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A Second Order Differential Equation with Generalized
Sturm-Liouville Integral Boundary Conditions at Resonance

Zengji Du?, Jian Yin?

?School of Mathematics and Statistics, Jiangsu Normal University,Xuzhou, Jiangsu 221116, P. R. China

Abstract. By using Mawhin coincidence degree theory, we investigate the existence of solutions for a
class of second order nonlinear differential equations with generalized Sturm-Liouville integral boundary
conditions at resonance. The results extend some known conclusions of integral boundary value problem
at resonance for nonlinear differential equations.

1. Introduction

In this paper, we discuss the following nonlinear differential equation with generalized Sturm-Liouville
integral boundary conditions at resonance

X" = f(t, x(t), X' (1)) +e(t), t € (0,1), (1.1)

1

1
ax(0) — bx’ (0) = fo gOXDAE®), cx(1) +dx’' (1) = fo h(Hx(Hdn(t), 1.2)

where f : [0,1] X R? — R is a Carathéodory function, h(t), g(t) € C[0,1], e(t) € L'[0,1]. &(t) and 7(t) are

bounded functions satisfying m&(t) > 1, mn(t) > ¢, m = tl'IEl(}liI) {h(t), g(t)}, and constants a,b,c,d € R.
<(0,

It is well known that nonlinear differential equations with integral boundary conditions have been
used in description of many phenomena in the applied sciences. For instance, heat conduction, chemical
engineering and underground water flow and so on [1-3]. Therefore, boundary value problem (BVP for
short) with integral boundary conditions has been studied by many authors [4-8]. For example, Zhang et
al. [4] applied Mawhin coincidence degree theorem to considered second order nonlinear boundary value
problem of the following type

x” = f(t,x(t),x'(#),t €(0,1), (1.3)

1 1
¥(0) = fo Wt (f)dt, (1) = fo g(OX (Dt (1.4)
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where i, g € C([0, 1], [0, +o0)) with fol h(t)dt =1, j(;l g(t)dt = 1, and they obtained some results based on the
following assumption
1- [Ttgdt 3 - [ gyt
Jo g 2 Jo g
|y th(tdt 1 |y Phwat
But in this paper, we will prove this condition is redundant.

The differential equations of the form (1.1) have also been discussed in [7] but with the boundary
conditions as follow

A=

1 1
X(0) = fo (XL, x(1) = fo B (e, (15)

where f : [0,1]XR? — Ris a Carathéodory function, e(t) € L'[0, 1], a(t), B(t) € CIO, 1]. &(t), 1(t) are bounded,

variation, nondecreasing and monotonous functions. And Mn(t) < 1, m&(t) > 1, m = n}(}rf) a(t), M =
te(0,

max ().
te((),l)ﬁ( )

However, without the case of resonance, in [8], by using Leray-Schauder continuation theorem, the au-
thors considered second-order boundary value problem with generalized Sturm-Liouville integral bound-
ary conditions

x” = f(t,x(t), x'(t)) +e(t), t € (0,1),

1 1
ax(O)—ﬁx'(O):fO a(t)x(t)dt, )/Jc(1)+6x’(1):f0 b(t)x(t)dt.

On the basis of above papers, in this paper, we shall use Mawhin coincidence degree theory to investigate
the existence of solution for a class of boundary value problem with generalized Sturm-Liouville integral
boundary conditions at resonance. We extend some results in refs [4, 7].

2. Preliminaries

Now, some notations and an abstract existence result [9] are introduced.

Let Y, Z be real Banach spaces and let L : domL C Y — Z be a linear operator which is a Fredholm map
of index zeroand P : Y — Y, Q : Z — Z be continuous projectors such that ImP = KerL, KerQ = ImL and
Y = KerL & KerP, Z = ImL & ImQ. It follows that L|domLmKerP : domL N KerP — ImL is invertible, we
denote the inverse of that map by Kp. Let Q) be an open bounded subset of Y such that domL N Q) # @, the
map N : Y — Z is said to be L—compact on Q if the map QN(Q) is bounded and Kp(I — Q)N : Q — Y is
compact.

Lemma 2.1. ([9, Theorem IV])Let L be a Fredholm map of index zero and let N be L—compact on Q. Assume that
the following conditions are satisfied:

(i) Lx # ANx for every (x, A) € ((domL\KerL) N dQ) x [0, 1];

(ii) Nx ¢ ImL for every x € KerL N dQ);

(iii)  deg(QNlgpp . N KerL,0) # 0, where Q : Z — Z is a continuous projector as above with ImL = KerQ.

Then the abstract equation Lx = Nx has at least one solution in domL N .

For x € C'[0, 1], we use the norm ||x||e = n}gﬁ Ix(®)l, lIxIl = max{||x]lco, [[X’|lco}, denote the norm in L'[0, 1]
te(0,
by || - |l1, and the Sobolev space W>1(0, 1) as
W21(0,1) = {x : [0,1] = R : x, x’are absolutely continuous on [0, 1] with x”’ € L'[0,1]}.

Let Y = C![0,1], Z = L[0, 1], and define the linear operator L : domL C Y — Z as Lx = x”, x € domlL,
where
domL = {x € W>1(0,1) : x satisfies boundary conditions (1.2)}.
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Define N:Y — Z as
Nx = f(t,x(), x'(£)) +e(t), te(0,1),

then BVP (1.1), (1.2) can be written as Lx = Nx.
The resonance conditions of BVP (1.1), (1.2) are as follow

1 1 1 1
d =a, d = -b, h(t)d =g, h(t)td = d. C
[ ot =a, [ gonzey= b [ norine =c, | nane =+ ©
Define some signs as follow
M = max h(t),
te(0,1)
( 1+1)fg (HPdE(t) ( 1+1) {flh(t)t””dn(t)—c—d(m1)]
Ap,q) = pp pp 0 )
f (HtI1dE(t) ! fl h(Ht1*1dn(t) — c — d(g + 1)
q(q+1)og q@q+1) |5 1 1
+ 1 ! +
myy = T 1)f gPAE(), mip = (p+1)[f0 h(t)Pdn(t) — c — d(p + 1)],
My = q(q ) f gOITAE(), My = PP 1)[f W)t dn(t) — c — d(g + 1)].

Lemma 2.2. Assume conditions (C) hold, then there exists p € Z*, g € Z*, g > p + 1, such that A(p,q) # 0.
Proof. It is obvious that there exists g € Z*, such that fol (Ot dn(t) # c + d(g + 1). If else, we have

1
i h@#dn(t) = ¢ +d(g +1).
Because of

1 1 1
f h()t dn(t) < M f t¥dn(t) = Mn(1) - M f n(tydtT+,
0 0 0
then
1 1
lim f h(t)tdn(t) < lim [Mn(1) - M f n(tydt™] = Mn(1).

Since 1)(f) is a bounded function, so there exists M; € R such that lirp fol h(t)t1*1dn(t) < My. But when d # 0,
L]—) o0
we have lil’i’l [c +d(g + 1)] = co which is a contradiction.
q—) 0
On the other hand, when d = 0, since lir+n fol h(Ht11dn(t) > mn(1) > ¢, but lir+n [c +d(g + 1)] = c. Hence
[i—) (o) q—) o0

[ hOEn(e) # ¢+ d(g + 1),

Similarly, due to lil’P _[)1 g(H)t171dE(t) > m&(1) > 1. Then for each ] € Z, there exists k; € {In+1,...,(I+1)n}

g—+00

such that fol gtR+1dE(t) # 0.
Set

1 ) d WO (R —  — dlk + 1
S =tk ez:f WP (e - ¢ — dp + 1) = ) gOEag@Lf, ko tdn() - c - ik + )] '
0 f g(t tklﬂdé(t)
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then S is a finite set. If else, there have a monotone sequence {k;}, s € Z*, k;, <k;,, such that

s+1

[ g e[ hetdn) - c - d(k, +1)]

1
f WP Ldn(t) — c — d(p + 1)
0

I gyt ds )
C fol gt dE)] folh(t)tkls“dn(t)—c—d(k,s+1)]
by i gt 1dee)

= 09,

which contradicts to the definition of S. Hence A(p, q) # 0. The proof is completed.

Lemma 2.3. If conditions (C) hold, then L : domL Cc Y — Z is a Fredholm operator of index zero.
Furthermore, the continuous projector operator Q : Z — Z can be written by

Qu = (i)' + (Tay)t™™,

where
1

Alp,q)

[mnQuy + mnQuyl, Toy = [m12Q1y + m11Qayl,

1
Ty = Ap,q)

1 t 1 t 1 1
Quy = fo g(0)( fo (t = )Y(SE(), Qay = fo o) fo (t = y(sE() — ¢ fo (1 - S)y(s)ds —d fo y(s)d.

The linear operator K, : ImL. — domL N KerP can be defined by

1
Kyy(t) = % fo (t —s)y(s)ds, y € ImL.

As well, we have ||[K,yll < [lylli, y € ImL.
Proof. It is easy to get that KerL = {x € domL : x = ¢ + ¢2t, ¢1,¢2 € R}. Now we proof that

ImL={yeZ:Qiy=Qy=0}L (2.1)

Since the equation
xl/ = y, (22)

has a solution x(f) such that boundary conditions (1.2) , if and only if
Qiy=Qy=0. (2.3)

In fact, if (2.2) has a solution x(t) satisfies the boundary conditions (1.2), then we have

1
x(t) = x(0) + x’(0)t + f (t — s)y(s)ds.
0

According to conditions (C), we have Qv = Q,y = 0.

On the other hand, we let x(t) = ¢1 + cof + fot(t — 5)y(s)ds, where ¢y, ¢, are constants. If (2.3) holds, then
x(t) is a solution of (2.2) with boundary condition (1.2). Hence (2.1) holds.

From Lemma 2.2, there exists p € Z*, g € Z*, g > p + 1, such that A(p,q) # 0. Define

1 1
Tiy = W[WZZQW + muQuyl, Toy = m[mlely +mnQayl,

and Qy = (T1y)# + (Toy)t"™!, then dim ImQ = 2.
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So one has

Ti(Tay)t ™)

[moQi(T1y)F ) + moy Qo(Tay)# )]

Alp,q)
- ﬁ[’”zz@(ﬂ’_l) + mn QoI Try
= ﬁ[ﬂizzmn — mymyp]Thy
= Ty,
T(Toy)t ™) = ﬁimﬂgl((mw*) + man Qa(Tay)t"™)]
- ﬁ[mzz&(tq_l) + mn Qa(t )Ty
= m[—mzzmn + myymp]Ty
= 0.

Similarly, we have
To(Tiy)tP™1) = 0, To((Tay)t"™) = Tay.
Then we can get
Qy = QMuyM)F ™" + (TayE)H™)
Ti(Ti# ™) + Ti(Toy)t'™) + To(Tay)t ™) + To(Tay)t'™)
= Qy

Hence Q is a operator which we need.
Next we show that KerQ = ImL. If y € KerQ, then Qv = 0. By the definition of Qy we obtain

m m
20,020 2,92V =0
m m
A(pl’zq) Quy + W%sz =0.
According to
M2 M3
Apg)  Apg) 1
) my | A, q) #0,

Alp,q9) Ap,q)

one has Q1y = Qoy =0, ie. y € ImL.
If y € ImL, then Q1y = Qoy = 0,i.e. Qy = 0. Hence y € KerQ, and KerQ = ImL.
Fory € Z,let y = (y — Qy) + Qy, then Q(y — Qy) = Qy — Q*y = 0, we have y — Qy € KerQ = ImL. And
we know that Qy € ImQ, so we can get Z = ImQ + ImL.
On the other hand, for ¥ y € ImQ N ImL. Since y € ImQ, there exist a,b € R such that y = at’~! + bt171.
From y € ImL, we have
mii1a + 171211’) =0,
miza + T’nzzb =0.

In view of

‘ TR 2 Apg) # 0,

mip Mo
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soa=0b=0ie y=0.Hence Z =ImQ ®ImL. Since dimKerL = dimImQ = codimImL = 2, thus L is a
Fredholm map of index zero.
Let P: Y — Y as follow P(x(t)) = x(0) + x'(0)t, t € (0, 1). Then the generalized inverse of L which is K, :

ImL — domL N KerP with K, (y(t)) = fol (t=95)y(s)ds, y € ImL. In fact, for y € ImL, then L(K,,y) = (K,)” = y(t).
Besides, if x(t) € domL N KerP, one has

t
(KpL)x(t) = (Kp)x"'(t) = fo (t = s)x”"(s)ds = x(t) — x(0) — x’(0)t = x(t) — Px(2).

As aresult of x € domL N KerP, then Px(t) = 0. Thus (K,L)x(t) = x(t).
Clearly, ||K,yll < [lyll1. The proof of Lemma 2.3 is completed.

3. Main Results

Theorem 3.1. Suppose the conditions (C) hold, and assume that
(H1) There exists a(t), B(t), y(t) € L[0,1]. For Y(x1,x2) € R?, t € (0,1), we have

[f (£, x1, 22)] < a(®)lxa] + B(E)lxal + p ().

(Hy) There exists a constant A > 0 such that x(t) € domL, if |x(f)] > A, |x'(t)] > A. For each t € (0,1), then
either Q1 N(x(t)) # 0 or QaN(x(#)) # 0.
(H3) There exists a constant B > 0. For a,b € R, when |a| > B, |b| > B, we have either

QiN(a + bt) + QoN(a + bt) > 0, (3.1)

or
Q1N(a + bt) + Q:N(a + bt) < 0. (3.2)

Then BVP (1.1), (1.2) have at least one solution in C'[0, 1], and we can get that [lall; + Il < 1.
Proof. We will divide the proof into following four steps.
Step 1: Let O = {x € domL\KerL : Lx = ANx, A € [0,1]}. Then the set (); is bounded.

Assume that x € QQ;, we get Lx = ANx. Then when A # 0, we have Nx € ImL, and Q1N(x) = Q>N(x) = 0.
For (H,), there exists t1, t, € (0,1), such that |x(t;)| < A, |x'(t2)] < A. Since x, x" are absolutely continuous
and

¢ ¢
x(t) = x(t1) + f x'(8)ds, x'(t) = x'(t) + f X" (s)ds.
21 t

So we have |[x]|leo < 2A + |[x"|l1, lIXlle < A +[Ix”|]1.
From (H;), we can get

"Il = IILxIh INx[l1
llallllxlleo + N1BlI X lloo + 11l + llelly

(ladly + 1BlDIx" Il + @lladl + 1Bl)A + 1yl + llells.

ININ A

Hence ||x’|| £ —————[2||a]1 + A + + |lell1]-
[Ix”1] 1—(|IaII1+IIl3II1)[( llally +11BlIDA + Iyl + [lell]

Thus, there exists a constant N; > 0 such that [|x|| < N1, and ||all; + [|8lli < 1. So () is bounded.
Step 2: Let (), = {x € KerL : Nx € ImL}. Then the set (), is bounded.

For x € (), we have x € KerL and Nx € ImL = KerQ. So x can be defined by x = ¢; + ¢2t, ¢1,¢2 € R. Since
ONx = 0, thus Q1N(c1 + c2t) = Q2N(c1 + c2t) = 0. From (H3), we can get [|x|| < |c1] + |c2| < 2B. Therefore €, is
bounded.

Step 3: Let QO3 = {x e KerL: AJx + (1 — A)QNx =0, A € [0, 1]}. Then the set Q3 is bounded.
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The linear isomorphism | : KerL — ImQ define by

J(c1 +cot) = (@t + apt™h),

1
Ap,q)

where
a1 = myplc1| + mailcal, az = maoler| + myileal.

For any x(t) = ¢; + cot € Qz and AJx + (1 — A)QNx = 0, we obtain

A’gfq) [Aler] + (1 = DQIN(er + e2b)] + A’Zflq) [Alezl + (1 = DQ:N(er + D] = 0,
A(p1,2q) [/\|C1| + (1 _ A)QlN(Cl + Czt)] + A(plllq) [/\|C2| + (1 - A)QzN(Cl + C2t)] =0.
In view of
%) Mo
Alpg) Apg) | 1 0
myn myy B Alp,q) 7O
Alp,g)  Ap,q)
we have

Alerl + (1 = A)Q1N(c1 +cot) = 0,
/\|C2| + (1 - /\)QzN(Cl + Czt) =0.

If A =1, thenc; =c, =0.If A # 1 and |c1|] > B,|cz] > B, in the view of the equality and (3.1), we
have A(lcq| + |c2]) = —=(1 — A)[Q1N(c1 + cot) + QaN(cy + )] < 0, which contradicts A(|cq| + |c2]) > 0. Thus
llx]] < |c1| + |ez2] < 2B, i.e. Q3 is bounded.

If (3.2) holds, then set Q3 = {x € KerL : =AJx + (1 — A)QNx =0, A € [0,1]}. Similar to the above, we can
show Q)3 is bounded too.

3
Step 4: Set Q) is an open bounded subset of Y such that {JQ; ¢ Q. By using Ascoli-Arzela theorem,
i=1

Kp(I- Q)N : Q- Yis compact, thus N is L—compact on Q. Then from the above discuss, we have
(i) Lx # ANx for every (x, A) € ((domL\KerL) N dQ) x [0, 1].
(ii) Nx ¢ ImL for every x € KerL N dQ.
Now we will prove (iii) of Lemma 2.1 is satisfied. Let H(x, A) = +AJx + (1 — A)QNx. By the step 3, we
have H(x, 1) # 0, Vx € dQ N KerL. Hence, by using the homotopy property of degree,

deg(ONlker, QNKerL,0) = deg(H(-,0),QNKerL,0)

= deg(H(-,1),QQNKerL,0)
# 0.

By Lemma 2.1, Lx = Nx has at least one solution in domL N Q. So BVP (1.1), (1.2) has at least one solution
in C'[0, 1]. The proof of Theorem 3.1 is completed.

Remark 3.2. Ife(t) =0, a=c=0, b=-1, d =1, &) = n(t) = t, and there exists g(t), h(t) € C[0, 1] such that
g(Ox(t) = a(t)x’'(t), h(t)x(t) = p(t)x’(t). Then BVP (1.1), (1.2) is the problem discussed in [4].

Remark 3.3. Takinga =d =1, ¢ = b = 0, and there exists h(t) € C[0, 1] such that h(t)x(t) = B(t)x'(t), then BVP
(1.1), (1.5) discussed in [7] is special case of BVP (1.1), (1.2). And in this paper, we only require &(f), n(t) are
bounded.
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