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Abstract. In this paper we study the concepts of Wijsman 7 -statistical convergence, Wijsman 7-lacunary
statistical convergence and Wijsman strongly 7-lacunary convergence of sequences of sets and investigate
the relationship between them.

1. Introduction, Definitions and NotationS

The concept of 7-convergence in a metric space, which is a generalized from of statistical convergence
by Fridy [6], was introduced by Kostyrko, Saldt and Wilczynki [10]. Later it was further studied many
others. Recently, Das et al. [5] introduced new notions, namely J-statistical convergence and 7-lacunary
statistical convergence by using ideal.

The concept of convergence of sequences of numbers has been extended by several authors to conver-
gence of sequences of sets. The one of these such extensions considered in this paper is the concept of
Wijsman convergence (see, [2, 4, 8,12, 14-16]). Nuray and Rhoades [12] extended the notion of convergence
of set sequences to statistical convergence, and gave some basic theorems. Ulusu and Nuray [14] defined
the Wijsman lacunary statistical convergence of sequence of sets, and considered its relation with Wiijsman
statistical convergence, which was defined by Nuray and Rhoades. Recently, Kisi and Nuray [8] introduced
a new convergence notion, for sequences of sets which is called Wijsman 7-convergence.

In this paper we extend the concepts of 7-statistical convergence and J-lacunary statistical convergence
to the concepts of Wijsman J-statistical convergence, Wijsman 7-lacunary statistical convergence and
Wijsman strongly 7-lacunary convergence of sequences of sets and investigate the relationship between

them which were defined by Kisi and Nuray [8].
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2. Definitions and Notations

Let (X, p) be a metric space. For any point x € X and any non-empty subset A of X, we define the

distance from x to A by
d(x,A) = ;2/{ p(x, a).

Definition 2.1. ([2]) Let (X, p) be a metric space. For any non-empty closed subsets A, Ax € X, we say that the

sequence {Ax} is Wijsman convergent to A if
%im d(x, Ax) = d(x, A)
for each x € X. In this case we write W — lim Ay = A.

Definition 2.2. ([6]) The sequence x = (xy) of elements of R is said to be statistically convergent to the number L if

for every € > 0,
1
Im—|{k<n:|xx—L|>e}=0.
non
In this case we write st —limx;, = L.

Definition 2.3. ([12]) Let (X, p) be a metric space. For any non-empty closed subsets A, Ay C X, we say that the
sequence {Ax} is Wijsman statistical convergent to A if {d(x, Ax)} is statistically convergent to d(x, A); i.e., for ¢ > 0
and for each x € X,

lim %l{k < d(x, Ay) — d(x, A) > )] = 0.

n—oo

In this case we write st — limy Ax = A or Ay — A(WS).

By alacunary sequence we mean an increasing integer sequence 0 = {k,} such thatky = Oand i, = k,—k,_1 —
o0 as r — oo. Throughout this paper the intervals determined by 6 will be denoted by I, = (k.—1, k], and

ratio

k]fj] will be abbreviated by g;.

Definition 2.4. ([14]) Let (X, p) a metric space and 6 = {k,} be a lacunary sequence. For any non-empty closed
subsets A, Ax € X, we say that the sequence {Ax} is Wijsman lacunary statistical convergent to A if {d(x, Ax)} is

lacunary statistically convergent to d(x, A); i.e., for € > 0 and for each x € X,
lim hll kel :ld(x,Ay) —d(x,A)| > €} | = 0.
In this case we write Sg — limy Ay = A or Ay — A(WSy).

Definition 2.5. ([10]) A family of sets I C 2N is called an ideal if and only if
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(i) 0el,

(ii) Foreach A,B € 7 wehave AUB € 7,

(i1i) For each A € 7 and each BC AwehaveB € 7.

An ideal is called non-trivial if N ¢ 7 and non-trivial ideal is called admissible if
{n} € I for eachn € IN.

Definition 2.6. ([10]) A family of sets F C 2N is a filter if and only if

(i) 0¢F
(ii) Foreach A,B € Fwehave ANB€F,
(i17) For each A € F and each B2 A we have B € F.

Proposition 2.7. ([10]) I is a non-trivial ideal in IN if and only if
F(I)={McN:{dAel)(M=IN\A)}
is a filter in IN.

Definition 2.8. ([10]) An admissible ideal I C 2N satisfies the property (AP), if for every countable family of
mutually disjoint sets {A1, A, ...} belonging to I, there exists a countable family of sets {B1, B, ...} such that A;AB;
is a finite set for j € N and B = \J}Z, B; € I (hence B; € I for each j € N).

Definition 2.9. ([10]) Let I c 2N be an admissible ideal of subsets of N. A sequence (xi) of elements of R is said to
be T-convergent to L € R if for each € > 0 the set A(e) = {n € N : |x, — L| > ¢} belongs to 1.

Definition 2.10. ([8]) Let (X, p) be a metric space and I C 2N be an admissible ideal of subsets of N. For any
non-empty closed subsets A, A C X, we say that the sequence {Ax} is Wijsman I -convergent to A, if for each ¢ > 0 and
foreach x € X theset A(x, e) = {k € N : |d(x, Ax) —d(x, A)| > €} belongs to 1. In this case we write Iy —lim A, = A
or Ay = AT w).

Definition 2.11. ([5]) Let I be an admissible ideal of subsets of IN. A sequence x = (xi) of elements of R is said to
be I-statistically convergent to L or S(I')—convergent to L if for each ¢ > 0 and 6 > 0,

1
{nelN: ;lkSn:ka—LIZé‘IZ(S}
belongs to I. In this case, we write x; — L(S(1)).

Definition 2.12. ([5]) Let O be a lacunary sequence and I be an admissible ideal of subsets of IN. A sequence x = (xy)
of elements of R is said to be I-lacunary statistically convergent to L or Sg(I')—convergent to L if for each & > 0 and
6>0,

{reN:hl|ke1,;|xk—L|Zs|za}

belongs to I. In this case, we write x; — L(Sp(X)).
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Definition 2.13. ([5]) Let O be a lacunary sequence and I be an admissible ideal of subsets of IN. A sequence x = (xy)

of elements of R is said to be strongly I-lacunary convergent to L or No(I)—convergent to L if for each € > 0,

1
{re]N:h—lek—LIZe}

r kel,

belong to 1. In this case, we write x; — L(Ng(Z)).

Definition 2.14. ([9]) Let (X, p) be a metric space and I C 2N be an admissible ideal of subsets of N. For any
non-empty closed subsets A, Ax C X, we say that the sequence {Ax} is Wijsman I-statistical convergent to A or
S (Z'w)-convergent to A if for each € > 0, 6 > 0 and for each x € X,

{n eN: %I{k <n:ldx, Ag) —d(x, A) = €}| = 6}
belongs to 1. In this case, we write Ay — A (S (Lw)).

Definition 2.15. ([9]) Let (X, p) be a metric space, O be lacunary sequence and I C 2N be an admissible ideal of
subsets of IN. For any non-empty closed subsets A, Ay C X, we say that the sequence {Ax} is Wijsman I-lacunary
statistical convergent to A or Sg (Iw)-convergent to A if for each € > 0, 6 > 0 and for each x € X,

1

{rEN:h,

ke 1 s, A) - d(x, A)] 2 e 2 5}
belongs to 1. In this case, we write Ay — A (So (Iw)) .

Definition 2.16. ([9]) Let (X, p) be a metric space, O be lacunary sequence and I C 2N be an admissible ideal of
subsets of IN. For any non-empty closed subsets A, Ay C X, we say that the sequence {Ax} is said to be Wijsman

strongly I-lacunary convergent to A or Nol[Zw]-convergent to A if for each & > 0 and for each x € X,

{r eN: hl Z d(x, Ay) — d(x, A)| = g}

r kel,

belongs to 1. In this case, we write Ay — A (Ng [Tw]).

3. Main Results

In this section, we investigate the relationship between the concepts of Wijsman 7-statistical con-
vergence, Wijsman J-lacunary statistical convergence and Wijsman strongly 7-lacunary convergence of

sequences of sets.

Theorem 3.1. Let (X, p) be a metric space, 0 = {k,} be a lacunary sequence, I C 2N be an admissible ideal and A, Ay
be non-empty closed subsets of X. Then, Ax = A(No[Zw]) = Ax = A(So(Iw)).
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Proof. Let Ay — A(Ng[Zw]) and € > 0. Then, for each x € X we can write

Y ld(x, Ap) —d(x, A)| = y d(x, Ay) — d(x, A)|
kel, kel,
d(x,Ax)—d(x,A)|>e

> e kel :|dx, Ay —d(x, A)| > €}

and so

1 1
- Z ld(x, Ay) —d(x, A)l = i [{k € I, : ld(x, Ax) — d(x, A)l = €}].
r kel, r

Hence, for each x € X and for any 6 > 0,
{r eN: hl ke, : [de Ay — dx, A)| = e} > 5} c {r eN: hl Y 1, A) — d(x, A) > ¢ - 5} eT.
This proof is comleted. [J

Theorem 3.2. Let (X, p) be a metric space, 6 = {k,} be a lacunary sequence, I C 2N be an admissible ideal and A, Ay
be non-empty closed subsets of X. Then, {Ax} € Lo and A — A(So(Xw)) = Ar = A(No[Lw]).

Proof. Suppose that Ay — A(Se(Zw)) and Ax € L. Then there existsan M > 0such that|d(x, Ax)—d(x, A)| < M

for each x € X and all k € N. Given ¢ > 0, for each x € X we have

1 1 )
Ly Ay -dw A = 1Y MmA)-dm A+ L A - dxA)
he ke, hy kel, I, =
ld(x,Ap)—d(x,A)12§ A= A<
M . .
< h_r |{k el |d(x,Ax) —d(x, A)| = %}| + %

Hence, for each x € X we have

{r eN: hleez, d(x, Ay) — d(x, A)| > e} c {r eN: hl
T

7

{kel 1, Ay - d(x, A) 2 §)

> ﬁ} el
This proof is completed. [J

We have the following Theorem by Theorem 3.1 and Theorem 3.2.

Theorem 3.3. Let (X, p) be a metric space, 6 = {k,} be a lacunary sequence, I C 2N be an admissible ideal and A, Ay
be non-empty closed subsets of X. Then, So(X'w) N Leo = No[Zw] N Leo, where So(Xw), No[Zw] and L denote the
sets of Wijsman I-lacunary statistical convergent sequences, Wijsman strongly I- lacunary convergent sequences

and bounded sequences of sets, respectively.

Theorem 3.4. Let (X, p) be a metric space, 6 = {k,} be a lacunary sequence, I C 2N be an admissible ideal and A, Ay
be non-empty closed subsets of X. Then, Ax — A(S(Xw)) implies Ax — A(So(Lw)) if and only if liminf, g, > 1. If
liminf, g, = 1, then there exists a bounded sequence {Ax} which is Wijsman I -statistical convergent but not Wijsman

I -lacunary statistical convergent.
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Proof. Suppose first that lim inf, g, > 1; then there exists a A > 0 such that g, > 1 + A for sufficiently large r,
which implies that

h, A
=2
, 1+ A

If Ay = A(S(Zw), then for every ¢ > 0, for each x € X and for sufficiently large r, we have

Cllk <k <l A) —d(n AN = el = kel -l A - d(x, Al el
> (sritee 1 e A - dx, A) = )
= 1+/\. ]’lr r- X, A X, = Ejl]-

Hence, for each x € X and for any 0 > 0 we have

{re]N: ey

%ﬂkebqﬂxA@—anAMZEHz%g{reN:%HkshqﬂmAg—mnANZenz6A}e1
7 T
This proves the sufficiency.

Conversely, suppose liminf, g, < 1. Since k, is nondecreasing we have g, = k,/k,—1 > 1and liminf, g, > 1.

Then, we have liminf, g, = 1. In the following we will proceed as in [5]. Since 0 is lacunary, we can select a

subsequence {kr ].} of lacunary sequence 0 such that

kr/. 1 ky 1
<1l+-= and !
krv_l ] kr‘ 1

j—

>, where ri2ri-1+ 2.

Now we define a sequence {Ax} as follows:

oy eR?, ¥*+(y-12=% , kel,
Ak =
{(0,0)} , otherwise.

Then, for at least one x € X, we have
1
— Y ld(e, A) - d(, (0,0 =T,  forj=12, (TR
hy, 4
el,f.
and
1
W Z |d(x, Ax) — d(x, {(0,0)})] =0, forr # r;.
kel,
Then, it is quite clear that {Ax} € Ng[Zw]. Since {Ax} is bounded, by Theorem 3.3 {Ax} € (So(Zw)).

Now, let krj,l <n <ky,,-1. Then, for each ¢ > 0 and each x € X we have

€ 1 & ki, +hy,
Sl < e, A - d, 10,001 > el < = Y (x40 - dCx, (0,00 <

k=1

Asn — oo it follows that also j — co. Hence, {Ax} € (S(Zw)). This proof is completed. [

Theorem 3.5. Let (X, p) be a metric space, I C 2N be an admissible ideal satisfying property (AP), 0 € F(I) and
A, Ay be non-empty closed subsets of X. If {Ax} € (S(Tw)) N (So(Zw)), then S(I'w) —lim Ay = So(Lw) — lim Ay.



U. Ulusu, , E. Diindar / Filomat 28:8 (2014), 1567-1574 1573

Proof. Suppose that S(I'w) —lim Ay = A and Sp(Zw) —limAy =Band A # B. Let0 < ¢ < %Id(x,A) —d(x, B)|
for each x € X. Since 7 satisfies the property (AP), there exists M € F(I) (i.e., N\M € T) such that for each
x € X,

1
lim —|{k < m, : |d(x, Ax) —d(x,A)| = €}| =0, where M = {my,my, ms, ...}

r—c0 M,
Let
P={k<m,:|dx,Ax) —d(x,A) > ¢} and R ={k <m, :|d(x,Ax) —d(x, B)| = ¢} .
B e Pl IRl . IR| . Pl _
Then m, = |P UR| < |P| + |R|. This implies that 1 < — + —. Since — < 1 and lim, ,.c — = 0, so we must
m, m, m, m,
have
lim @ =1
r—oo 1,

Let M* = {kll,klz,kls,...} =MnOeFU).

1
Then the k;pth term of the statistical limit expression p— Itk < m, : |d(x, Ax) — d(x, B)| > ¢}| is

1

!
1 ' 1 v
e [{ee Ut e Ag —de Bl = et = —=— " bl (1)
4 i=1 Z h: i=1
i=1
where t; = hl I{k € I; : |d(x, Ax) — d(x, B)| = €} % 0 because {Ax} = B(S¢(Zw)). Since O is a lacunary sequence,

(1) is a reglilar weighted mean transform of t;’s and therefore it is also J-convergent to 0 as p — oo,
and so it has a subsequence which is convergent to 0 since I satisfies property (AP). But since this is a
subsequence of {1| fk<n:ldex A —dxB) > ¢} |} , we infer that {—| fk<n:ldex A —dxB) > ¢} |}

n neM n neM

is not convergent to 1. This is a contradiction. Hence the proof is completed. [J
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