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The Generalized of Selberg’s Inequalities in C*-Module
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Abstract. We obtain a Generalized of Selberg’s type inequalities in Hilbert spaces and their extensions
in operators algebras, in C*-modules and in algebras of adjointable A-linear maps. Some applications for
improving the Bessel type inequality result are given.

1. Introduction
Let H be a Hilbert space with inner product {, ) . The inequality of Selberg
2
3 [ w3)|
=1 L=t |<yjf yk>|

is originating from analytic theory of numbers [18]. It was discovered by A. Selberg around 1949, on

<P, X, y1,-., ya€H,y; 20, 0<j<n, (1)

account of the arguments of the distribution of primes [1,4,12,13,18,19]. Since that time it has interested

many mathematicians who gave it many proofs, many extensions and refinements, see [1,5,10,11,13,17]. It

is useful to recall that Schwartz’s inequality

[,y | < lxllliyll, x,y e H )

and Bessel’s inequality
1 2
Z |<x, y;)l <|xI?, x € H, Yi,...,Yn are nonzero and orthogonal in H, 3)
j=1

are special cases of Selberg’s inequality. Let me cite also, on the occasion, following inequalities encountered

to this subject in the literature. Thus, in chronological order of publication, we have.
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In 1958 Heilbronn's inequality [13],

Z [x, ya)] < ||x||<2| Ui V)DL %y € HL

i,j=1

In 1971, Bombieri’s inequality [1],

Zn] (x| < e maxlggn{i (i)
i=1

j=1

}/ x/ ]/1/-~-/ ]/n € H/

In 1992 ] .E.Pecaric”’s inequality [17],

'ch xy) P < P Z e max<icn Z (v 7)
j=1

}/ x/ ]/1/ s ]/n € H

Moreover, in 1998, M. Fujii and R. Nakamoto [11] obtained in a Hilbert space, the following refinement for

previous inequalities,

v +Z
j=

with the condition that (y, y;) = 0.

o

(y;, v

x/y/yll--~/yn€Hr (4)

The goal of this paper is to show a generalized of selberg’s inequality in Hilbert spaces and their extensions

in algebras of operators, in Hilbert C*-modules and in algebras of adjointable A-linear maps.

2. Preliminaries in Hilbert C*-Modules

In this section we briefly recall the definitions and examples of Hilbert C*-modules. For information
about Hilbert C*-module, we refer to ([8,9,16]). Our reference for C*-algebras is ([3]). Let A be a C*-algebra

(not necessarily unitary) and X be a complex linear space.

Definition 2.1. A pre-Hilbert A-module is a right A-module X equipped with a sesquilinear map (., .) : XXX — A
satisfying

1. (x,x) 2 0;<x,x) = 0ifand only if x = 0 for all X in X,

2. {x,ay + Bz) = alx, y) + B(x,2)) forall x,y,zin X,a, B in C,

3. {x,y) =y, x) forallx,yin’X,
4. (x,yay =(x,yyaforall x,yin X, ain A.

The map (., .) is called an A-valued inner product of X, and for x € X, we define ||x|| = [[{x, x)ll% which is a
norm on X, where the latter norm denotes that in the C*-algebra A. This norm makes X into a right normed

module over A. A pre-Hilbert module X is called a Hilbert A-module if it is complete with respect to its
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norm. Two typical examples of Hilbert C*-modules are as follows:

(I) Every Hilbert space is a Hilbert C*-module.

(II) Every C*algebra A is a Hilbert A -module via {(a,b) = a’b (a,b € A).

Notice that the inner product structure of a C*-algebra is essentially more complicated than complex
numbers.

One may define an A-valued norm |.| by |x| = (x, x)% . Clearly, ||x]| = |l|x|l| for each x € X. It is known that |.|
does not satisfy the triangle inequality in general.

We recall also the definition and the following result, they will be used in the later.

Definition 2.2. An adjointable module map t : E — F has a polar decomposition if there is a partial isometry

u: E — Fsuchthat T = u|T|, t = ult|and Ker(u) = Ker(t), Ran(u) = Ran(t), ker(u* = ker(t*)) and Ran(u*) = Ran(|t|).

In general bounded adjointable A-module maps between Hilbert A-modules do not have polar composi-
tion, but M. Joita [14] has given a necessary and sufficient condition for bounded adjointable module maps

to admit polar decomposition.

Theorem 2.3. A bounded adjointable operator t has polar decomposition if and only if Ran(t) and Ran(|t|) are

orthogonal direct summands.
The following lemma is useful to prove this Selberg’s inequality.
Lemma 2.4. (see [6]) Let A be a C*-algebraa,b,c € A. Then

a'ch +b'c'a < |lcl| af” + [bF%). (5)

3. Generalized of the Selberg’s Inequality for Hilbert Space

We start our work by presenting a the generalized of the Selberg’s inequality for Hilbert space.

Theorem 3.1. Let H be an Hilbert space and y;; be a non zero vectors in H, such that y;; is orthogonal to yy; for all
i#zkin{l,...,mband je{1,...,n}. If x € H then

2
») M < |l (6)

= DA |<]/ij/ yik>|
Proof. Letaj;,1 <i<m, 1< j<n;bescalars elements in C. We can write

2
m - n;

x= ) ) i

i=1 j=1

0<
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and
2
m n;
X — Z @ijYij
i=1 j=1
m n; m n;
- (e- X Y- Y Y o)
i=1 j=1 i=1 j=1
m n; m n m N m n;
= {(x,x)— <x, Z a”yl]> — <Z aijYij x> + <Z Z QijYij Z aljyij>
i= j=1 i=1 j=1 i=1 j=1 i=1 j=1
m n; m n; m n;
= ||X||2 - Z‘ aij <x1 }/z,> - Z‘ a_1]<y11 x> + Z‘ OL_ [2%] <}/1] yzl>
i=1 j=1 i=1 j=1 i=1 jl=1
We choose
(v, %)
N = o\
Yoyl <]/ij, ]/ik> |
then we get
i i e vi)|
o oo ) wa [
x - = |- + B Ll
; j=1 s ; i=1 |<yz] Yik | ; j=1 Zz;l <yijryik>|
o o
- ||x||2—2m:Z il
=1 j=1 |<y1] yzk>|
Then

Il ZZ )| >0, 7)

i=1 j=1 Zk 1|<y1] yzk>|
which ends the proof. [

The following Selbergs inequality in [10] can be obtained by taking m = 1 in Theorem 3.1.

Theorem 3.2 (See [10] ). Let IH be a Hilbert space and y ... y, non zero vectors in IH. If x € H, then

2
n ()
= T (i)
The following refinement of Selbergs inequality in [11] can be obtained by taking m = 2 and n; = 1 in
Theorem 3.1.

< |xf. 8)

Theorem 3.3 (See [11]). Let H be a Hilbert space, y and y ...y, non zero vectors in H such that <y, yj> =0 for
j=1...n.Ifx € Hthen
|2

|<3/ x>| +Z <y yk>
i’

| " < i ol ©)
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The following theorems give the generalized Selberg’s inequality in an algebra of operators in Hilbert space.

Theorem 3.4. Let H be a Hilbert space and T = U|T| be the polar decomposition of an operator T on H, {y;;; i =
1,2,--- ,mand j=1---n;} ¢ ker(T*) and a € [0, 1].
(T Uy, |T|1‘“U*ykj) =0 forall jand k # i, then

m ’1" Y 2
ZZ - i) < TP (10)
=1 j=1

|T*|2<1 DYk, Yi) |

holds for all x € H.

Proof. We replace, in Theorem 3.1 respectively x and Yij by |T|*x and |T) Uy, forallie {1,2,---,m}and
j€{1---n;}. Then we have the result. [

Theorem 3.5. Let H be a Hilbert space and T = U|T| be the polar decomposition of an operator T on H,
iy i=12,--- ,mand j = 1---n;} ¢ ker(T*) and a, a1, ..., &, such that a + a; > 1, forall i = 1,...,m. If
<|T|“" Ury;;, | T|* U*yk]-> =0 forall jand k # i, then

m T|T|a i+a— 1x ]/1] |2
ZZ — ) < TP (1)
= [(1T*] ’yzkry1])|

i=1

holds for all x € H.
Proof. We replace x and y;; by |T|*x and |T|*U"y;; in Theorem 3.1 respectively. Then we have the result. [

This tow previous theorems are the generalized of the following result obtained in [11]:

Theorem 3.6 (See [11]). Let H be a Hilbert space and T = U|T]| be the polar decomposition of an operator T on H,
(yi;j=1,2- nh ¢ ker(T") and o € [0,1]. If (UITI"%y, y;) = O for all j and i # k, then

L (T, y;) P

(T, )P+ Y —
= i 1 (ITPy), i) |

lIyl? < T xPllyI?

holds for all x € H.

Theorem 3.7 (See [11]). Let H be a Hilbert space. Suppose that {y;;j =1,2,--- ,n} ¢ ker(T*) and a, > 0 with
a+B=1>a If (T2, y;) = 0forall j, then

« n (T, ) PIT Pyl
|<T|T| +p- 1x y 24 Z Zk_l | <|T*|2(1 @) Yjs yk>|

holds for all x € H. In particular, if<|T*|2(1*“)y, y]-> =0 for a € [0,1], then

< NITEAPNT Pyl

n T, ; 2 T*l—a 2
(Tx, gy 12 + [{Tx, y:) PIIT" [yl

< IITIEIPINT -yl
S L (TP, y;) |

holds for all x € H.
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4. Generalized of Selberg’s Inequality in C*-Module

The following theorem gives an extension of generalized Selberg’s inequality in a Hilbert A-module.

Theorem 4.1. Let X be a Hilbert A-module and and y;; be a non zero vectors in X, such that y;; is orthogonal to yy;

foralli#kin{l,..., myand je(l,..., ni}. If x € X then
m K]/ij, x>‘2
— < xP. (12)
;‘ ; 2y vt

Proof. For any a;; € A, we have

2
m m m n
0 < |x— Z Yijdijl = <x - Z Yijij, X — Z y;;az]>
i=1 j=1 i=1 j=1 i=1 j=1
mon mo m n m n
= <X x) - <Z Yijij x> - <X/Z yi]'aij> + < Yijaij y1]a1]>
i=1 j=1 i=1 j=1 i=1 j=1 i=1 j=1
m  n; m  n; m. N
2 *
LD NI B M AT LR W ALY
=1 j=1 i=1 j=1 i=1 ji=1
m o n mn 1 mo
2 * %
B XTI I8 1) CTTTINES 3 A
i=1 j=1 i=1 j=1 i=1 ji=1

By Lemma (2.4) we get
aj; <yij, yi1> @i + o) <yiz, yij> ajj < |aij|2 H<]/ij/ ]/il>H + ol ”(]/ij, ]/il>”
then

b= X S ] < I - T X e (v ) (13)
S VED NI CATH TR D NP W ot ||<yijr yz‘l)” + et ||<yﬂf yz’j)” :

We choose

(v %)

ai]'
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then we obtain

m n;
=) ) v

i=1 j=1

2 oI |
yuymn =1 =1 Yoy yﬁym”

i ' yz]

= Lkl

IA

i=

m n;

vt g )] w1 g ) )]
) 2;”‘1 iy ||<yif'yi’<>||)2 E =1 (D 1” 3/1] ]/zk “)2
o5

mon; |<yij/x>|2 +i
=1 =1 Yol ” yl] l/tk H R <yif’yik>"
2

m K%p@|

2

= -2

Then
2
2 VvV | ]/ i % |
P =) Z >0, (14)
11]1Zk 1|| Yij, Yik ||

which completes the proof. [
The previous theorem is a generalized of the following Selberg’s and refinement of selberg’s inequalities :
Theorem 4.2 (See [2] ). Let X be a Hilbert A-module, y ...y, non zero vectors in X. If x € X then

2

w |y

— < ]xP. (15)
=1 Lkt |<yjf yk>|

Theorem 4.3 (See [2] ). Let X be a Hilbert A-module, y and y ...y, non zero vectors in X such that <y, y]-> =0
forj=1...n.Ifx € X then

[y 20 +ji

By Theorem 4.1 we can obtained a generalized of Bombieri’s inequality in C*-module,

2
i vl < el (16)
(y]yd\

Theorem 4.4. Let X be a Hilbert A—module and y;; be a non zero vectors in X, such that y;; is orthogonal to yy; for
alli+kin{l,..., m)and je(l,..., ni}. If x € X then

2o =i, mas, 3 o) a7

i=1 j=1

3

The following theorems extend previous results to algebra of operators in Hilbert C*-module.
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Theorem 4.5. Let X be a Hilbert A-module and t = ult| be the polar decomposition of adjointable module map t on
X, {y,-]-; i=1,2,---,mand j=1---n;} ¢ ker(t") and « € [0, 1] .
If(ltll“"u*yi]-, |t|1‘“u*yk]-> = 0forall jand k # i, then

m  n; .. 2
Z Z <y’1' tx> | < [t xP? (18)

i=1 j=1 It*lz(l a)yzk/ yz]>“

holds for all x € X.
Proof. We replace x and y;; by [{*x and |#|'~%u*y;; in Theorem 4.1 respectively. Then we have the result. [

Theorem 4.6. Let X be a Hilbert A-module and t = ult| be the polar decomposition adjointable module map t on
X Ayij; i=1,2,-- ,mand j = 1---n;} ¢ ker(t') and o, a1, ..., &, such that « + a; 2 1, forall i = 1,...,m. If
<|t|afu*yij, Itlaku*yk]) =0forall jand k # i, then

m yl]/ t|t|a i+a—1 >|2

7S (P, i) |

holds for all x € X.

< [l (19)

i=

Proof. We replace x and y;; by |t|*x and [t|*'u"y;; in Theorem 4.1 respectively. Then we have the result. [J
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