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Iteration by Cesaro Means for Quasi-contractive Mappings

A. Razani', Z. Goodarzi!

“Department of Mathematics, Faculty of Science, Imam Khomeini International University, Postal code 34149-16818, Qazvin, Iran.

Abstract. Let C be a nonempty closed convex subset of a Banach space E and T be a quasi-contractive
mapping on C. We prove, the sequence {x,}, iteratively defined by,

X1 € C
Yn = SpXpy + (1 - Sn)Tnxn
Xp41 = EnXy + (1 - tn) ! Zj":(] ijn/

n+1

is weakly convergent to a point of F(T). Moreover, by a numerical example (using Matlab software), the
main result and the rate of convergence are illustrated.

1. Introduction

Let C be a nonempty subset of a Banach space E, T : C — C and
F(T)={xeC,Tx =x},
denotes the set of fixed points of T. A mapping T is said to be asymptotically nonexpansive if there exists
a sequence {k,} of positive numbers with lim,_,. k, = 1 such that forallx,y € Candn > 1,
IT"x = T"yll < kallx — yll.

The convergence of various iteration sequence was studied broadly by many authors over the last twenty

years for construction of fixed points of nonlinear mappings (see [4-7, 10]). In 1975, Baillon [1] proved the

first nonlinear ergodic theorem as follows:

Theorem 1.1. Suppose C is a nonempty, closed and convex subset of Hilbert space Hand T : C — C is a nonexpansive

mapping such that F(T) # 0, then for every x € C, the Cesaro means

1 v
Tox = T/
n n+1; &
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converges weakly to a fixed point of T.

Then, Shimizu-Takahashi [8] proved for an asymptotically nonexpansive mapping T in a Hilbert space, the

approximating sequence
1 n
Xp = t,u+ (1 - tn)m ; T].Xn,

converges strongly to the element of F(T). In addition, Several authors surveyed iterative approximation
of Cesaro means for asymptotically nonexpansive mappings (see[2, 3]).

The property of Cesaro means for nonexpansive mappings in uniformly convex Banach spaces was
studied by Bruck for the first time. Bruck proved the nonlinear ergodic theorem for nonexpansive mapping
in uniformly convex Banach space with Fréchet differentiable norms. In 1999, Shioji-Takahashi [9] surveyed

the strong convergence of sequence
Xps1 = tou+ (1 —t¢ )Linx
n+l — tn Tln+1]:O ns
in uniformly convex Banach spaces with uniformly Gateaux differentiable norms.

2. Preliminaries

Within this section, we recall some preliminary definitions and lemmas which are needed in the next

section.

Definition 2.1. Suppose E is a Banach space. E is said to satisfy Opial’s condition, if for each sequence {x,} in E the

condition x,, — x implies
imy—colltn = ] < Timy—coll = yll
forally € Eand y # x.

Definition 2.2. E is said to have a Fréchet differentiable norm if, for each x € S(E), the unit sphere of E,

[+ £yl
t

lim; o exists and is attained uniformly in y € S(E).

Definition 2.3. Let E be an arbitrary real Banach space with norm ||.|| and E* be the dual space of E. The duality
mapping | : E — E* is defined by

Jx={f € E":<x, f>=|lxIP lIfIl = Ilxdl},
where < x, f > denotes the value of the continuous linear function f € E* at x € E.

Definition 2.4. Let C be a nonempty subset of Banach space E. A mapping T : C — C is said to be quasi-contraction
if there exists k € [0,1) such that forall x,y € Candn > 1

IT"x = T"yll < kmax{llx — yll, IT"x = xII, lly = T"ylI, llx = T"yll, 1T"x — ylI}- 1)
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Definition 2.5. Suppose E is a uniformly convex Banach space with a Fréchet differentiable norm. If {x,} C E,

wy({x,,}) is as follows:
wafxa)) = x € E 3oy} 5.t — 2 @)
In order to prove the main result, we need the following lemmas.

Lemma 2.6. (Osilike-Aniagbosor [6, Lemma 1]). Let a,, b, and 0, be sequences of nonnegative real numbers

satisfying the inequality
Ap+1 < (1 + 611)”71 + bn-

If Yoo On < o0 and Y., g by < 0o, then limy,_,0 ay, exists. In particular, lim,_,. a, = 0 whenever there exists a

subsequence {a, } in {a,} which converges strongly to zero.
Lemma 2.7. Let {x,} be a bounded sequence on a reflexive Banach space X. If wq,({x,}) = {x}, then x, — x.

Lemma 2.8. Let X be a normed space, C a convex subset of E and T : C — C a quasi-contractive mapping with

k€ (0, %). If limy o0 [l — T" x4l = 0 and limy e 1y — Xps1ll = 0. Then limy, o0 |[X, — Txyl| = 0.

Proof. Set 1, = ||x, — T"x,l|, then

I|xn+l - Txn+1|| < ”xn+1 - Tn+1xn+l|| + ”Txn+1 - Tn+1xn+1||
< e+ kmax{lxs — Tl s — Tt L 1T 2000 — Tl 1 Tx0a1 — T"%4all - (3)
7 n+1 — An+1llS-
IT"*1x X ll}

Let ||T"*1x,11 — X,41]| be the maximum, then
141 = Topeall < 7 + kruga,
and lim,,_, ||x;, — Tx,|| = 0. Let ||x,41 — Tx,41|| be the maximum, so
(1 = Bllxps1 — Txpell < g1,
therefore lim,,_, ||x;, — Tx,|| = 0. Let ||x,41 — T"X,,11|| be the maximum. We have
1 = T" %1l < Mxne1 = Xull + 1160 = T"xll + IT" 20 = T" X1l 4)
and also
IT"x, — T" x|l < kmax{llacy — xpaall, 1T X0 = 2ull, IT" 2011 = Xt |, 1T 20 = Xt L 1T X041 — 2ll}-

According to the above, the only case that has to be verified is, when ||T"x,,+1 — X4+1|| is the maximum. From

(4), we have

||Tnxn+1 - xn+1|| < ||xn+1 - xn” + ”xn - Tnxn” + k”xn+1 - Tnxn+1”-
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Then

1
Pt = Tl < = (et = Xall + llx = T"xall)-

Therefore
1
||xn+1 - Txn+1|| < Tp+1 + m(||xn+1 - xn” + rn)-

Thus, ||Xp+1 — Txps1]l = 0as n — oo. Let || T x40 — T"%y41|| be the maximum. We have

||Tn+lxn+1 - Tnxn+1” < ||Tn+lxn+1 - xn+1|| + ||xn+1 - T”xn+1||/

thus
||xn+1 - Txn+1|| < Tn+1 + krn+1 + k”er—l - Tnxn+1||-
Since
n 1 n
1 = TXeall < = (ner = Xall + i = T2,
we have

k

1Xpe1 = Txpiall < Fugr + ks + m(”xnﬂ = Xpll + 14).
Therefore, ||x,01 — Txu41]]| = 0 as n — oo. Let || Tx,11 — T"x,41|| be the maximum. We have

||Txn+1 - Tnxn+1” < ||Txn+l - xn+1“ + ”Tnxn+l - xn+1“/
therefore

(]- - k)||Txn+1 - xn+1” < Tn+1 + k“Tnxn+l - xn+1“'
Since

n 1 n

IFener = Tt ll < 7= (nen = Xl + [l = T 2ll),

we get
k

(A = BlITxner = Xpaall < st + = (e = 2ull + 7ll)-

Thus ||x,41 — Txp41l| @ 0Oasn — 0. O

Proposition 2.9. Let E be a uniformly convex Banach space and C be a nonempty, closed and convex subset of E.
Suppose T : C — C is a quasi-contractive mapping such that k € (0,3) and F(T) # 0. Then I — T is demiclosed at
zero in the sense that if {x,} is a sequence in C such that x, — x € Cand limsup,,_, limsup,_, _ llx, — T"x,|| = 0,
then (I —T)x = 0.
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Proof. Assume that T is a continuous quasi-contractive mapping such that F(T) # 0. Let {x,} be a sequence
in C such that x, — x € Cand limsup,,_, limsup, , llx, — T"x,|| — 0O, then {x,} is bounded.

Now, the sets {T"x,, m,n > 1} and {T"x, m > 1} are bounded. Indeed, for every p € F(T),
IT"x, = pll = IT"x, = T"pll < kmax{llx, — pll, llxn = T"xall, IT"x, = pl}-

Let ||x, — T"x,|| be maximum, then
[l = T"xull < llotw = pll + llp — T"xall,

SO

17", ~ pll < Ik~ pl.
Then

IT"xn = pll < 7llx, = pll,
where ﬁ =r. Also

IT"x = pll < rllx = pll.

Thus {T"x,, m,n > 1} and {T™x, m > 1} are bounded. Consequently

llx = T™xll < [l = xull + |l — T™x|
< e = xull + v = T™xull + IT™ 2 — T™ ]|

Since T is a quasi-contractive mapping, we have

IT"x — T"x|| < kmax{llx, — x|, llxn = T"xll, llx = T" x|, llca = T xull, llx = T"xall}.
Suppose [|[T"x — x|| is the maximum, then

o = T2l < (= 3l + = T
Consider [|x — T"x,|| is the maximum, so

llx = T™xull < lloxy — T™2ull + llxn — xlI,
thus

llx = T"xll < (L + K)lllxn — xll + llxn = T"x4ll].
Assume ||x, — T"x]|| is the maximum, then

lloxn — T"x|| < IT"x = x|l + [Ix — xull,
therefore

llx = T"x]| < %{[(1 + 1) lIlx = xall + [l — T"xll]-

Since limsup,, . limsup, ,  [lx, — T"x,|| = 0 and ||x — x,|| — 0 as n — oo. Then T"x — x as m — oo.

Therefore, the continuity of T implies (I — T)x = 0. This completes the proof. [
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3. Weak Convergence

Theorem 3.1. Let E be a uniformly convex Banach space which satisfies Opial’s condition. Suppose C is a nonempty
closed convex subset of E and T : C — C a uniformly continuous quasi-contractive mapping such that k € (0, 3) and
F(T) # 0. Assume {t,} and {s,} are real sequences such that t, — 1 or ) t, < oo, {s,} is bounded away from 0 and 1

and lim,,_,. 5, = 1. Then sequence {x,} defined by

X1 € C
Yn = SuXy + (1 —5,)T"xy , 5)
Xn41 = EpXy + (1 - tn)nlﬁ 27:0 T]ynr

converges weakly to a fixed point of T.
Proof. Let p be an element of F(T). We have

IT"y, = pll < kmax{lly, = pll, IT" v = yull, IT"y,, = plI}.

Let ||T"y, — pll be the maximum. Since 0 < k < %, this is a contradiction. Suppose [|[T"y, — yall is the

maximum. So

IT" v = yull < NT"y = pll + llyn = pll,

thus

" k
T = pll < T llyn = plI (6)

Assume ||y, — pll is the maximum, then

IT"yw = pll < Kllyn = pll.
Setr = ﬁ Since r > k, we have

IT"yn = pll < llyn = pll- (7)
According to the equations (6) and (7), we get

e = pll < tullvn = pll + (1= tn) 70 Lito 1Ty — pl
<l = pll+ =ty = pll-

Also
Iy —pll = llsnxn + (1 = $,)T"x, — pll
< sullxn — P” + (1 - Sn)HTnxn - PH
< sl — P” + (1 = s)rllx, — P||
Thus

X1 =PIl < tallxy = pll + (1 = t)7lly, — Pl
< tallxg = pll+ (1 = t)rsullx, = pll + (1 = £)(1 = s)rsallx, — pll,
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then
[1Xp41 — P” S+ @A —=tyrsy + (1 —t,)(1 = SH)S,,TZ)HX,, - P”

By Lemma 2.6, lim,_,« [[x, — pll exists. Suppose lim,_, |lx, — pll = h for h > 0; similar to the above
limy e lys — pll exists. Also

”yn = Xull = lspxn + (1 = )T %, — x4l
= (I -spllxy — T xull — 0.

Let A,x, = = Yo Tix,. Therefore

et — xull = Ntaxn + (1 = £,)Apxn — x4l
(1 = t)llxy — Anxall.

Since [|xy41 — Xull = 0; |Ix, — T"xyll = 0 as n — 0, F(T) # 0, {x,} is a bounded sequence in C and T is
uniformly continuous. According to Lemma 2.8, |[x, — Tx,|| — 0 as n — oo. Since {x,} is bounded; there is
a subsequence {x,,} of {x,} such that x,, — x. Because T is uniformly continuous ||x, — Tx,|| = 0. Then we
have [|x, — T"x,|| — 0 for all m > 1; so by Proposition 2.9 x € F(T). For the rest of the proof it is enough to
prove wy,(x,) contains exactly one point that is called x. In order to prove the uniqueness, consider there
is another subsequence {x,,} of {x,} that converges weakly to z # x. According to above, we have to have
z € F(T). So lim— [[x, — x| and lim,, . ||x, — z|| exists. Since E satisfies Opial’s condition, we have

limy oo 10 — X[l = limy oo [|X, — x|
< limn—wo ”xn - Z”/

and

limy e llXn — 2l = limjse (X, — Zl]
< hmn—)oo ”xn - x”/

which leads to a contradiction. Hence x = z. This shows that wy({x,}) is a singleton. Therefore, {x,}

converges weakly to x by Lemma 2.7. This completes the proof. [J

Theorem 3.2. Let X be a Banach space and let C be a nonempty, bounded, closed and convex subset of X; let
T1,T5,T3,--+ ,Tn : C = C be quasi-contractive mapping with constants k; € (0, %)for i=1,2,---,N. Suppose
F = i1 E(Ty) # 0 and the sequence {x,} is defined by

x1 €C
1_ 1 1 1,1
xg = agxn + ﬁngx,l7 + )/gug,
X, = anxy + B Tox, +vaus, ®
8
N-1_ ,N-1 N-1 N-2 N-1,,N-1
X, = a, X+ ﬁn TN_lxn + Yn u, -,
_ N _ N N_1 vN 7 N-1 N, N
Xyl = Xy =, X + B g ijl Tyxn, — + iy,

where {ul}, ..., {ul} are non-negative sequences in R such that Y, ul) < coand {al},..., {al}, {BL}, ..., {BY} and
i, .. NY are sequences in [0,1] such that o, + B, + yi, = 1 foralli = 1,2,...,Nand }; o, + %‘B; < oo and
also satisfy the following conditions:

Dlimyefy =0, Vi=1,2,..., N LyopY = oo,
i) limy o0 1, = 0.

©)

Then {x,} converges strongly to the unique common fixed point of Ty,. .., Tn.



Z. Goodarzi, A. Razani / Filomat 28:8 (2014), 15751584 1582

Proof. Let p be an element of F. By using the same technique of Theorem 3.1, we have

N j -
lvw = pll = N, + BY 7 Tty TN + Nl = pll
. .
n N -
< allbn = pll+ 5 T T = pll+ Yl = p (10)
< alllen = pll + By el =t = pll + YWl = pll,

where r; = 15—’,(‘ fori=1,2,---,N. Let M = max{sup,_,_y ||u£1 - pll}. So

N
s —pll < alllx, = pll + B N1 = pll + 9N M
< (@ 4Bl = pll + M

IN

Inlley ™ = pll+ 73 M.
Suppose 1 <i < N —1, then by using the technique of Theorem 3.1, we get
Il = pll = llagx + B, T + ity =l
<yl = pll + BRI = pll + il = pll
< aplbe, = pll + Byrillx ™ = pll + My},
< (o + Byl = pll + My,
Set h; = ai, + r;ifi,. Clearly, h; < 1. So

a1 = pll < Bn(inallxl =t = pll + MyN=1) + M

< kol =pll + eyt + M
< hwhnoahnollxY =2 = pll + MY + iy N1 + hyheay N 2
< hN I hlllxn - p” + M(]/L\] + hN]/L\]_l +...+ hNhN_1 cee ]’ll')/,ll)

By Lemma 2.6, lim,,_, ||x, — pl| exists. The rest of the proof is the same as Theorem 3.1. [J

4. A Numerical Example

The purpose of our example is to illustrate our main result by a numerical test based on computer

programs with Matlab.

Example 4.1. Suppose T : R — R is defined as follows:
Tx = —. (11)

It is clear, T is quasi-contraction and k = 2. Set t, = £/~ and s, = 5. Then sequence x,, which has been defined by

(5), is convergent.
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In the next graph, the rate of convergence is shown and the favorite result is obtained after 5 iterations.

10

Squence value
[
T
1

0 5 10 15 20 25 30 35
Iteration steps

Figure 1: The iteration chart with initial value x; = 10.

The sequence {x,} forn =1,2,...,18 is given in the following table.

Xy n Xn
10.00000 | 10 | 0.00012
3.49615 | 11 | 0.00005
0.33985 | 12 | 0.00003
0.10696 | 13 | 0.00005
0.03394 | 14 | 0.00001
0.01085 | 15 | 0.00000
0.00352 | 16 | 0.00000
0.00113 | 17 | 0.00000
0.00041 | 18 | 0.00000

O| R || QI x| W N~ S
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