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Abstract. Let L be a complete lattice. On L we define the so called quasi Scott topology, denoted by 7gs..
This topology is always larger than or equal to the Scott topology and smaller than or equal to the strong
Scott topology. Results concerning the above topology are given. Also, we introduce and investigate the

notions of g-continuous and g-algebraic complete lattices. Finally, we give and examine the quasi Lawson
topology on a complete lattice.

1. Preliminaries

Our reference for complete lattices are [2, 3, 8, 9]. We shall frequently denote complete lattices with their

underlying sets and write L for (L, <). The top element and the bottom element of a complete lattice L will
be denoted by 1; and 0y, respectively.

In what follows we denote by L a complete lattice. By a cover of L we mean a subset C of L such that

VC =1;. An element x of L is called dense (see [7]) if x A y # O for all y € L \ {Or}. The set of dense elements
of L is denoted by D(L). By a quasicover of L we mean a subset A of L such that VA € D(L).

A subset D of L is called directed if for every x,y € D there exists z € D such that x <z and y < z.

For every x € L and A ¢ L we consider the following subsets of L:
lx={yeLl:y<x}, tx={yeLl:x<y}, and tA=u{tx:xecA}.

A non-empty subset I of L is called an ideal if the following conditions hold:
(a)I=|L
(b) I is a directed set.
The Scott topology 7s. on L (see, for example, [7]) is the family of all subsets U of L such that:
(@ U=1U.
(b) For every directed subset D of L the condition VD € U implies D n U # @.
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The strong Scott topology Tss. on L (see [12]) is the family of all subsets U of L such that:
(@ U=1U.
(b) For every directed subset D of L the condition VD = 1; implies Dn U # @.

Let x, y € L. We say that x is way below y, in symbols x « y, if for every directed subset D of L the relation
y < VD implies the existence of a d € D with x <d. Let x, y,z,w € L. The following statements are true:
(1) Op < x.
(2)If x <y, thenx < y.
@) Ifx<y <z<w,thenx < w.
4 Ifx«<zandy <z thenxvy «z.

For every x € L we consider the following subsets of L:
tx={yel:y«<x} and $fx={yel:x <y}

A complete lattice L is called a continuous lattice if x = \/ { x for every x € L. An element x of L is said to
be compact if x <« x. The subset of all compact elements is denoted by K(L). A complete lattice L is called
algebraic if x = \/(Lx n K(L)) for every x € L.

Definitions and notations concerning topological spaces follow [6].

Many researchers are interested in continuous (algebraic) lattices, Scott (Lawson) topology, and their
applications (see, for example, [1, 4, 10-25]). In section 2 we define and study the quasi Scott topology on a
complete lattice. In section 3 we present results concerning the quasi Scott continuous functions. In sections
4 and 5 we introduce and investigate the notions of g-continuous and g-algebraic complete lattices. Finally,
in section 6 we give and examine the quasi Lawson topology on a complete lattice.

2. The notion of quasi Scott topology

Notation 2.1. Let L be a complete lattice. By t,s.(L) or briefly T,s. we denote the family of all subsets U of L such
that:

(@ U=1U.

(b) For every directed subset D of L the condition \/D € D(L) n U implies Dn U + @.

Proposition 2.2. Let L be a complete lattice. Then, U € T4s. if and only if the following two conditions are satisfied:
(a) U=1U.

(b) For every subset X of L the condition \/X € D(L) n U implies the existence of a finite subset A of X such that
VA e U.

Proof. Let U € 145.. Obviously, U =1U. Also, let X be a subset of L such that \VX € D(L) n U. We prove that
there exists a finite subset A of X such that VA € U. Consider the directed subset

X" ={\/A: Ais a finite subset of X}

of L. Then, VX* = VX. Hence, X* n U # @. Thus, there exists a finite subset A of X such that \VA € U. The
converse is immediate. [

The following proposition can be easily proved.

Proposition 2.3. Let L be a complete lattice. Then, the following are true:
(1) The family t,s. is a topology on L.

(2) Tsc € Tygsc & Tssc-

(3) Tgsc is a To-topology.

Definition 2.4. The topology 7,5 on a complete lattice L is called the quasi Scott topology on L.
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Example 2.5. (i) If L is finite complete lattice, then t4s. = tsc = {U S L: U =1U}.
(i) If L is complete lattice such that D(L) = {1.}, then Tsc = Tssc.

(iii) Let a > 0 and (a, )2, be a strictly increasing sequence of positive real numbers such that lim a, = a. We consider
n—oo

the complete lattice (L, <), where
L={a,:n=1,2,...3u{0,4,b,c}

and 0 <b<c 0<a, <ay<a<cforn<m Then, D(L) = {c}. We consider the subset U = {a,c} of L. Then,
U =1U. For the directed subset Dy = {a, : n=1,2,...} of L we have /Dy = a € U but Dy n U = @. This means that
U ¢ Tsc. Also, for every directed subset D of L with \/D = ¢ we have c € D and, therefore, c € D n U. Hence, U € Tys..
Thus, we have Ts. # Tysc.

ap

a

Figure 1: The lattice L in Example 2.5(iii)

(iv) Let a > 0 and (a,);2, be a strictly increasing sequence of positive real numbers such that lim a,, = a. We consider
n—oo

the complete lattice (L, <), where
L={a,:n=1,2,...} u{0,a,b}

and 0 < a, < a, <a<bforn<m. Then, D(L) = L~ {0}. We consider the subset U = {a,b} of L. Then, U =1U.
For the directed subset Dy = {a, : n =1,2,...} of L we have \VDy = a € D(L) nU but Do n U = @. This means that
U ¢ 14sc. Also, for every directed subset D of L with \/D = b we have b € D and, therefore, b € D nU. Hence, U € Tss,.
Thus, we have Tysc # Tsse.

as

a1

Figure 2: The lattice L in Example 2.5(iv)
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(v) Let X be a topological space and O(X) be the set of all open subsets of X with the inclusion as order. Then, the
quasi Scott topology on O(X) is the family of all subsets H of O(X) such that:

(a) The conditions Ue H, V e O(X), and U c V imply V e H.

(b) For every family {U; : i € I} ¢ O(X) such that U{Uj; : i € I} is a dense subset of X and U{U; : i € I} € H, there
exists a finite subset ] of I such that U{U;:ie€ ]} e H.

The following proposition can be easily proved.

Proposition 2.6. Let L be a complete lattice and tyg (L) = {L ~ U : U € tysc}. Then, the family tgq (L) consists of
all subsets F of L such that:

(a) F=|F.

(b) For every directed subset D of L the conditions \/D € D(L) and D ¢ F imply \/D € F.

Proposition 2.7. Let L be a complete lattice with the quasi Scott topology and A ¢ L. If A is a complete lattice and
D(A) c D(L), then the subspace topology on A is contained in the quasi Scott topology on A.

Proof. The subspace topology on A is the family
Tch(L)|A = {A nU:Ue Tch(L)}-

We prove that Tgs.(L)[4 € T4sc(A). Let Ua € Tysc(L)|a. Then, there exists U € 745.(L) such that Uy = An U.
Obviously, Ux =1 U, with respect to A. Let D be a directed subset of A such that VD € D(A) n Uy. Since,
D(A) ¢ D(L) and U € 145.(L), we have Dn Uy # @. Thus, Uy € 145.(A) and, consequently, 7,s.(L)[a <
TgSc (A) 0

Corollary 2.8. Let L be a complete lattice with the quasi Scott topology and A € T4s.(L). If A is a complete lattice
and D(A) < D(L), then the quasi Scott topology on A and the subspace topology on A coincide.

Proof. By Proposition 2.7, t4s.(L)[a € T45c(A). Moreover, since A € 145.(L), we have 7,5.(A) S Tgsc(L)|a-
Therefore, 745.(A) = Tgsc(L)[a. O

Proposition 2.9. Let L be a complete lattice and x € L. Then,
Lnix={yeL:y£x}eTys.
Proof. Tt is known that L\ | x € 75.. By Proposition 2.3(2), Ts; € T4s.. Hence, L\ | x € T45.. O
Let L be a complete lattice. For any net (x;)e; the lower limit is defined as follows

lim . x; = sup infu;.
jel 2l

By D we denote the class of all those pairs ((x;)jj, x) consisting of a net (x;) ;; on L and an element x € D(L)
such that x < lim; x;. If ((xj)jej,x) € D, then we say that x is an D-limit of (x;);; and we write briefly
X =p lim]-e] x]-.

Notation 2.10. Let L be a complete lattice. By ©(D) we denote the family of all subsets U of L satisfying the following
conditions:

(a) tueU foreveryue (LND(L))nU.

(b) If x =p limje x;j and x € U, then there exists jo € | such that x; € U for every j > jo.

The following proposition can be easily proved.
Proposition 2.11. Let L be a complete lattice. Then, the family (D) is a topology on L.

Proposition 2.12. For the topologies T4s. and T(D) on a complete lattice L we have 1,5 = 1(D).
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Proof. We prove that 7(D) ¢ 74s.. Let U € ©(D). First we prove U =1 U. It suffices to prove that tu € U for
every u e D(L)nU. Letu € D(L) nU and x € L such that u < x. We consider the net (x;) e;, where x; = x, j € J.
Then,

ULxX= hﬁje]xj-

From the definition of 7(D) we conclude that there exists jo € ] such that x; € U for every j > jo. This means
that x e U.
Now, let D be a directed subset of L such that \VD € D(L) nU. Consider the net (x;)4.p with x; = d. Then,

infx, =d
azd

and, hence,
lim pxg = \/D.
Therefore,
\/D =D Llel‘{)l X4.
By assumption there exists dy € D such that x; = d € U for every d > dy. Thus, D n U # @ and, therefore,
(D) € Tgse-
We prove that 7,5. € 7(D). Let U € 745.. We take a net (x;); and x € U with x =p limj;x;. Then,
x <lim, ;x;. Consider the directed subset

D= {infx;:jeJ}
i>j

of L. Then, x < VD. Since U =1 U, we have VD € U. Moreover, since x € D(L) and x < VD, we have
VD € D(L). By assumption there exists dy € D such that dy € D n U. By the definition of D, dy = infj j, x;
for some jy € J. Hence, dy < x; for all i > jo. Since U =1 U and dy € U, we have x; € U for all i > jo. Thus,
Tgse € T(D). O

3. Quasi Scott continuous functions

Definition 3.1. Let L; and L, be two complete lattices. A function f : L; — L, is called quasi Scott continuous
if for every V € 745.(Ly) we have f(V) € 1ys(L1).

Proposition 3.2. Let f: L — L, be a quasi Scott continuous function. Then, f is monotone.

Proof. Let x,y € Ly with x < y. We show that f(x) < f(y). Suppose that f(x) £ f(y) and set

V= Lz\lf(y)

Then, f(x) € V. By Proposition 2.9, V € 1,5.(L,). Hence, f (V) € 745.(L1) and, consequently, 1 f(V) =
FY(V). Since x € f1(V) and x < y, we have y € f1(V) or f(y) € V which is a contradiction. Thus,
f@)<f(y). O

The following proposition can be easily proved.

Proposition 3.3. Let f : L1 — L, be a function. The following conditions are equivalent:
(1) f is quasi Scott continuous.
(2) For every F e tis.(Ly) we have f~'(F) € o5 (L1).

Proposition 3.4. Let f : Ly — L, be a quasi Scott continuous function. The following statements are true:
(1) For every directed subset D of Ly with \/D € D(L1) we have

f(VD) = V(D).

(2) For every net (x;) jej with lim,;x; € D(Ly) we have

f(hﬂje]xj) < hﬂje]f(xj)~
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Proof. (1) Let D be a directed subset of L; with VD € D(L;). We prove that f(\VD) =V f(D). By Proposition
3.2,V f(D) < f(VD). So, it suffices to prove that f(\VD) < V(D). We set

x=\/D and a=\/f(D).
We will show that f(x) <a. Suppose that f(x) £ a. We consider the set
V= L2\ J,tl.

Then, f(x) € V. By Proposition 2.9, V € 745.(L>). Hence, U = f (V) € 745(L1). Also, x € D(L;) n U.
Hence, there exists d € D such that d € U. It follows that f(d) € L, |a, thatis, f(d) £ a = Vf(D) which is a
contradiction.

(2) Let (x})jey be a net and x = lim;x; € D(L;). We prove that f(x) < lim;, f(x;). Consider the directed
subset
D- {infx;: e}
2]

of L;. Then, x = VD. Let d € D. Then, there exists jy € | such that d = infx;. By Proposition 3.2,
12]o
f(d) = f(infx;) <inf f(x;).
1>]o 12]o

Therefore,
lim,; f(x;) = sup inf f(x;) > f(d).

It follows that lim,; f(x;) > f(d) for every d € D. Hence, Vf(D) <lim, f(x;). ;From (1) we conclude

f(imx;) = fF(\/D) = \/f(D) < lim; f(x)).
O

Proposition 3.5. Let f : L1 — Ly be a monotone function. If f(x) € D(Lp) for any x e D(L1) and f(\VD) =V f(D)
for every directed subset D of Ly with /D € D(Ly), then f is quasi Scott continuous.

Proof. Let V € 745:(Ly). We prove that f~(V) € 7,5.(L1). Since the function f is monotone, 1 f (V) =
f1(V). Now let D be a directed subset of L; with \/D € D(L1) n f~(V). Then, f(VD) € D(Ly) and
f(vD) = Vf(D) € V. Also, since f is monotone, f(D) is a directed subset of L,. Hence, there exists
y e f(D)n V. It follows that there exists x € D such that y = f(x) and x € f~*(V). Thus, Dn f~}(V) # @ and,
therefore, f1(V) € 1,5c(L1). O

4. q-continuous complete lattices

Definition 4.1. Let L be a complete lattice and x, y € L. We say that x is quasi way below y, in symbols x <, y,
if the following two conditions are satisfied:

(@x<y.

(b) For every directed subset D of L the relations y < VD and VD € D(L) imply the existence of a d € D with
x<d.

Proposition 4.2. Let L be a complete lattice and x,y € L. Then, x <, y if and only if the following two conditions
are satisfied:

(a) x<y.

(b) For every subset X of L the relations y < VX and VX € D(L) imply the existence of a finite subset A of X such
that x < VA.
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Proof. Let x <, y. Obviously, x < y. Let X be a subset of L such that y < VX and VX € D(L). Consider the
directed subset

X" ={\/A: Ais a finite subset of X}

of L. Then, VX' = VX. Hence, there exists a finite subset A of X such that x < VA. The converse is
immediate. [

The following proposition can be easily proved.

Proposition 4.3. Let L be a complete lattice and x,y,z,w € L. The following statements are true:
(1) If x < y, then x < y. Particularly, 0p <, y.

(2) If x <qyand y <, z, then x <, z.

(B)Ifx <y <4z <w, then x <, w.

DIfx<gzand y <,z then x vy <, z.

Proposition 4.4. Let L be a complete lattice and x,y € L. Then, the following two statements are equivalent:

(1) x <4 y.
(2) x < y and for every ideal I of L the relations y < VI and \/I € D(L) imply x € L.

Proof. (1) implies (2): Suppose that x <; v and let I be an ideal of L such that y < VI and VI € D(L). Since
x <, y and I is directed, there exists z € [ such that x < z. Now, since [ =|I, we have x € I.

(2) implies (1): Let D be a directed subset of L such that y < VD and VD € D(L). We prove that there exists
d e D with x < d. SetI =] D. We observe that I is an ideal and VI = \VD. Hence, x € I and, therefore, there
existsd e Dsuchthatx<d. [J

For every x € L we consider the following subsets of L:

Wwx={yeLl:y<,x} and f;x={yel:x<,y}.

Remark 4.5. If the condition (b) of Definition 4.1 satisfied and y € D(L), then x < y and, hence, x < y. It follows
that if y e D(L), then {,y ={y.

Proposition 4.6. Let L be a complete lattice and x € L. Then, Int, . (1 x) c%; x (By Int (1 x) we denote the
interior of 1 x in the topology 1s.).

Proof. Let y € InthS((T x) €t x. Then, x < y. Now, let D be a directed subset of L such that y < VD and
VD e D(L). Since y € IntTJSC(Tx), y<VD, and InthSC(Tx) = TInthsC(Tx), we have VD ¢ InthSE(Tx). So,

\/D e D(L) nInt, (1x).

Since Inths[(T X) € Tgsc, there exists d € D such that d € InthSC(T x) ctx. So, x < d. By the above we have
x <, y. Thus, yefx. O

Definition 4.7. A complete lattice L is called g-continuous if

x=\i{sx=\V{yeL:y <, x}forevery x L.

We note that the notion of g-continuous complete lattice is quite different from the well known notion of
quasi continuous complete lattice (see, for example, [8]).

Remark 4.8. If L is g-continuous, then by Proposition 4.3(4) for all x € L, the subset {;x of L is directed.
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Example 4.9. (i) Every continuous complete lattice L is g-continuous. Indeed, let x € L. Then,

{yeL:y<xjc{yel:y<,x}c{yel:y<x}.

Therefore,
x=\{yel:y<x}<\{yeL:y<,x}<\/{yel:y<x}=x

which means that x = \/ {, x.
Particularly, every complete chain and every finite complete lattice are g-continuous.

(ii) Consider the complete lattice (L, <), where
L={0,1,2,...} u{a,b,cd},

0<1<2<...<b0<c<d,and0<a<b<d. Then, D(L) = {d}. We observe that {;n =1{0,...,n},n=0,1,2,...,
vga=1{0,a}, {,b=1{0,1,2,...} u{a,b}, {;c = {0,c}, and {,;d = L. Therefore, L is g-continuous. We prove that L
is not continuous. It suffices to prove that a ¢ {a. Indeed, consider the directed subset D = {0,1,2,...} of L. Then,
a < b =\/D but there not exists n € D such that a < n. Thus, {a = {0} and, hence, \/ {a + a. This means that L is not
continuous.

Figure 3: The lattice L in Example 4.9(ii)

(iii) Let X be a topological space and O(X) be the set of all open subsets of X with the inclusion as order (see Example
2.5(v)). It follows that the complete lattice O(X) is g-continuous if and only if for every x € X and for every open
neighborhood U of x there exists an open neighborhood V of x satisfying the following conditions:

(a) V cU.

(b) For every family {U; : i € I} ¢ O(X) such that U{U, : i € I} is a dense subset of X and U ¢ U{U, : i € I}, there
exists a finite subset | of I such that V. ¢ U{U;: i€ J}.

Definition 4.10. (see [12]) A complete lattice L is called weakly continuous if
x=\/{yeL:y<yx} forevery x € L.
We write x <, y, if the following two conditions are satisfied:
(@x<y.
(b) For every directed subset D of L the relation VD = 1; implies the existence of a d € D with x < d.

Example 4.11. (i) Every g-continuous complete lattice L is weakly continuous. Indeed, let x € L. Then,

{yel:y<yxpc{yel:y<yxfc{yel:y<x}.
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Therefore,
x=\{yel:y<,x}<\/{yel:y<px} <\{yeL:y<x}=x
which means that x = V{y e L : y < x}.

(ii) Consider the complete lattice (L, <), where L = [1,2] u{0,a,b}, 0 < x < y < b for every x,y € [1,2) with x + y,
and 1 <a <2. Then, D(L) = L\ {0}. We observe that {;a = {0,1} and, hence, a # \/ {;a. This means that L is not
g-continuous. Also, we observe that L is weakly continuous.

*h

o0
Figure 4: The lattice L in Example 4.11(ii)

Proposition 4.12. Let L be a g-continuous complete lattice. Then, the following statements are true:
(1) If x <4 y < VD, where \/D € D(L), for a directed subset D of L, then there exists d € D with x <, d.
(2) If x <4 z, where z € D(L), then there exists y € L such that x <<, y <, z.

Proof. (1) Letx,y € L and let D be a directed subset of L such that x <, y < VD and VD € D(L). We set

I=\J{4yd:deD}.

We observe that I is an ideal and VI = \/D. By Proposition 4.4, x € I which means that x <, d for some d € D.

(2) Let x <<, z, where z € D(L). Set D ={,z. Then, D is a directed subset of L. Since L is g-continuous,
z=\V{,z = VD. From (1) there exists y € D with x <, y. Hence, x <, y <;z. O

Corollary 4.13. Let L be a g-continuous complete lattice and x € L. Then, $,x € Tys,.

Proof. By Proposition 4.3(3), 1, x =1 (4;x). Let D be a directed subset of L such that \VD € D(L)n #, x. We
prove that Dn %, x # @. Indeed, by Proposition 4.12(1), there exists d € D with x «; d. Hence,d e Dn {;x. [

Proposition 4.14. Let L be a g-continuous complete lattice and x € L. Then, ,x = Int, (1 x).

Proof. By Proposition 4.6 it suffices to prove that $;x ¢ Int, . (1 x). By Corollary 4.13, %, x € 745.. Moreover,
#7x € tx. Therefore, #;x ¢ Int, (1x). O

Proposition 4.15. Let L be a q-continuous complete lattice and x € D(L). Then, the family {};u : u <, x} is a
neighborhood basis of x with respect to Tys..

Proof. Let U € 745, such that x € U. We set D =y, x. Since L is gq-continuous, the subset {; x of L is directed
(see Remark 4.8) and x = \VD. Moreover, \VD € D(L). Hence, D n U + @. It follows that there exists u € U
such that u <, x. By Corollary 4.13, fq u € T45.. We prove that fq u c U. Indeed, let y €f,u. Then, u <, y and,
therefore, u < y. Since U =tU and u € U, we have y € U. Thus, },uc U. O
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Corollary 4.16. Let L be a q-continuous complete lattice with D(L) = L ~ {O_}. Then, the family {};x:x €L} isa
base for the quasi Scott topology T4s. on L.

Example 4.17. The condition D(L) = L ~ {0} cannot be omitted in Corollary 4.16. Indeed, let (a, )2, and (by)52,
be two strictly increasing sequences of positive real numbers such that lima, =a > 0and lim b, =b > 0. We
n—oo n— oo

consider the complete lattice (L, <), where
L={m,a,,...} u{by,by,...} u{0,a,b,c,d}
and 0<by <c<d,0<a,<ay<a<b<d 0<b, <by,<b<dforn<m. Then, D(L) = {b,d}. We observe that
Yoan ={0,a1...,a,}, 440, ={0,b1...,b,}, n=1,2,...,

%LI = {0,611,612,...}, %b = {O,bl,bz,...}, iqu: {O,bl,c}, and %d =L.

Indeed, we will show, for example, that {;a = {0,ay,az,...}. It suffices to prove that a ¢ {;a. We consider the directed
subset D = {b1,by,...} of L. Then,
a<b=\/DeD(L)

but there not exists b,, € D such that a < b,,.

By the above we have a, = \V/ {ga, forn=1,2,..., b, =V {gb, forn =1,2,...,a=V {0, b=V {;b,c =V {4¢,
and d = \/ {,d. Therefore, L is a g-continuous complete lattice.

Now, we consider the subset U = {bs,bs,...} u{a,b,d} of L. Then, U € t,5. and a € U. This means that U is an
open neighborhood of a in the topology T,s.. We observe that there not exists x € L such that a €}, x ¢ U. Thus, the
family {#;x : x € L} is not a base for the quasi Scott topology T4s. on L.

d

Figure 5: The lattice L in Example 4.17

Definition 4.18. Let L be a complete lattice. A subset B of L is called a g-basis for L if for every x € L there is
a directed subset D, of B such that D, ¢ iqx and VD, = x.

Proposition 4.19. A complete lattice is g-continuous if and only if it has a g-basis.

Proof. Let L be a g-continuous complete lattice. We prove that L is a g-basis of L. Indeed, let x € L. We set
D, ={;x. Then, D, is a directed subset of L and VD, = x.

Conversely, let L be a complete lattice with B as its g-basis and x € L. We prove that x = \/ {, x. Indeed,
there is a directed subset D, of B such that D, ¢ % x and VD, = x. Hence, x = VD, < V % x. Moreover,
Vigx <x. Thus, x = V{;x. O
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5. g-algebraic complete lattices

Definition 5.1. Let L be a complete lattice. An element x of L is said to be g-compact if x <<, x. The subset of
all g-compact elements is denoted by K, (L).

The following proposition can be easily proved.

Proposition 5.2. Let L be a complete lattice. The following statements are true:
(1) Op € Ky(L).

(2)Ifx,y € K4(L), then x v y € K;(L).

(3) If x <k <ywith k e K, (L), then x <, y.

Proposition 5.3. Let L be a complete lattice and x € K;(L). Then, tx € Tysc.

Proof. Obviously, 1x =1 (1x). Now, let D be a directed subset of L such that VD € D(L) n tx. Then, x < \VVD.
Since x € K, (L), there exists d € D such that x <d. Hence, d €t x. It follows that Dntx # @. [J

Definition 5.4. A complete lattice L is called g-algebraic if
x=\(lxnKy(L)) for every x € L.
Remark 5.5. If L is g-algebraic, then by Proposition 5.2(3) for all x € L, the subset | x n K, (L) of L is directed.
Example 5.6. (i) Every algebraic complete lattice L is q-algebraic. Indeed, let x € L. Then,
JxnK(L) clxnK,(L) c|x.

Therefore,
x=\V({xnK({L)) <VUxnKy (L)) <\ix=x

which means that x = \/({x N K,(L)).
Particularly, every finite linearly ordered set is g-algebraic.

(ii) Consider the complete lattice (L,<), where L = [0,1] u {a,b}, x < y < b for every x,y € [0,1] with x # y, and
0<a<1. Since K(L) = {0,a,b}, the complete lattice L is not algebraic. We observe that K,(L) = L. Hence,

V(xnKy (L) =V ix=x

for every x e L which means that L is g-algebraic.

b

Figure 6: The lattice L in Example 5.6(ii)

Proposition 5.7. Let L be a g-algebraic complete lattice and x € D(L). Then, the family
{ta:a<xandaeK,(L)}

is a neighborhood basis of x with respect to Tgs..
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Proof. Let U € 1,5 such that x € U. We set D =|xnK,(L). Since L is g-algebraic, the subset | x n K;(L) of L is
directed (see Remark 5.5) and x = VVD. Moreover, \/D € D(L). Hence, D n U # @. It follows that there exists
a € U such that a < x and a € K;(L). By Proposition 5.3, 1a € 7,5.. We prove that ta ¢ U. Indeed, let y € ta.
Then, a < y. Since U=1U and a € U, we have y € U. Thus, tfac U. O

Corollary 5.8. Let L be a g-algebraic complete lattice with D(L) = L\ {O}. Then, the family {tx:x e K;(L)} isa
base for the quasi Scott topology T4s. on L.

Remark 5.9. The condition D(L) = L~ {0} cannot be omitted in Corollary 5.8. Indeed, we consider the continuous
complete lattice L in Example 4.17. We observe that K;(L) = L\ {a, b}. Therefore, L is g-algebraic. Let

u-= {bz,b3,. } U {ﬂ,b,d}.

Then, U € t45. and a € U. This means that U is an open neighborhood of a in the topology t,s.. Since a ¢ K (L), there
not exists x € K, (L) with a € tx ¢ U. Thus, the family {1 x : x € K;(L)} is not a base for the quasi Scott topology ;s
on L.

Proposition 5.10. Every g-algebraic complete lattice is g-continuous.
Proof. Let L be a q-algebraic complete lattice and let x € L. We prove that x = \/ {, x. We set
D =|xnKy(L).

Then, D is directed and x = \VD. Let y € D. Then, y <, y < x and, therefore, y €, x. This means that D c ,x
and, hence, x = VD <V {,x. Moreover,

Vigx=V{yeL:y<,x}<\/{yeL:y<x}=x
which means that x = V{,x. O

Example 5.11. Let L = [0,1] with the usual order. Obviously L is g-continuous. Since K,(L) = {0}, the complete
lattice L is not g-algebraic.

Proposition 5.12. Let L be a g-algebraic complete lattice and x,y € L. The following statements are equivalent:
(1) x<y.
(2) lxnKy(L) clynK,(L).

Proof. (1) implies (2). It is obvious.
(2) implies (1). Suppose that | x n K;(L) €|y n K,;(L). Then,
VxnKy(L)) < V(y n Ky(L)).

Since L is q-algebraic,
x=\V({xnKy(L)) and y =V ({ynKy(L)).
Thus, x<y. O

Corollary 5.13. Let L be a g-algebraic complete lattice and x,y € L. The following statements are equivalent:
(1) x<y.
(2) For every U € Tys, x € U implies y € U.

Proof. (1) implies (2). It is obvious since U =1 U.
(2) implies (1). By Proposition 5.12 it suffices to prove that
lxnKy(L) clynK,(L).

LetaelxnK,(L) and set U =ta. Then, x € U and a € K;(L). By Proposition 5.3, U € 7;s5.. Hence, y € U which
means thata<yoraely. O
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6. The quasi Lawson topology

Recall the notion of the Lawson topology (see [8]). Let L be a complete lattice. The lower topology on L,
denoted here by 1, is the topology, which has as a subbasis the family of all sets of the form L\ tx, x € L.
The topology 1; v s, is called the Lawson topology and is denoted here by 7.

Definition 6.1. Let L be a complete lattice. The topology 7; v 145 is called the quasi Lawson topology and is
denoted by 7, or 7,.(L). That is the quasi Lawson topology has as a subbasis the sets U, with U € 745,
together with the sets L\ tx, x € L.

Remark 6.2. Let L be a complete lattice. Then, the following are true:
(1) T € Tygsc & TsSc-

(2) Tsc € TL € Ty

(3) Tse © Tgsc c TgL-

7 ”

The relations between the topologies are summarized in the following diagram, where “—" means “c”.

NS

TgSc

NP

Figure 7: Relations between the topologies s, Tgsc, Tsse, TL, TgL

TsSc

The proof of the following proposition is a straightforward verification of the relation 7; ¢ TaL and the
separation axioms of 7.

Proposition 6.3. (1) For any complete lattice, Ty is Ty.
(2) For any continuous complete lattice, T, is Hausdorff.

Proposition 6.4. Let L be a complete lattice. The following statements are true:
(1) The sets U1 F, where U € t4s. and F is a finite subset of L, form a basis for 7.
(2) IfU =1U, then U € 7y if and only if U € Tys..

Proof. (1) It is obvious.

(2) Obviously, T4sc € 4. Let U € 74 such that U =1 U. We prove that U € 7,5.. Let D be a directed subset of
L such that VD € D(L) n U. By (1) there exist V € 745 and a finite subset F of L such that VD € V\1F c U.
Therefore, DNV + @. Letd e DnV. Since VD ¢1F, we have d ¢ 1 F. It follows that d € VN1 F ¢ U which
means that Dn U # @. Thus, U € 145.. [J

Example 6.5. Consider the complete lattice L given in Example 2.5(iii). By Proposition 6.4(2) and from the similar
proposition for the topologies Ts. and Ty, (see Proposition 11I-1.6.(i) of [8]) we have Tys. # 71 and Ty # Tr.

Remark 6.6. For a complete lattice L the topology 71 is always compact. But, in general, the topology T4 is not
compact (see Example 6.8).

Proposition 6.7. Let L be a complete lattice. Every cover
{Uietysc:iel}(J{L txj:je]}
of L, where \V{x;: j € |} € D(L), contains a finite subcover.
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Proof. Let {U; € T4sc : i € I}U{L~1x; : j € J} be an open cover of L such that \VV{x;: j € J} € D(L). We set
x=V{x;j:je]}. Then,x e D(L) and
UL~ txj:je]b =Ln({txj:je]} =L tx

Since x ¢ L~ 1x, there exists i € [ such that x € Uj,,. By Proposition 2.2 there exist a finite subset {1, ..., j, } of
J such that

Xjp V...V eU.

Moreover, since U;, € 1,5., we have U;, =1U;,. Hence,
0 q 0 0

L=U;, UL~ x;) - U@L 1x,).
|
Example 6.8. Consider the complete lattice (L,<), where
L={0,1,2,...} u{ab,c},

0<1<2<...<b<cand0<a<c. Itis known that the topology Tr is compact. But the topology T, is not compact.
Indeed, the cover {Lxtn:n=1,2,...} u{b,c} of L is open with respect to the topology t,s. and does not contain a
finite subcover.

Figure 8: The lattice L in Example 6.8

Proposition 6.9. Let L be a g-continuous complete lattice. Then, T4 is Hausdorff.

Proof. Letx,y e Lwithx # y. Without loss of generality suppose that x £ y. Since L is q-continuous, x = \/ {, x.
We show that there exists z € L such that z «; x and z £ y. Indeed, suppose that for every z <, x we have
z < y. Then, y is an upper bound of {,x and, hence,

= \Vigx<y

which is a contradiction. We set
U=%z and V=L\1z

for some z € L such that z «; x and z £y. Then, Vet c T4. Also, by Corollary 4.13, U € 145, € 4. We
observe thatx e U, y € V,and UnV = @. Thus, 7, is Hausdorff. [J
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