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Abstract. Let w; be the first uncountable ordinal, @ < w; an ordinal, and Y, Z two topological spaces. By
B*(Y, Z) we denote the set of all Borel maps of class & from Y into Z and by GZ(Y) the set consisting of all
subsets f~1(U), where f € B*(Y,Z) and U is an open subset of Z. In this paper we introduce and investigate
topologies on the sets B*(Y, Z) and GZ(Y). More precisely, we generalize the results presented by Arens,
Dugundji, Aumann, and Rao (see [1], [2], [3], and [10]) for Borel maps of class a.

1. Preliminaries

In the books [7], [8], [9], and [11] the reader can find a good history and introduction on the basic notions
on Borel sets and Borel maps. In what follows we give the necessary basic notions in this theory which we
will use for the development of our study.

Let X, Y, and Z be three topological spaces and F a map of X X Y into Z. By F, we denote the map of Y
into Z defined by F,(y) = F(x, y) for every y € Y and by FY the map of X into Z defined by F¥(x) = F(x, y) for
every x € X.

By the family of Borel sets of a topological space X we mean the smallest family of subsets of X containing
the closed subsets of X and is closed under complements and countable unions (therefore, closed also under
countable intersections). We denote this family by B(X).

A subset Q of a space X is said to be a Gs-set (respectively, an F;-set) if Q is the intersection (respectively,
the union) of countable many open (respectively, closed) subsets of X.

In what follows by w; we denote the first uncountable ordinal.

Let X be a space such that each closed subset of X is a Gs-set (and, therefore, each open subset of X is
an F;-set). We observe that the family B(X) can be represented as a union of some subfamilies F,, a < wy,
defined by induction as follows:

(a) Fy is the family of closed subsets of X,

(b) if @ # 0 is an odd (respectively, an even) ordinal, then F, consists of countable unions (respectively,
of countable intersections) of elements of the family U{Fg : f < a}.

So, we have

B(X) = U{F,: a < wi}.
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Also,
B(X) = U{G, : a < w1},

where:

(a) Go is the family of all open subsets of X, and

(b) if @ # 0 is an odd (respectively, an even) ordinal, then G, consists of countable intersections
(respectively, of countable unions) of elements of the family U{Gg : § < a}.

The multiplicative class a (denoted by I1(X)) and the additive class a (denoted by X2(X)), where a < w;,
are subfamilies of B(X) defined as follows:

(a) If @ is an odd ordinal, then the multiplicative class a coincides with G, and the additive class a with
F,.

(b) If a is an even ordinal, then the multiplicative class « coincides with F, and the additive class a with
the G,.

A topological space X is called a Gs-space if Go C F;. Note that every metric space is a Gs-space.

Let Y and Z be two Gs-spaces, @ < w; an ordinal, and f : Y — Z a map. The map f is called a Borel
map of class a (or simply a map of class a) if for every open subset U of Z, f~}(U) is of additive class a in Y
(equivalently, for every closed subset F of Z, f~1(F) is of multiplicative class a in Y). By B*(Y, Z) we denote
the family of all Borel maps of class a from Y to Z.

The following properties of Borel maps of class a are known (see, for example, [4] and [9]):

(1) Amap f is of class 0 if and only if f is continuous.

(2) The maps of class « are also of class , for all § > a.

(3) If fis of class «, g of class 8, and g o f is defined, then the map g o f is of class a + f.

In what follows we suppose that all topological spaces are Gs-spaces.

Let Y and Z be two fixed topological spaces and O(Z) the family of all open sets of Z. In section 2 we
introduce and examine the notions of coordinately Borel splitting and admissible topologies of class a on
the set B*(Y, Z). We present the corresponding notions through examples. In section 3 we define and study
some relations between the topological structures on the set B*(Y, Z) and on the set GZ(Y) consisting of
all subsets f~}(U), where f € B*(Y,Z) and U € O(Z). Furthermore, we define and present the notions of
family-Borel topologies and mutually dual topologies of class a.

2. Topologies on the set B*(Y, Z)

Let Y and Z be two fixed topological spaces and a < w; a fixed ordinal. If ¢ is a topology on the set
B“(Y, Z), then the corresponding topological space is denoted by B{(Y, Z).

Definition 2.1. Let X be an arbitrary topological space. Amap F : X X Y — Z is called coordinately Borel of
class v if for every x € X and y € Y the maps Fy : Y — Z and F¥ : X — Z are Borel maps of class a.

We observe that if the map F : X X Y — Z is a coordinately Borel map of class «, then this map is also
coordinately Borel. For the notion of a coordinately Borel map see [6]. Also, if themap F: XXY — Zisa
Borel map of class «, then this map is also coordinately Borel map of class « (see [9]).

Notations. (1) Let F : X X Y — Z be a coordinately Borel map of class a. Then, by F we denote the map of
X into the set B*(Y, Z) defined by f(x) =F, forevery x € X.

(2) Let G be a map of X into B*(Y,Z). Then, by G we denote the map of X X Y into Z defined by
a(x, y) = G(x)(y) for every (x,y) € X X Y.

Definition 2.2. Let A be an arbitrary fixed class of Gs-spaces.
(1) A topology t on B*(Y,Z) is called coordinately Borel A-splitting of class « if for every space X € A the
following implication holds: if the map F : X X Y — Z is coordinately Borel of class a, then the map

F:X— B{ (Y, Z) is Borel of class a.
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(2) A topology t on B4(Y, Z) is called coordinately Borel ‘A-admissible of class « if for every space X € A the

following implication holds: if the map G : X — B%(Y, Z) is Borel of class a, then themap G: X XY — Z is
coordinately Borel of class a.

Remark. If A is the class of all Gs-spaces, then we use the notions of coordinately Borel splitting of class
a and coordinately Borel admissible of class a topologies, instead of the notions of coordinately Borel
A-splitting of class a and coordinately Borel A-admissible of class a topologies, respectively.

Definition 2.3. By e we denote the map of B4(Y;Z) X Y into Z, defined by e(f, y) = f(y) for every (f,y) €
B*(Y,Z) x Y. The map e is called evaluation map of class a.

Proposition 2.4. Let A be a class of Gs-spaces and t a topology on B*(Y, Z) such that B{ (Y, Z) € A. If the topology t
on B*(Y, Z) is coordinately Borel A-admissible of class a, then the evaluation map e : B} (Y, Z)XY — Zis coordinately
Borel map of class a.

Proof. We consider as X the space B{(Y, Z) and as G the identity map
id : B} (Y, Z) — B{(Y, Z).

Since the map G is a Borel map of class a and the topology t on B*(Y, Z) is coordinately Borel ‘A-admissible
of class a, we have that the map

G:BXY,Z)xY > Z

is coordinately Borel map of class a. We observe that G = e. Thus, the map e is coordinately Borel map of
classa. O

Corollary 2.5. Let t be a coordinately Borel admissible of class o topology on B*(Y, Z) such that the space B} (Y, Z)
is a Gs-space. Then, the evaluation map e : B{(Y, Z) X Y — Z is coordinately Borel map of class .

Proposition 2.6. Let A be a class of Gs-spaces and t a topology on B*(Y,Z). If the map ¢V : B}(Y,Z) — Z is
continuous, for every y € Y (and, hence, the evaluation map e : B} (Y, Z) X Y — Z is coordinately Borel map of class
a), then the topology t on B*(Y, Z) is coordinately Borel A-admissible of class a.

Proof. Let X € A and G : X — B{(Y,Z) be a Borel map of class a. It suffices to prove that the map
G : X XY — Zis coordinately Borel of class a. Let x € X. Then, for every y € Y we have

Gx, y) = G)(y)-

Thus, Ex(y) = G(x)(y) for every y € Y. Therefore, Ex = G(x) which is a Borel map of class a by the
assumption.
Now, we prove that the map GY, y € Y is a Borel map of class a. Let y € Y. Then, for every x € X we

have _ _
GY(x) = Gx,y) = G)(y) = e(G(x), y) = e/ (G(x)) = (¢ 0 G)().

Since the map é¥ is continuous and the map G is a Borel map of class @ we have that the map ¢ o G is a

Borel map of class a. Thus, the map GV is a Borel map of class a and, therefore, the map G is coordinately
Borel map of class a. [

Corollary 2.7. If the map eV : B{(Y,Z) — Z is continuous, for every y € Y, then the topology t on B*(Y,Z) is
coordinately Borel admissible of class a.

Proposition 2.8. Let A be a class of Gs-spaces. Then, the following statements are true:

(1) If t is a topology smaller than a coordinately Borel A-splitting topology u of class a on B*(Y, Z), then t is also
coordinately Borel A-splitting topology of class a.

(2) If t is a topology larger than a coordinately Borel A-admissible topology u of class o on B*(Y, Z) and the map
e¥ : B(Y, Z) — Z is continuous for every y € Y, then t is also coordinately Borel ‘A-admissible topology of class a.
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Proof. (1) Let X € Aand F : X XY — Z be a coordinately Borel map of class a. Since the topology u is

coordinately Borel A-splitting topology of class «, the map F:X— B (Y, Z) is a Borel map of class a. Since
t C u the identity map
B, (Y, 2) = B{(Y,Z)

is continuous. Thus, the map F=idoF:X — B¢ (Y, Z) is a Borel map of class @ and, therefore, t is
coordinately Borel A-splitting topology of class a.

(2) Let y € Y. Since the map ¢? : Bj(Y,Z) — Z is continuous and u C t, the map e¥ : B}(Y,Z) — Zis also
continuous. Therefore, by Proposition 2.6, the topology ¢ is coordinately Borel ‘A-admissible of class . [

Corollary 2.9. The following statements are true:

(1) If t is a topology smaller than a coordinately Borel splitting topology u of class a on B*(Y,Z), then t is also
coordinately Borel splitting topology of class a.

(2) If t is a topology larger than a coordinately Borel admissible topology u of class o on B*(Y, Z) and the map
e¥ : BS(Y, Z) — Z is continuous for every y € Y, then t is also coordinately Borel admissible topology of class .

Remark. Let A be the class of all Gs-spaces. It is clear that in general in the set B*(Y, Z) there not exists the
greatest coordinately Borel A-splitting topology. This fact gives a different result from the classical theory
of function topological spaces (see [1] and [5]).

Proposition 2.10. Let A be a class of Gs-spaces. The following statements are true:
(1) The anti-discrete topology ti, on B*(Y, Z) is the smallest coordinately Borel A-splitting topology of class .
(2) The discrete topology t; on B*(Y, Z) is the greatest coordinately Borel A-admissible topology of class «.

Proof. (1) Let X € Abe a Gs-space and F : X X Y — Z be a coordinately Borel map of class «a. It is suffices to

prove that F:X— B} (Y,Z) is a Borel map of class a.
We observe that _
F'(B*(Y,2)) = X € Go € Ga.

Thus, the map F:X— Bf (Y, Z) is a Borel map of class a.
(2) We observe that the map e¥ : B{(Y,Z) — Zis continuous. Therefore, by Proposition 2.6, the discrete
topology on B(Y, Z) is coordinately Borel A-admissible of class a. [

Definition 2.11. Let y € Y. The topology on B*(Y, Z) consisting of all sets
(lyh, W) = {f e BYY,2): f(y) € U},
where U is an open subset of Z, is called the y-topology of class a and denoted by ty.

Proposition 2.12. Let A be a class of Gs-spaces. The topology ty on B*(Y, Z) is coordinately Borel A-splitting
topology of class a.

Proof. Let X € Abe a Gs-spaceand F : X XY — Z be a coordinately Borel map of class a. It suffices to prove
that the map F : X — Bi.(Y, Z) is a Borel map of class a. Let ({y}, U) € t,. We have

FY(({y}, W) = {x € X : F(x)(y) = F¥(x) € U} = (FY)"'(W).

Since FY is a Borel map of class a and U is an open subset of Z, we have that the set (F¥)"}(U) € Z3(X). Thus,
the map F is a Borel map of class a. [

Definition 2.13. The t; topology on B%(Y, Z) is that having as subbasis all sets
(lyh W) = {f e BYY,2): f(y) € U},
where y € Y and U an open subset of Z. The topology t is called point-open topology of class a.
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Proposition 2.14. Let A be a class of Gs-spaces. The following statements are true:

(1) The topology t; on B*(Y, Z) is a coordinately Borel A-admissible topology of class a.

(2) If the subbasis mentioned in Definition 2.13 is countable, then the topology t, on B*(Y, Z) is coordinately Borel
A-splitting topology of class a.

Proof. (1) By Proposition 2.6 it suffices to prove that the map e¥ : Bf(Y, Z) — Z is continuous. Indeed, let U
be an open subset of Z. We have

)W) = {f €BYY,2) : e'(f) =e(f,y) = f(y) € U} = ({y}, W)

Therefore, ¢¥ is continuous.
(2) Let X € Abe a Gs-spaceand F : X XY — Z be a coordinately Borel map of class a. We prove that the

map F:X— B{.(Y, Z) is a Borel map of class a. Let
14
U\t wp e,
iel jGIi

where |I| < Ry, |Ji| < 8o, y; € Y, and W; is an open subset of Z, for every j € J;. Then,

FH Oy win = (O F Ay wp)

i€l jej; i€l jeJ;

= J()x e X: o) = Fx, ) = Fi(x) € W)
i€l jeJ;

= e wy).
i€l jeJ;

Since F¥ is a Borel map of class a and |I| < Xy, we have that

(Y o) e 5x).

i€l jejJ;
This means that the map Fis a Borel map of class a. [
Definition 2.15. The t/; topology on B*(Y, Z) is that having as subbasis all sets

(tyl, B) = {f € B*(, 2) : f(y) € B},

where y € Y and B € £)(Z). The topology t)p i called point-Borel topology of class a.

o4 o
We observe that ty < th.

Proposition 2.16. Let A be a class of Gs-spaces. If the map e¥ : BS,.(Y, Z) — Z is continuous, for every y € Y, then

a
tV

the topology tyg on B*(Y, Z) is coordinately Borel A-admissible topology of class .
Proof. The proof of this follows by the fact that t, C t,3 and by Proposition 2.8(2). [
Definition 2.17. The t. topology on B*(Y, Z) is that having as subbasis all sets
({yh, A) ={f € B* (Y, 2) : f(y) € A},
where y € Y and A is a Gs-set of Z. The topology te, 1 called point-G; topology of class a.

o4 o4 0s
We observe that ty € tho C th.
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Proposition 2.18. Let A be a class of Gs-spaces. The following statements are true:
(1) If the map e : B%(Y, Z) — Z is continuous for every y € Y, then the topology t;*co on B(Y, Z) is coordinately

Borel A-admissible topology of class a.
(2) If the subbasis mentioned in Definition 2.17 is countable, then the topology t}‘;‘Gb on B*(Y, Z) is coordinately Borel

A-splitting topology of class a.

Proof. (1) It follows by the fact that ¢, C tgcb and by Proposition 2.8(2).
(2) The proof is similar to the proof of Proposition 2.14(2). O

3. Dual topologies of class o
Let Y and Z be two fixed Gs-spaces and O(Z) the family of all open sets of Z. We consider the set:
GL(Y) = {f () : f € BY(Y,Z), U € O(Z)).

We define and study some relations between the topologies on the set B*(Y,Z) and the topologies on
the set GZ(Y) concerning the notions of coordinately Borel A-splitting of class a and coordinately Borel
A-admissible of class a topologies.

Notations. Let H* € G%(Y), H* € B*(Y,Z), and U € O(Z). We set
(HY, U) = {f € B*(Y,Z) : f7'(U) € HY}

and

(H*U) = {f'(U): feHY.

Definition 3.1. Let 7 be a topology on GZ(Y). The #(7) topology on B¥(Y, Z) is that having as subbasis all
the sets (H%, U), where H* € T and U € O(Z). The (1) topology is called dual of class a to 7.

Definition 3.2. Let t be a topology on B*(Y, Z). The 7(t) topology on G%(Y), is that having as subbasis all
the sets (H®, U), where H* € t and U € O(Z). The 1(t) topology is called dual of class a to t.

Proposition 3.3. The following statements are true:
(1) Let 1 and 15 be two topologies on the set G%(Y) such that T C Tp. Then, H(t1) C H(12).
(2) Let t1 and t; be two topologies on the set B*(Y, Z) such that t; C t. Then, t(t1) C t(t2).

Proof. Follows easily from Definitions 3.1 and 3.2. [J

Notations. (1) Let 7 and t be two topologies on G%(Y) and B*(Y, Z), respectively.
(i) By s(t) we denote the family
{H*U):H* €7, U O)}.
(ii) By r(t) we denote the family
{(H*U) : H* e t, Ue O(Z)}.
(2) Suppose that F : X x Y — Z is a coordinately Borel map of class a. By F we denote the map of X x O(Z)
into the set GZ(Y), for which F(x, U) = F;}(U) for every x € X and U € O(Z).
(3) Let G be a map of X into B4(Y,Z). By G we denote the map of X x O(Z) into G%(Y), for which
G(x, U) = (G(x))""(U) for every x € X and U € O(Z).

Definition 3.4. Let 7 be a topology on GZ(Y). We say that a map M of X x O(Z) into GZ(Y) is a Borel map of
class a, with respect to the first variable if for every fixed element U € O(Z), the map MY : X — (G%(Y), 1) is a
Borel map of class a, where MY(x) = M(x, U) for every x € X.
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Definition 3.5. Let A be a class of Gs-spaces.
(1) A topology T on GZ(Y) is called coordinately Borel A-splitting topology of class a if for every space X € A
the following implication holds: if the map F : X X Y — Z is coordinately Borel of class a, then the map

F:Xx0(Z) = (GA(Y), 1)

is Borel of class a, with respect to the first variable.
(2) A topology T on GZ(Y) is called coordinately Borel A-admissible topology of class a if for every space X € A
and for every map

G: X - BYY,2)

the following implication holds: if the map
G: XxO0(Z) - (GX(Y),1)
is Borel of class a, with respect to the first variable, then the map
G:XXY—Z
is coordinately Borel of class a.

Remark. If A is the class of all Gs-spaces, then we use the notions of coordinately Borel splitting of class
a and coordinately Borel admissible of class «, instead of the notions of coordinately Borel A-splitting of
class @ and coordinately Borel ‘A-admissible of class a, respectively.

Proposition 3.6. Let A be a class of Gs-spaces. The following statements are true:

(1) Let T be a topology on G%(Y). If the topology t(t) on BY(Y, Z) is coordinately Borel A-splitting of class a, then the
topology T is coordinately Borel ‘A-splitting of class a.

(2) Let T be a topology on GZ(Y). If Is(t)| < Ny and the topology t is coordinately Borel A-splitting of class a, then
the topology t(t) on BY(Y, Z) is coordinately Borel A-splitting of class a.

Proof. (1) Suppose that the topology (1) on B*(Y, Z) is a coordinately Borel A-splitting topology of class «,
XeA and F: X XY — Zis a coordinately Borel map of class a. It suffices to prove that the map

F:Xx0(Z) = (GX(Y), 1)

is a Borel map of class a, with respect to the first variable. Let U € O(Z) and H* € 7. We need to prove that
Fu_(H%) € Z(X). We have

{x € X : Fy(x) = F, "X U) = F(x)"\(U) € HY)}
T Y(H?, U)).

Fy  (H%)

Since F : X X Y — Z is a coordinately Borel map of class «, the map

—

F:X— B%

" (%2)

is a Borel map of class a. Thus, fu_l(]H“) € X)(X).
(2) Suppose that the topology T on GZ(Y) is a coordinately Borel A-splitting topology of class a, X € A,

and F : X XY — Zis a coordinately Borel map of class a. It suffices to prove that the map F : X — B¢ (Y, Z)

(1)
is a Borel map of class a. Let
2, up) e 1),
i€l jEIi
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where |I] < Ry, |]i] < o, II—I?‘ € 7,and U; € O(Z) for every j € J;and i € I. Then, we have

O, upy = | OV e, up) = | () Fu,” @),

i€l jej; i€l jej; i€l jejJ;
Since the map l_fu/ is a Borel map of class a and |I| < 8y, we have that

FA( (e, upy) e 220).

i€l jeJ;
Thus, the map Fis a Borel map of class a. [

Corollary 3.7. Let 7 be a topology on GZ(Y). Then, the following statements are true:

(1) If the topology t(t) on B*(Y, Z) is a coordinately Borel splitting topology of class «, then the topology T is a
coordinately Borel splitting topology of class a.

(2) If Is(7)] < No and the topology T is a coordinately Borel splitting topology of class «, then the topology t(t) on
B“(Y, Z) is a coordinately Borel splitting topology of class a.

Proposition 3.8. Let A be a class of Gs-spaces. The following statements are true:

(1) Let t be a topology on B*(Y, Z). If the topology T(t) on GZ(Y) is a coordinately Borel A-splitting topology of class
a, then the topology t on B*(Y, Z) is a coordinately Borel ‘A-splitting topology of class a.

(2) Let t be a topology on BX(Y, Z). If |r(t)| < Ny and the topology t is a coordinately Borel A-splitting topology of
class a, then the topology t(t) is a coordinately Borel A-splitting topology of class a.

Proof. The proof is similar to the proof of Proposition 3.6. [

Corollary 3.9. Let t be a topology on B*(Y, Z). Then, the following statements are true:

(1) If the topology T(t) on G%(Y) is a coordinately Borel splitting topology of class a, then the topology t on B*(Y, Z)
is a coordinately Borel splitting topology of class a.

(2) If Ir(t)] < No and the topology t is a coordinately Borel splitting topology of class «, then the topology t(t) is a
coordinately Borel splitting topology of class .

Proposition 3.10. Let A be a class of Gs-spaces. The following statements are true:

(1) Let 7 be a topology on GZ(Y). If T is a coordinately Borel A-admissible topology of class a, then the topology t(t)
on B*(Y, Z) is a coordinately Borel A-admissible topology of class a.

(2) Let T be a topology on GZ(Y). If |s()| < No and t(7) is a coordinately Borel A-admissible topology of class a, then
T is a coordinately Borel A-admissible topology of class a.

Proof. (1) Suppose that the topology T on G%(Y) is a coordinately Borel A-admissible topology of class «,

X €A and G : X — By (Y, Z) is a Borel map of class . It suffices to prove that the map G : X XY — Zisa

coordinately Borel map of class a. We need to prove that the map
G: Xx0(Z) — (GL(Y),7)
is a Borel map of class a, with respect to the first variable. Indeed, let U € O(Z) and H* € 7. Then, we have

Gu (HY) = (xeX:Cu) =G \(U)eH?
G Y, u)).

Since G is a Borel map of class a, G"1((H*, U)) € £3(X) and, therefore, Eu_l(]H“) € X£(X). Thus, the map G
is a Borel map of class a, with respect to the first variable.
(2) Suppose that the topology t(t) on B%(Y, Z) is a coordinately Borel A-admissible topology of class «,
XeA G: X - BYY,Z),and
G: XxO0(Z) — (GZ(Y),1)



D. N. Georgiou, A. C. Megaritis, V. I. Petropoulos / Filomat 29:1 (2015), 143-154 151

is a Borel map of class a, with respect to the first variable. We need to prove that the map G:XXY > Zis
a coordinately Borel map of class a. It suffices to prove that the map

G:X— B, (%2)

e, up) e ),

i€l jeJ;
where [I| < Ry, [Ji| < No, IH?‘ € 7,and U; € O(Z) for every j € J;and i € I. Then, we have

G (e, upy = | (6", upy) = ()G, o).

i€l jeJ; i€l jeJ; i€l jeJ;

is a Borel map of class a. Indeed, let

Since the map EU;‘ is a Borel map of class a and |I| < 8y, we have that

G2, Uy € Z3X).

i€l jeJ;
Thus, the map G is a Borel map of class a. [

Corollary 3.11. Let 7 be a topology on G%(Y). The following statements are true:

(1) If T is a coordinately Borel admissible topology of class «, then the topology t(t) on B*(Y, Z) is a coordinately Borel
admissible topology of class a.

(2) If Is(7)| < Ro and t(t) is a coordinately Borel admissible topology of class «, then T is coordinately Borel admissible
topology of class a.

Proposition 3.12. Let A be a class of Gs-spaces. The following statements are true:

(1) Let t be a topology on B*(Y, Z). If t is a coordinately Borel ‘A-admissible topology of class «, then the topology T(t)
on GZ(Y) is a coordinately Borel A-admissible topology of class a.

(2) Let t be a topology on B(Y, Z). If [r(t)| < Ro and the topology t(t) is a coordinately Borel ‘A-admissible topology
of class a, then the topology t is a coordinately Borel A-admissible topology of class a.

Proof. The proof is similar to the proof of Proposition 3.10. O

Corollary 3.13. Let t be a topology on BY(Y, Z). The following statements are true:

(1) If t is a coordinately Borel admissible topology of class a, then the topology T(t) on GZ(Y) is a coordinately Borel
admissible topology of class a.

(2) If [r(t)] < 8o and the topology t(t) is a coordinately Borel admissible topology of class a, then the topology t is a
coordinately Borel admissible topology of class a.

Definition 3.14. A topology on B*(Y, Z) (respectively, on GZ(Y)) is said to be a family-Borel topology of class
a if it is dual to a topology on GZ(Y) (respectively, to a topology on B*(Y, Z)).

Proposition 3.15. Let T be a topology on GZ(Y). If the set y is a subbasis for T, then the set
s(y) ={H*U) : H* ey, U € O(Z)}
is a subbasis for t(7).

Proof. Let H* € T and U € O(Z). Assume that f € (H®, U). Then, there exist finite elements Hg, ..., H;; of y
such that
A eH;N...nH! ¢ H”
Therefore,
fe®yn...nHj, U) € (H, U).
Thus, any element of the subbasis s(7) of #(7) is a union of finite intersections of elements of the set s(y),
which means that this set is also a subbasis for £(7). [
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Proposition 3.16. Let f be a topology on B*(Y, Z). If the set s is a subbasis for t, then the set
r(s) = {(H*, U) : H* €5, U e O(2)}
is a subbasis for T(t).

Proof. Let H* € t and U € O(Z). Assume that A € (H%, U). Then, there exists an element f € H such that
A = f~}(U). There exist finite elements H, ..., H; of s such that

feHIN...NHCH.

Therefore,
A€ (Hyn...nH,U) C (H U).

Thus, any element of the subbasis r(f) of 7(t) is a union of finite intersections of elements of the set 7(s),

which means that this set is also a subbasis for 7(f). [

Example 3.17. Below we give some family-Borel topologies of class « on B*(Y, Z).
(1) For every y € Y we set
Gi(y) = A€ GL(Y): y € A).

Let T be the topology on G%(Y) for which the family of all sets GZ(y), where y € Y is as subassis. By Proposition 3.15
the set
(Gl W :yeY, UeO2)

is a subbasis for t(7). It is easy to see that
(Giw), W) = ((yh, W),

for every y € Y and U € O(Z). Therefore, t(t) = t;, which means that the point-Borel topology of class a is a
family-Borel topology of class a.
(2) Let M C P(Y). The 5 topology on B*(Y, Z) is the one having all sets

(M,U) = {f € BX(Y,2) : f(M) € L)

as subbasis, where M € M and U € O(Z).
For every M € M we set
GZ(M) = {A € GX(Y): M C A}.

Let T be the topology on GZ(Y) for which the family of all sets GZ(M), where M € M is as subassis. By Proposition
3.15 the set
(GIM), U): M e M, U eOZ)

is a subbasis for t(7). It is easy to see that
(G, L) = (M, L)

Proposition 3.18. Let H® be a subset of GZ(Y) and U € O(Z). Then,
(1, w), u) < =,
Proof. We have

(@, W), u) = (' @W) « f € | W) = {7 W) : £ (U) € HY) € H.
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Proposition 3.19. Let H® be a subset of B*(Y, Z) and U € O(Z). Then,
((He, 1), u) 2 He.
Proof. Let f € H®. Then, f~}(U) € (H*, U) and, therefore, f € ((7’{‘*, ), U) O
Proposition 3.20. Let H® be a subset of GZ(Y), H® be a subset of B*(Y, Z), and U € O(Z). Then,
(((He, ), u), u) = (He, 1)

and

((He, W, u), u) = (He, ).
Proof. By Proposition 3.18 we have ((H®, U), U) C H" and, therefore,
(me, ), u),u) c 1, u).
Also, by Proposition 3.19 for H® = (H*, U) we have (((H, U), U), U) 2 (H*, U). Hence,
(me, ), u), u) = =, u).
Now, by Proposition 3.19 we have ((H®, ), U) 2 H* and, therefore,
(e, W, u), u) 2 (He, ).
Also, by Proposition 3.18 for H* = (H¢, U) we have
(e, W, u), u) < (He, ).
Thus, (((H¢, U), U),U) = (H*,U). O

Definition 3.21. Let 7 be a topology on G%(Y) and t be a topology on B*(Y, Z). The pair (1, t) is called a pair
of mutually dual topologies of class a if T = ©(t) and t = (7).

Proposition 3.22. Let 1 be a topology on G%(Y) and ty a topology on B*(Y, Z). Then,

Hro) = H{1(K(10)))
and
T(to) = 7(¢(7(t0))).
Therefore, (T(t(’[o)), t(To)) and (T(to), t('c(to))) are pairs of mutually dual topologies of class a.

Proof. The t(1¢) topology on B*(Y, Z) has as subbasis all the sets of the form (IH*, U), where H* € 7y and
U € O(Z). Moreover, we observe that the topology t(T(f(To))) on B*(Y, Z) has as subbasis all the sets of the

form (((I[—I“, U, LI), LI), where H” € 19 and U € O(Z). By Proposition 3.20 we have (1) = t(T(i‘(To))). Similar
we can see that 7(ty) = T(t(T(to))). O
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