-contraction (Banach
contraction), but still is an Fp-contraction. Thus, the following theorem, which was given by Wardowski, is
a proper generalization of Banach Contraction Principle.

Theorem 1.4 ([15]). Let (X, d) be a complete metric space and let T : X — X be an F-contraction. Then T has a
unique fixed point in X.

The aim of this paper is to introduce the generalized F-contractions, by combining the ideas of Wardowski
[15] and Ciri¢ [8], also to introduce the almost F-contractions, by combining the ideas of Wardowski [15]
and Berinde [2], and give some fixed point result for these type mappings on complete metric space.

2. The Results

Definition 2.1. Let (X, d) be a metric spaceand T : X — X bea mapping. Then T is said to be a Ciri¢ type generalized
F-contraction if F €  and there exists T > 0 such that

Vx,y € X [d(Tx, Ty) > 0 = © + F(d(Tx, Ty)) < FM(x, v))], (5)

where

M(x, y) = max{d(x, y),d(x, Tx),d(y, Ty), %[d(x, Ty) +d(y, Tx)]}.
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By the considering F(@) = In @,we can say that every Ciri¢ type generalized contraction is also Ciri¢ type
generalized F-contraction.
One of our main result is as follows:

Theorem 2.2. Let (X,d) be a complete metric space and T : X — X be a Ciri¢ type generalized F-contraction. If T
or F is continuous, then T has a unique fixed point in X.

Proof. Let xg € X be an arbitrary point and define a sequence {x,} in X by x,, = Tx,—q forn € {1,2,---}. If
Xng+1 = Xp, for some ng € {0,1,---}, then Tx,, = x,,, and so T has a fixed point. Now let x,41 # x, for every
ne€{0,1,---}and let y, = d(xp11,%,) for n € {0,1,---}. Then y, > 0 foralln € {0,1,---}. Now using (5), we
have

F(yn) Fd(xns1,%n)) = F(d(Txn, TXn-1))

< FM(xp, xp-1)) — T
= F(max{d(xn/ xn—l)/ d(xn/ xn+1)}) -7
= Fmax{y,—1,ya}) - 7. (6)

If y, = y4-1 for some n € {1,2,- -}, then from (6) we have F(y,) < F(y,) — T, which is a contradiction since
7> 0. Thus y,, < yu-1 foralln € {1,2,---} and so from (6) we have

F(yn) < F(yn-1) — T
Therefore we obtain
F(yn) < F(yn-1) =T < F(yn—2) =27 < -+ < F(yo) — nt. @)
From (7), we get lim,,_, F(y,;) = —c0.Thus, from (F2), we have
lim y, = 0.
From (F3) there exists k € (0, 1) such that
lim y*F(y,) = 0.
By (7), the following holds for all n € {1,2,-- -}

YEE(n) = YEE(y0) < —yknt <0. @
Letting n — o0 in (8), we obtain that
lim ny% = 0. ©)

From (9), there exits n; € {1,2,---} such that nyﬁ <1 for all n > ny. So, we have, for all n > n;

1
VS iR (10)

In order to show that {x,} is a Cauchy sequence consider m, n € N such that m > n > n,.Using the triangular
inequality for the metric and from (10), we have

d(xn/ xm)

IA

d(xn/xn+1) + d(xn+1/xn+2) t+- d(xm—lzxm)

= YutVusartooF Ym—1
m—1

- Y
Y
i=n

(o)

1
Y

i=n

IA

IA
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By the convergence of the series Z a7, passing to limit n — oo, we get d(x,, x,,) — 0. This yields that {x,}
=1

is a Cauchy sequence in (X, d). Smce (X, d) is a complete metric space, the sequence {x,} converges to some
point z € X, that is,lim;,_,c X, = z.

Now, if T is continuous, then we have z = lim,_,o X;+1 = lim, e Tx, = T(lim,—e x,) = Tz and so z is a
fixed point of T.

Now, suppose F is continuous. In this case, we claim that z = Tz. Assume the contrary, that is, z # Tz.
In this case, there exist an 1y € IN and a subsequence {x,,} of {x,} such that d(Tx,,, Tz) > 0 for all n; > ny.
(Otherwise, there exists n; € IN such that x, = Tz for all n > ny, which implies that x, — Tz. This is a
contradiction, since z # Tz.) Since d(Tx,,, Tz) > 0 for all ny > ny, then from (5), we have

T+ Fd(xy41,T2)) = t+Fd(Tx,,Tz))
F(M(xy,,z))

IA

IA

Flmax{dC, 2), (%), (2, T2), 31d(v, T2) + dCe, )1,

Taking the limit k — oo and using the continuity of F we have t + F(d(z, Tz)) < F(d(z, Tz)), which is a
contradiction. Therefore we claim is true, that is z = Tz.
The uniqueness of the fixed follows easily from (5). O

Example 2.3. Let X = {5 : n € N} U {0} and d(x, y) = , then (X, d) is complete metric space. Define a map

T:X—-X,
1 1
. r YT

Tx =
0 , x=0

First, let us consider the mapping Fy defined by F1(a) = Ina. Then T is not generalized Fy-contraction (which actually
means that T is not the generalized contraction of Ciri¢ type (see page 69 of [8])). Indeed, we get

d(Tx, Ty)

X, YEXX#Y M(x/ ]/) B

On the other side, taking F, with

Ina 2
—“g , O<a<e
F(a) =

2

2 2
a—e+2 , a>e

It is easy to see that the conditions (F1), (F2) and (F3) (for k = % ) are satisfied (Also note that F is continuous). We
obtain that T is generalized Fy-contraction with T = In2. To see this, let us consider the following calculations: Note
that sup,, . d(x,y) =1 < .

T is generalized F-contraction with T = In2 if and only if

Vx,y € X[d(Tx, Ty) > 0 = In2 + F,(d(Tx, Ty)) < F2(M(x, y))]. (11)
To see (11), it is sufficient to show that (by the (F1))

Vx,y € X[d(Tx, Ty) > 0 = In2 + F5(d(Tx, Ty)) < F2(d(x, y))].

o Vx,y € X[d(Tx, Ty) > 0 = d(Tx, Ty) V”‘T”V d(x, y) %]

Tr Ty

& Yy, yeX[|Tx Ty’>0:»
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Now if x = & and y = 2 with m > n, then

1 1

1 1 L1 (1 1\ =TT
— (n+1)=  (m+1) —_ 2 m2
(n+1)2  (m+1)>2 (n2 mz)

|Tx — Ty)ﬁ |x — yl_ﬁ

_ (+D(m+1) _nm___

(m +1)2 — (n + 1)\ Vo2 [ m? V22
n2m2

(n + 1)2(m + 1)2

_ (+D(m+1)
(Wl + 1)2 (1’[ + 1)2) (m+1)2—(n+1)2 (
(

(n+1)2(m + 1)? m?m?2 m+n+2

_ (+D(m+1)
(m+1)2— (n+1)2

(n + 1)2(m + 1)2
m+1)2 — (n+ 1)? (m + n)(n + 1)*(m + 1)? Ve
(n+ 1)2(m + 1)2 (m + n + 2)n?m?

(n+1)(m+1) _onm__

nim

m2—n m+n+2)\/m2_n2

|
|
((m +1)2 = (n +1)2
§
- (

m+1)? —(n+ 1)2) N e TR e ( (m + n + 2)n’>m?

(n+ 1)2(m + 1)2
On the other hand, since

(m+1)* = +1)? 1
n+12m+12 — 2

n+1D(m+1) __nm

>1
Vm+1)2-(n+12  Vm?-n?
and
(m +n + 2n’m?
(m +n)(n + 1)%(m + 1)?
then we have
S S 1
|Tx=Ty] < =,
—2
Therefore (11) is satisfied.
Now if x = L and y = 0, then
1
1— Y 7% —_ 1 ﬁ 1 _T
|Tx = Ty| ol |x — y| Vi1 = e A | |
n2n

(n + 1)2(Vl+1)
nZ(n+1) 1

(n + 120D 2

n 2(n+1) 1
(n + 1) n2

1

< .
-2

(m +n)(n + 1)2(m + 1)?

) \ le *Vlz

1147

nm

Therefore (11) is satisfied. Thus all conditions of Theorem 2.2 are satisfied and so T has a unique fixed point in X.
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For the second result, we recall the concept of almost contraction on metric space (see [3] and [4] for
detailed information).

Definition 2.4. Let (X, d) be a metric space and T : X — X is a self operator. T is said to be an almost contraction
(or (6, L)-weak contraction) if there exist a constant 6 € (0,1) and some L > 0 such that

d(Tx, Ty) < 6d(x,y) + Ld(y, Tx) (12)
forallx,y € X.

Note that, by the symmetry property of the distance, the almost contraction condition implicitly includes
the following dual one

d(Tx, Ty) < 6d(x, y) + Ld(x, Ty) (13)

forallx, y € X. So, in order to check the almost contractiveness of a mapping T, it is necessary to check both
(12) and (13).

In [3] and [4], Berinde shows that any Banach, Kannan, Chatterjea and Zamfirescu mappings are almost
contraction. Using the concept of almost contraction mappings, Berinde [4] proved the following fixed
point theorem:

Theorem 2.5. Let (X, d) be a complete metric space and T : X — X an almost contraction, then T has a fixed point.

Also, Berinde shows that any almost contraction mapping is a Picard operator. Again, Berinde [5]
introduced the nonlinear type almost contraction using a comparison function and obtained some fixed
point results

In the parallel manner we introduce the following definition.

Definition 2.6. Let (X, d) be a metric spaceand T : X — X be a mapping. Then T is said to be an almost F-contraction
if F € ¥ and there exist T > 0 and L > 0 such that

Vx,y € X [d(Tx, Ty) > 0 = t + F(d(Tx, Ty)) < F(d(x, y) + Ld(y, Tx))]. (14)
In order to check the almost F-contractiveness of a mapping T, it is necessary to check both (14) and
Vx,y € X [d(Tx, Ty) >0 = v+ F(d(Tx, Ty)) < F(d(x, y) + Ld(x, Ty))]. (15)

Remark 2.7. By the considering F(e) = Inar, we can say that every almost contraction is also almost F-contraction.
1

But the converse may not be true. To see this, we can take x = % and y = ez in Example 2.3, then we have
d(y, Tx) = 0 and
1 1
sup—7— =1
neN (52, Grpe)

Thus we can not find 6 € (0,1) and L > 0 satisfying (12). But, by the same example, T is an almost F-contraction.

Using the concept of almost F-contraction, we can give the following fixed point result. Note that, T (or
F) need not be continuous in the following theorem.

Theorem 2.8. Let (X, d) be a complete metric space and T : X — X be an almost F-contraction, then T has a fixed
point in X.
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Proof. Let xgp € X be an arbitrary point and define a sequence {x,} in X by x, = Tx,,; forn € {1,2,---}. If
Xpg+1 = Xp, for some ng € {0,1,---}, then Tx,, = x,,, and so T has a fixed point. Now let x,,1 # x, for every
n€l{0,1,---} and let y, = d(xy41,x,) forn € {0,1,---}. Theny, > Oforalln € {0,1,---}. Now using (14), we
have

F(yn) = F(d(xn, xn41))
= Fd(Txy-1, Txy))
< F(d(xp-1,xn) =7

Therefore we obtain
Fyu) £ F(Yp-1) =T < F(yp—2) =21 < --- < F(yg) — nt.
and so we get lim,,, F(y,) = —c0.Thus, from (F2), we have

lim y, = 0.

n—oo

By the same way as in the proof of Theorem 2.2, we can show that {x,} is a Cauchy sequence in (X, d). Since
(X, d) is a complete metric space, the sequence {x,} converges to some point z € X, that is, lim,_, x, = z.
On the other hand, from (F2) and (14), it is easy to conclude that

d(Tx, Ty) < d(x,y) + Ld(y, Tx)
for all x, y € X with Tx # Ty. Therefore, for all x, y € X
d(Tx, Ty) < d(x,y) + Ld(y, Tx) (16)

is satisfied. Thus, from (16),

d(TZ/ xn+1)) d(TZ/ Txn)
d(x,, z) + Ld(z, Tx,,)
d(xy, z) + Ld(z, xp41)-

IAN I

Taking the n — co we have d(z, Tz) =0and sosoz =Tz. [

In Remark 2.7 we give an example that the mapping T is almost F-contraction but not almost contraction.
Now we give an example showing that T is almost F-contraction but not F-contraction. Therefore Theorem
2.8 can be applied to this example but Theorem 1.4 can not.

Example 2.9. Let X = [0,1] U {2,3} and d(x,y) = |x -y
T:X—-X

, then (X, d) is complete metric space. Define a map

1-
Lr  xel0,1]

Tx =
x , x€{2,3}
Since d(T2,T3) =1 =4d(2,3), then forall F € ¥ and © > 0 we have
T+ F(d(T2,T3)) > F(d(2,3)).

Therefore, T is not F-contraction, and so Theorem 1.4 can not be applied to this example.
Now, let us consider the mapping F defined by F(a) = Ina. Then T is almost F-contraction with T = In2 and
L = 4. Note that if d(Tx, Ty) > 0, then x # y, and so

Vx,y € X[d(Tx, Ty) > 0 = 7 + F(d(Tx, Ty)) < F(d(x, y) + Ld(y, Tx))]
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is equivalent to
Vx,y € X[x #y = d(Tx, Ty) < e "d(x,y) + Le”*d(y, Tx)]

and so
Vy,ye X[x # y=d(Tx, Ty) < %d(x, y) +2d(y, Tx)] (17)

Now we consider the following cases:

Case 1. Let x,y € [0,1], then d(Tx, Ty) = % |x -y
is satisfied.

Case 2. Let x,y € {2,3}, then d(Tx, Ty) = |x -y
satisfied.

Case 3. Let x € [0,1] and y € {2,3}, then d(Tx, Ty) = ’2y+2x_1
clear that (17) is satisfied.
Case 4. Let x € {2,3} and y € [0, 1], then d(Tx, Ty) =

d(Tx, Ty) = % and 1d(x,y) + 2d(y, Tx) = 3(x — y). Since 2x+2y_1 < 2(x —v), (17) is satisfied.

,d(x,y) = Ix - y( and d(y, Tx) = ’%‘ It is clear that (17)

,dx,y) = |x - y| and d(y, Tx) = |x - y|. It is clear that (17) is

,d(x,y) = |x - y| and d(y, Tx) = ‘2y+2x_1 | It is

2x+y-1
2

,d(x,y) = |x - y| and d(y, Tx) = |x - y|. Therefore

In Theorem 2.8, we show that if T is an almost F-contraction, then it has a fixed point. But in order to
guarantee the uniqueness of the fixed point of T, we have to consider an additional condition, as in the
following theorem.

Theorem 2.10. Let (X, d) be a complete metric space and T : X — X be an almost F-contraction. Suppose T also
satisfies the following condition: there exist G € ¥ and some Ly > 0 and ©1 > 1 such that

Vx,y € X [d(Tx, Ty) > 0 = 11 + G(d(Tx, Ty)) < G(d(x, y) + L1d(x, Tx))] (18)
holds. Then T has a unique fixed point in X.

Proof. Suppose that, there are two fixed point z and w of T. If d(z, w) = 0, it is clear that z = w. Assume that
d(z,w) > 0. By (18) with x =z and y = w, we have
71 + G(d(z, w)) 71 + G(d(Tz, Tw))
< GW(z,w) + Ld(z, Tz))
= Gz, w)),

which is a contradiction. Therefore T has a unique fixed point. [

Acknowledgement. The authors are thankful to the referees for making valuable suggestions leading to
the better presentations of the paper.
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