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Abstract. A categorical group is a kind of categorization of group and similarly a categorical ring is a
categorization of ring. For a topological group X, the fundamental groupoid nX is a group object in the
category of groupoids, which is also called in literature group-groupoid or 2-group. If X is a path connected
topological group which has a simply connected cover, then the category of covering groups of X and the
category of covering groupoids of 71X are equivalent. Recently it was proved that if (X, xo) is an H-group,
then the fundamental groupoid nX is a categorical group and the category of the covering spaces of (X, x)
is equivalent to the category of covering groupoids of the categorical group nX.
The purpose of this paper is to present similar results for rings and categorical rings.

Introduction

If X is a topological group, the fundamental groupoid nX is a group-groupoid which is a group object in
the category of groupoids [7]. This notion is also known as an internal category in the category of groups
[18]. This functor gives an equivalence of the category of the covering groups of a topological group X
whose underlying space is locally nice and the category of the covering groupoids of X [6, Proposition
2.3] (see also [15]). Recently the notion of monodromy groupoid for topological group-groupoids was
developed in [16]; and normality and quotients of group-groupoids were developed in [17].

In [11] it was proved that if (X, xp) is an H-group (group case of Definition 2.1), then the fundamental
groupoid nX is a weak categorical group and also proved that the category of the covering spaces of an
H-group (X, x¢) is equivalent to the category of covering groupoids of the weak categorical group nX. In
this paper we will give similar results for rings and categorical rings.

1. Preliminaries on covering groupoids and covering spaces

A groupoid G on Ob(G) is a small category in which each morphism is an isomorphism. Thus G has a
set of morphisms, a set Ob(G) of objects together with functions s,t: G — Ob(G), e: Ob(G) — G such that
se = te = lop(c), the identity map. The functions s, ¢ are called initial and final point maps respectively. If
a,b € G and t(a) = s(b), then the product or composite b o a exists such that s(b o a) = s(a) and t(b o a) = t(b).
Further, this composite is associative, for x € Ob(G) the element e(x) denoted by 1, acts as the identity, and
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each element a has an inverse a~! such that s(a!) = t(a), ta™') = s(a), aoa™! = (et)(a), a! oa = (es)(a). The
map G — G, a — a”!, is called the inversion. So a group is a groupoid with only one object.

In a groupoid G for x, y € Ob(G) we write G(x, y) for the set of all morphisms with initial point x and
final point y. We say G is connected if for all x, y € Ob(G), G(x, y) is not empty and simply connected if G(x, )
has only one morphism. For x € Ob(G) we denote the star {a € G | s(a) = x} of x by G,. The set G(x, x) of all
morphisms from x to x is a group, called object group at x and denoted by G(x).

Let G and H be groupoids. A morphism from H to G is a pair of maps f: H — G and Os: Ob(H) — Ob(G)
such thatso f = Ofos,to f =Ofotand f(boa) = f(b) o f(a) for all (b,a) € Hs X; H. For such a morphism
we simply write f: H — G.

A morphism p: G — Gof groupoids is called a covering morphism and Ga covering groupoid of G if for
each ¥ € Ob(G) the restriction Px: G); — Gy of p is bijective. A covering morphism p: G — G is called

connected if both G and G are connected.

For example if p: X - Xisa covering map of topological spaces, then the induced morphism np: nX —
nX of the fundamental groupoids is a covering morphism of groupoids.

A connected covering morphism p: G — G is called universal if G covers every cover of G, i.e., if for
every covering morphism q: H — G thereisa unique morphism of groupoids fi: G — H such that gp=p
(and hence 7 is also a covering morphism), this is equivalent to that for %, i € Ob(G) the set G(%, 7) has not
more than one element. _ _ _

For any groupoid morphism p: G — G and an object ¥ of G we call the subgroup p(G(¥)) of G(p%) the
characteristic group of p at &.

If p: X - Xisa covering map of topological spaces, then the induced morphism np: nX — nX of
fundamental groupoids is a covering morphism of groupoids [5, 10.2.1].

Let p: G — G be a covering morphism of groupoids and g: H — G a morphism of groupoids. If there
exists a unique morphism §: H — G such that g = pj we just say q lifts to § by p. We recall the following
theorem from Brown [5, 10.3.3] which gives an important criteria to have the lifting maps on covering
groupoids. For a useful application of this theorem see for example the proof of Theorem 3.14.

Theorem 1.1. Let p: G- Gbea covering morphism of groupoids, x € Ob(G) and % € Ob(G) such that p(X) = x.
Let q: K — G be a morphism of groupoids such that K is connected and z € Ob(K) such that q(z) = x. Then the

morphism q: K — G uniquely lifts to a morphism §: K — G such that G(z) = X if and only if g[K(z)] C p[G(x)]
where K(z) and G(x) are the object groups.

From Theorem 1.1 the following corollary follows.

Corollary 1.2. Let p: (5, %) — (G,x)and q: (ﬁ, Z) — (G, x) be connected covering morphisms with characteristic

groups C and D respectively. If C C D, then there is a unique covering morphism r: (G, %) —> (H,2) such that
p = qr. If C = D, then r is an isomorphism.

We assume the usual theory of covering maps. All spaces X are assumed to be locally path connected
and semi locally simply connected, so that each path component of X admits a simply connected cover.

Recall that a covering map p: X — X of connected spaces is called universal if it covers every cover of X
in the sense that if : Y — X is another cover of X then there exists a map r: X — Y such that p = qr (hence
r becomes a cover). A covering map p: X — Xis called simply connected if Xis simply connected. Note that
a simply connected cover is a universal cover.

We call a subset U of X liftable if it is open, path connected and U lifts to each cover of X, that is, if
p: X — X is a covering map, 1: U — X is the inclusion map, and ¥ € X satisfies p(¥) = x € U, then there
exists a map (necessarily unique) 7: U — X such that pi = 1 and i(x) = *.

It is an easy application that U is liftable if and only if it is open, path connected and for all x € U, the
fundamental group 7t1(U], x) is mapped to the singleton by the morphism 1, : n(U, x) — 7(X, x) induced by
the inclusion map 1: U — X. Remark that if X is a semi locally simply connected topological space, then
each point x € X has a liftable neighbourhood.
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We recall the following topology called lifted topology from [5, 10.5]
Let X be a semi-locally simply connected space and 4: G- nXa covering morphism of groupoids.

Let X = Ob(G) and p = Ob(g): X — X. If U is the class of all liftable subsets of X and U is an element of
U, then by Theorem 1.1 the induced morphism 1, : (U, x) — n(X, x) lifts to the morphism of groupoids

7 (U, x) — (G X). The set 7(U) = U is called the lifting of U. The set of all such liftings of U for all U in U
is written U. Since X is semi- locally simply connected the set U covers X and is a base for the open sets of
a topology on X. This topology on X is called lifted topology of X.

For the lifted topology on X, the following results, which we need in some proofs are given.

Theorem 1.3. [5, 10.5.3] Let f: Z — X be a continuous map. If the groupoid morphism nif: nZ — nX lifts to a
morphism f: nZ — G, then f’ = Ob(f): Z — X is continuous and is a lifting of f: Z — X

Theorem 1.4. [5, 10.5.5] The lifted topology is the only topology on X such that
(a)p: X - Xisa covering map;
(b) there is an isomorphismr: G — niX such that mpor=q

The following result, which is very useful for some proofs, say Theorem 3.11 and Corollary 3.15, is
known as Covering Homotopy Theorem [19, Theorem 10.6]. In Theorem 3.12 a parallel result is given for
the homotopies of functors.

Theorem 1.5. Let p: X - Xbea covering map and Z a connected space. Consider the commutative diagram of
continuous maps

Z
I
x1

Z

=<

(_
=

—>
F .,
7/

—_—
F

>

where j: Z — Z X1, j(z) = (z,0) for all z € Z. Then there is a unique continuous map F: ZxI — X such that pf: F
andFj=f. O

As a corollary of this theorem if the maps f, g: Z — X are homotopic, then their respective liftings f and
g are homotopic. If f and g are homotopic, there is a continuous map F: Z X I — X such that F (z 0) = f(z)

and F(z, 1) = g(z). So there is a continuous map F: ZxI — X as in Theorem 1.5. Here pf(z, 0) = F(z,0) = f(2)
and pF(z,1) = F(z,1) = g(z). By the uniqueness of the liftings we have that F(z,0) = f (z) and F (z, 1) = 4(2).
Therefore f and 4 are homotopic.

2. Coverings of H-rings

An H-group can be thought as a group where the group axioms are satisfied up to homotopies rather
than equalities [19, p.324]. The following definition is a ring version of the definition of an H-group.

Definition 2.1. An H-ring is a pointed topological space (X, xp) with continuous maps
m: X x X, (x0,%0) = (X, x0), (x,x') > x + x’
n: X x X, (xo,x0) = (X, x0), (x, x") > xx’
u: (X, x0) = (X, x0), x = —x

such that the following homotopies hold:
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(i) homotopy associativity of m : m(1 X m) = m(m x 1);

(if) homotopy unit: m 11 =~ 1 =~ m 1, where 11,1, X — X X X are injections defined by 71(x) = (x, x0) and
12(x) = (xo,%);

(iii) homotopy inverse: m(1,u) =~ ¢ = m(u, 1); where c: X — X is the constant map at xo;
(iv) homotopy commutativity of m: m = m’, where m’ is defined by m’(x, x") = m(x’, x) for x, x’ € X;
(v) homotopy associativity of n: n(1 x n) = n(n x 1);

(vi) left distributivity of n on m: n(1 X m) ~ m(ny,n,) where n; and n, are defined by n1(x, y,z) = xy and
na(x,y,z) = xz;

(vii) right distributivity of n on m: n(m X 1) = m(ny, n3); where n3 is defined by n3(x, y,z) = yz.
O

We remark that the axioms of the associativity of m, the unit and the inverse can be respectively stated by
the commutativity up to homotopy of the following diagrams:

mx1

XXXXX——Xx%xX

and

The axioms of the associativity of 1, left and right distributiveness can be restated by the commutativity
up to homotopy of the following diagrams:

XxXxX -2 X xX

Ixm

XXXXX—XxX

(nl,nz)l ln

Xme—>X
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mx1

XXXXX— XXxX.

("z,ns)l ln

Xme—>X

Example 2.2. A topological ring X is an H-ring since the group addition
m: X x X,(0,0) = (X,0)

the multiplication
n: XxX,(0,0) — (X,0)

and the inverse map u: (X,0) — (X, 0) are continuous; and the axioms of Definition 2.1 are satisfied for
equalities rather than homotopies. O

A morphism between H-rings (X, xo) and (Y, o) is a continuous based map f: (X, xp) — (Y, yo) with the
homotopies:

fomyx =myo(fXf)
fonx=mnyo(fxf).

By the fact that the vertical union of commutative diagrams up to homotopy is also commutative up to
homotopy, H-rings and morphisms between them constitute a category denoted by HRing.

3. Coverings of categorical rings

For the homotopies of functors we first need the following fact whose proof is straightforward.

Proposition 3.1. Let C, D and & be categories and F: C X D — & a functor. Then for x € Ob(C) and
y € Ob(D) we have the induced functors

F(x,-): D> &

F(-,y):C—&.
0
We write J for the simply connected groupoid whose objects are 0 and 1, and whose non-identity
morphisms are t: 0 — 1 and 7: 1 — 0. As similar to the homotopy of continuous functions, the homotopy
of functors is defined as follows.

Definition 3.2. [5, p.228] Let f, g: C — D be functors. These functors are called homotopic and written f ~ g
if there is a functor F: C X J — D such that F(—,0) = fand F(—,1) =g¢. O

Proposition 3.3. [5,6.5.10]If themaps f, g: X — Y are homotopic, then theinduced morphisms i f, 7g: nX —
1Y of the fundamental groupoids are homotopic.

Definition 3.4. Let f,g: C — D be two functors. We call f and g are naturally isomorphic if there exists a
natural isomorphismo: f —g. O

Theorem 3.5. [11, Theorem 3.5] The functors f,g: C — D are homotopic in the sense of Definition 3.2 if and only
if they are naturally isomorphic.
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A group-groupoid is a group object in the category of groupoids [7]; equivalently, it is an internal category
and hence an internal groupoid in the category of groups ([18], [1]) . An alternative name, quite generally
used, is “2-group”, see for example [4]. Recently for example in [1], [12] and [13] some results on group-
groupoids have been generalized to the internal groupoids for certain algebraic categories. A ring-groupoid
which is an internal groupoid in the category of ring, in other words a ring object in the category of
groupoids is defined in [14] as follows:

Definition 3.6. A ring-groupoid G is a groupoid endowed with a ring structure such that the following
additive, product and inverse maps are the morphisms of groupoids:

e m:GXG—G,@b)—a+b
e 1: GXG — G, (a,b) — ab;
e u:G->G,am —qa

e 0: {x} = G, where {*} is singleton.
|

Here note that in this definition, the axioms involving the ring can be stated in terms of functors as follows:
(i) associativity of m : m(1 x m) = m(m X 1);
(if) unit: m 11 = 16 = m 1, where 11,15: G — G X G are injections defined by 11(a) = (4,0) and 1»(a) = (0,a);
(iii) inverse: m(1,u) = ¢ = m(u,1); where c: G — G is the constant map at 0;
(iv) commutativity of m: m = m’, where m’ is defined by m’(a,b) = m(b,a) fora,b € G;
(v) associativity of n: n(1 X n) = n(n x 1);

(vi) left distributivity of n on m: n(1 X m) = m(ny, ny); where n; and n, are defined by n1(a, b, c) = ab and
na2(a, b, c) = ac;

(vii) right distributivity of n on m: n(m x 1) = m(ny, n3); where n3 is defined by n3(a, b, ¢) = bc.

In the definition of ring-groupoid if we require these functors to be homotopic rather than equal, we
obtain the definition of weak categorical ring. In the literature the group case of this notion is called categorical
group (see [8] and [10])

Definition 3.7. Let G be a groupoid. Let
&:GXG—- G, @b)—a+b
©:GXG— G, (ab)—ab

and
6: G- Ga —a

be functors called respectively additive, product and inverse. Let 0 € Ob(G) be an object. If the following
conditions are satisfied, then we call (G, ®, ©, ©,0) a weak categorical ring and write just G

1. the functors (1 X @), ®(@® x 1): G X G X G — G are homotopic;

2. the functors 0® 1,19 0: G — G defined by (0® 1)(a) = 0+aand 1®0)(a) =a+0fora € G are
homotopic to the identity functor G — G;
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3. the functors &(1,0),8(8,1): G — G defined by &(1,8)(@) = a + (—a) and ®&(©,1)(a) = —a + a are
homotopic to the constant functor 0: G — G;

4. the functors ® and & are homotopic, wherea & b =b®a;
5. the functors ©(1 X ©),0(@ X 1): G X G X G — G are homotopic;

6. the functors O(1 X ®) and &(©1, ®,) defined by O(1 X &)(a, b, c) = a(b + ¢) and &(©1, @2)(a, b,¢) = ab + ac
are homotopic, where ©; and ©; are defined by ©1(a, b, c) = ab and ©,(a, b, ¢) = ac;

7. the functors ©(@x 1) and &(®,, ©3) defined by &(®x 1)(a, b, c) = (a+b)c and &(©,, ©3)(a, b, c) = (ac) + (bc),
where ©; is defined by ©3(a, b, c) = bc and ©2(a, b, ¢) = ac.
O

Here we note that in this definition if these functors are equal rather than homotopic, then the weak
categorical ring is called a strict categorical ring which is a ring-groupoid.
Note that the additive @: G X G — G is a functor if and only if

(boa)+(doc)=(b+d)o(a+c) 1)
and similarly the product ©: G X G — G is a functor if and only if
(boa)(doc)= (bd) o (ac) (2)

fora,b,c,d € G whenever the composites b oa and d o c are defined. Since ©: G — G,a — —ais a functor we
have —(b o a) = (=b) o (—a) when the groupoid composite b o g is defined and —(1,) = 1(_y for x € Ob(G).

Theorem 3.8. If (X, xo) is an H-ring, then the fundamental groupoid 11X is a weak categorical ring.
Proof: Since (X, xp) is an H-ring there are continuous maps

m: X x X, (xo,x0) = (X, x0)

n: X X X, (xg,x0) = (X, x0)

u: (X, x0) = (X, xo0)

with the homotopies (i)-(vii) in Definition 2.1. Then by these maps we have the following induced mor-
phisms of fundamental groupoids:

® = mm: X X 1X, (xp, x0) = (X, x0)
O =mn: X X 1X, (xg, x9) — (11X, x0)
o = nu: (X, xg) = 1(X, x0)

By Proposition 3.3 we have the following homotopies of the functors induced by the homotopies (i)-(vii)
in Definition 2.1:

(1) (1 X&) ~ad@@®x1);
(i) 0@1~100=1;
(iii) ®&(1,8) =c~®(5,1);
(iv) @~

(V) 01X 0) =0(0x1);

(vi) O(1 X ®) = &(G1,®p);
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(vii) @ X 1) ~ &(©,, ©3)

Therefore X becomes a weak categorical ring as required.
O

Definition 3.9. Let G and H be two weak categorical rings. A morphism of weak categorical rings is a
morphism f: H — G of groupoids such that:

(i) the functors f®,&(f X f): H x H — G are homotopic;
(ii) the functors fO,O(f X f): H x H — G are homotopic;

(iii) f(04) is isomorphic to Og, where Og and 0y are respectively the base points of G and H.
O

Therefore we have a category of weak categorical rings and morphisms between them. Denote this
category CatRing .

Proposition 3.10. If p: (X, %) = (X, x0) is a morphism of H-rings, then the induced map np: nX —» nXisa
morphism of weak categorical rings.

Proof: As we define above if p: (X, %) = (X, x0) is a morphism of H-rings, we have the homotopies of

maps f omx = myo (f X f)and f ony = ny o (f X f). Then by Proposition 3.3 we have the homotopies of
the functors nf o mmx =~ mmy o (nf X nf) and i f o mnx = ny o (nf X 7f). The other details follow.

o

Let (X, x0) be an H-ring. Then we have a category CoVhying/(X, Xo) of covering morphisms of H-rings

f: (X, %) — (X, xp) based on (X, xp). Similarly we have another category CoVcatRing/tX of morphisms
p: G — nX of weak categorical rings, which are covering morphisms on the underlying groupoids.

Theorem 3.11. Let (X, xo) be an H-ring such that the underlying space has a simply connected cover. Then
the categories COVhring/(X, X0) and Coveatring/ X are equivalent.

Proof: Letp: (X, %) = (X, xo) bea morphism of H-rings which is a covering map on the underlying spaces.
Then by Proposition 3.10, the induced morphism np: mX — 71X is a morphism of weak categorical rings
which is a covering morphism of underlying groupoids. So in this way we have a functor

T COVHring/(X/ Xo) — COVCatRing/nX-
Conversely we define another functor
1n: CoveatRing/ X — COVHring/ (X, Xo)

as follows:_
Letg: G — nXbea morphism of weak categorical rings which is a covering morphism on the underlying

groupoids. Then by Theorem 1.4 there is a lifted topology on X = Ob(G) and an isomorphism r: G — nX
such that p = O;: X — X is a covering map and g = np o . Hence weak categorical ring structure on G
transports via r to nX. So we have the morphisms of groupoids

®: X X X — X
0: X x X — nX

nX — nX

ol



O. Mucuk, S. Demir / Filomat 29:1 (2015), 3949 47

such that tpo® = @ o (mp X 7tp), TP 0 @ = @ o (mp X 7tp) and 7p 0 & = © o mp. These morphisms induce
respectively the following maps which are continuous by Theorem 1.3:
i X x X —
fi: Xx X — X
i:X— X
Since (X, xp) is an H-ring with the maps
m: X x X, (xo,%0) = (X, x0)

n: X x X, (xo, x0) — (X, x0)
u: (X, x9) = (X, x9)

we have the homotopies (i)-(vii) in Definition 2.1. Then by Theorem 1.5 we have the same homotopies for
1, fi and di. Therefore (X, %)) becomes an H-ring and p: (X, X)) — (X, x¢) is a covering morphism of H-rings.
The other details of the proof follow from the equivalence of the underlying spaces and groupoids. |

As similar to Theorem 1.5, due to the following theorem the liftings of homotopic functors are also
homotopic.

Theorem 3.12. [11, Theorem 3.12] Let p: (G, x) — (G, x) be a covering morphism of groupoids. Suppose that K is
a simply connected groupoid, i.e, for each x, y € Ob(K), K(x, y) has only one morphism. Let f,g: (K,z) = (G, x) be
the morphisms of groupoids such that f and g are homotopic. Let f and § be the liftings of f and g respectively. Then
f and g are also homotopic.

Definition 3.13. Let G be a weak categorical ring, 0 € Ob(G) the base point and let G be just a groupoid.
Suppose p: G- Gisa covering morphism of groupoids and 0 € Ob(G) such that p(0) = 0. We say that the
weak categorical ring structure of G lifts to G if there exists a weak categorical ring structure on G with the
base point 0 € Ob(G) such that p: G- Gisa morphism of weak categorical rings [

Theorem 3.14. Let G be a simply connected groupoid and G a weak categorical ring. Suppose that p: G- Gis
a covering morphism on the underlying groupoids. Let 0 € Ob(G) be the base point of G and 0 € Ob G such that
p(0) = 0. Then the weak categorical ring structure of G lifts to G.

Proof: Since G is weak categorical ring, we have the following functors
e B:GXG—> G, (a,b)—adb
e 0:GXG—> G, (b adb
se:GoGaral;
e 0:{x}>G

with the homotopies of the functors (i)-(vii) in Definition 3.7. Since Gisa simply connected groupoid by
Theorem 1.1, the functors @, © and © lift respectively to the morphisms of groupoids:

( )
)

l
l

o
(=)}
(=]}
o

(@]}

®: Gx

@

) = (
(

7

!
l

ol
Ol
X
Q
>
91
3
o
(e}

and

o)
o
91
)
o
9(
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By Theorem 3.12 the axioms (i)-(vii) of Definition 3.7 are satisfied for the &, & and &. Therefore G is a week
categorical ring as required. O

The group structure of a connected topological group lifts to a simply connected covering space ( e.g.
[9]). In non-connected case this problem was studied in [20] (see also [2] for a lifting of R-module structure
to the covering spaces and see [3] for setting R-module object in the category of groupoids). We now give
a similar result for H-ring as a result of Theorem 3.14.

Corollary 3.15. Let (X, xo) be an H-ring and p: (X %) — (X Xp) a covermg map. If Xisa snnply connected

topological space, then H-ring structure of (X, x¢) lifts to (X %o), 1.e, (X %p)isan H-ring and p: (X, Xo) — (X, x0)
is a morphism of H-ring.

Proof: Since p: (X, %y) — (X, x¢) is a covering map, the induced morphism mp: nX — nXis a covering
morphism of groupoids. Since (X, x¢) is an H-ring by Theorem 3.8 X is a weak categorical ring. Since X

is simply connected the fundamental groupoid 7X is a simply connected groupoid. So by Theorem 3.14

the weak categorical ring structure of 71X lifts to mX. So we have the induced morphisms of fundamental
groupoids

@& X x X — nX
O: X XX — X
and

61 nX—> ’Ri

such that mp o ® = @ o (mp X 7p) and u o ip = 7p o i and therefore we have the maps, which are continuous
by Theorem 1.3.

>

P X x X —>

=

t XXX — X
: X — X.

=

i1

Since the axioms (i)-(vii) of Definition 2.1 are satisfied for m, n and u by Theorem 1.5 same axioms are

satisfied for 1, i and ii. Hence (X, ¥p) becomes an H-ring and p: (X %p) — (X, x0) a morphism of H-rings,
which is a covering map on the underlying spaces. O
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