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Abstract. We observe spectral assignment D*y = Ay defined by
=y () + @y = 1) + ROY(x - 1) = Ay(v), A =22 M
q1(x), g2(x) € L1[0, 7t], 71,72 € (0, 1)
yx—11)=0,x€(0,71], T1 = ko2 2)

y(m) =0 ®)

In this paper, we construct a solution y(x, z) which satisfies (1) and (2), and then (3) is used to construct the

characteristic function F(z), z € C. Then the asymptotics of eigenvalues of the operator D? is constructed.
Finally, the first regularized trace is calculated.

1. Introduction

As it is known, the trace of a finite-dimensional matrix is the sum of all the eigenvalues. But in an
infinitedimensional space, in general, ordinary differential operators do not have a finite trace. Gelfand
and Levitan [5] firstly obtained a trace formula for a self-adjoint Sturm-Liouville differential equation. For
the scalar Sturm-Liouville problems, there is an enormous literature on estimates of large eigenvalues and
regularized trace formula which may often be computed explicitly in terms of the coefficients of operators
and boundary conditions. A detailed list of publications related to the present aspect can be found in [3].

A trace formula for the limit assignment of Sturm-Liouville type with two constant delays has never been
considered before.
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2. Construction solutions

Theorem 2.1. Ifthe qi € Ll[O, T(], i=1,2 and 0 < Tr <21 < ...< ko’l'2 =171 <...< (l()k() - 1)T2 < lo’l'] = loko’tz
< 1 < (loko + 1)12, (ko,lo € N), then the solution of the equation (1) with the initial condition (2) has the following
form

l(]k() lo—l (l() l)ko
2
y(x,2) = sinzx + Z TG 2) + Z SURCORDY Z ), @) @
=1 j= PeS}4i(i, )
wherin
X X
Skﬂ ) (x,2) = fq,-(tl) sinz(x — t1)b§'k)(t1 -1, z)dh, bi’z)(x, z) = fqi(tl)sin z(x — t1) sinz(t; — 7;)dt
kt; Ti

i=1,2;k=2,3,..lok,, P permutations with repeating elements 1 and 2.

Proof. Solving the equation (1) with limit conditions y(0) = 0 by using the method of variation of constants,
we obtain the integral equation

X X

. 1 ) 1 .
y(x,z) = sinzx + 2 fql(tl) sinz(x — t1)y(t; — T1)dt; + Z fqz(tl) sinz(x — t1)y(t; — T2)dt (5)
0 0

We introduce notation

(x,2) = sinzx,x > 0
Yol ) = 0,x <0.

iy, 2) = %ki g2(t1) sinz(x — t1)yx-1(t1 — T2)dts + %ki q1(t1) sinz(x — t) Yy, (t1 — T1)dt, x > kT2 ©)

0 , X <k’[2.

k=1,2,..,lky , wherein yi_,(x,z) = 0 for k < ko, then the solution of the equation (1) with the initial
condition y(x — 71) = 0,x € (0, 71] has the form

ok
y(x,z) = sinzx + 2 yi(x, 2)
k=1

1. At [0, 1) the solution of the equation (5) is equal to yo(x, z) = sinzx because of (6) y1(x,z) =0, x < Tp.
From (6) we obtain

1 t1)sinz(x — 1) sinz(t; — Tp)dt zlb(f)x,z,xZT
(x2) = ZT{th(l) (x —t) (th — 12)dty = b3’ (x, 2) 2

0 , X < Tp.

1r . ; _ _ 1@ >0
Ya(x,2) = 22‘_[[ ga(t) sinz(x — 1)(zb (tl Ty,2))dt; = bs3 (x,2), x =217

0 , X <27y
Induction to prove that

N b(k+1 (x,z), x > k1
yilb,z) = { 0 ,x<kr,
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fork<ky—1,andis

~ ,2), x 2 (ko — 1)12
Yi-1(x,2) = { 0 ,x < (ko — D)o

Here we find that the solution is in [0, ky72) given by

y(x,z) = sinzx + Z yi(x,z) = sinzx + Z —b(z)l(x Z)

2. Since the [koTy, (ko + 1)T2) applies ko2 = 71, in (6) we obtain

X X

1 . 1 .
Yo (%, 2) = p fqz(t1)81nz(x — t)Yko-1(t1 — T2, 2)dty + p fql(tl)smz(x = t)yo(ts — 1, 2)dty
koTa 1
1 1) 1 . .
=2 g2(t1) sinz(x — t1) (—b (t1 — Tz,z))dtl + Z g1(t1) sinz(x — t1) sinz(t, — 71)dty
koTa T1
i.e.
11,2 1,1
e = | D+ 102, x 2k
0 , X< ko’l’z.
1 . 1 .
Ykor1(x, 2) = p f lh(tl)SmZ(X—fl)yko(tl—Tz,Z)df1+g f q1(t1) sin z(x—t1)y1(t1—71, 2)dty
(ko+1)12 T1+72
1
Zkoﬂ b (D5 ~ 0, 2+ L2y, 2) = s b;f;z( 2t ), b
PeS;(1,1)
i.e.

b0+ L M), 12 (ko + D
Y1 (x,2) = s
0 , X < (ko + 1)’1’2.
Induction to prove that is:
A0 )+ E L B (n2), x 2 2k - D
Yoko—1 (x, Z) = PeS, (1ko=1)

0 , X< (Zk() - 1)T2.

3. As the 2kgt, = 271 by using (6) we obtain

2
b(zlzoﬂ (x,z) + Zk;ﬂ r bpk L)+ 5 1 b( (x,2), x > 2koTo
Yory (X, 2) = PeSy11(Lko)
0 , X< 2k0’t2.

2) 1
b (62 + 7 bh s(x2) + 5 L b vz @+
Yoke+1(X, 2) = PeSiy2(Lko+1) PeS3(2,1)

0 , X< (Zko + 1)’1’2.

53
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4. The same way we do

2
)+ L M+ L b2, x> G- D
Yaky-1(X,2) = PeSy, (1,2ko—1) PeSy41(2ko—1)
0 ,x < (Bkog— D12
2 1
0 @D+ L ML)+ mm L B2+ 2054 2), x 2 3k
Y3k, (X, 2) = PESiy41(1,2k0) PeSyy 2 (2k0)
0 , X< 3k0T2.

5. Based on the foregoing, we conclude that induction on # to prove that valid of formula (7)-(9).
Form=23,.lp—1landn=2,.m—-1

1 (2) 1
P
]/mk0+n(x/ Z) ka +n Smk0+n+1 (x Z) + m—l)k0+n+1 Z bs(m—l)k0+n+2 (x/ Z)+
PES -1y +n+1 (1,(m=1)ko+n)
1 1
P
+Z(m_2)k0+n+2 bs(m—z)k0+n+3 (x/ Z) +..+ Zk0+l’l+m—1 k0+n+m (x Z)+ (7)
PES(m—Z)kO+n+2(2/("7*2)k0+n) pESk0+n+m,1(Wl*1,ko+l’l)
1 P
) B (o2), x> kot )Ty Ywkgen(x,2) = 0, x < (mko+n)T
P€S,m (m/n)
Forn=1,2,..,1
_ e 1 P
Ynky (X, 2) = Z1ko nk0+1 (x,2) + S Dko+1 bs<n—1)k0+z(x/ z)+
PeSg-yky+1(L,(n=1)ko)
1
- P
- Z(1=2)ko+2 Z bs‘”*z)ko+3 (x’ Z)+
PeS -2y +2(2,(n—2)ko)
1
ey kw (x,z) + —b et (x,2), x > nkoTo;
P€Sky+n-1(n=1ko)
Yk, (X,2) = 0 x < nkoT (8)
Forn=2,3,..,1j—1
1 o 1 P
ynk0+1 (x! Z) = an0+1 bsrzk0+2 (x Z) + n 1)k0+2 2 bs(n—l)k0+3 (xl Z)+
PeSpnyy+2(L(n—1)ko+1)
1 P
+ Z(H—Z)k0+3 bs(n—z)k0+4 (x/ Z)+
PeSpi-oyky+3(2,(n—2)ko+1)
1 P
+ e by (X,2), X 2 (ko + 1)12;
Peskom(n_lrk(]"'l)
Ynko+1(x,2) = 0 x < (nko + 1)12 )

6. Let us prove the formula (7). Some of the natural numbers are less than or equal tomand 3 <n <m -2
true (7). We will show that (7) holds for n + 1. From (7) and the recurrence of the formula (6) we obtain

I o

Wlk()+l’l+1 Smk()ﬂt(x Z)+

Ymkg+n+1 (x,2) =
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1

e — P
+ Z(m=1)ko+n+2 bs(mfl)kowwa (xr Z)+

PES(m_l)kU+y,+2(1,(m—1)k0+n+1)\(12..‘2)

1
P
+Z(m—2)k0+1’l+3 bs(m—z)k0+n+4 (xl Z) +..t+

PES -2y +n+3(2,(m=2)ko+n+1)\(1...)

1
P
+ Zko+n+m bsk0+n+m+1 (xr Z)+
PeESky rnem(m—1ko+n+1)\(1...)
1 1
- P I T ¢ o)
+ Zh+m+l bs”*"’+2 (x’ Z) + Z(m=T)ko+n+2 Sm=Dkg+n+3 (X, Z)+
PES 441 (m,n+1)
1
P
+ Z(m—2)ko+n+3 bs(mfz)koﬂ’lﬁl (x,2)+
PES oy +n+3(2,(m=2)ko+n+1)\(2...)
1
P
+z(7’71*3)k0+7[+4 bs(m-s)komafs (,2) + ...+
PES sk ensa (3 (m=-3)ko+n+\(2...)
1 b —_— 12
+ Zk0+n+m gko+n+m+l (x/ Z) + ZnerJrl gnm+2 (x/ Z)
PESkO+n+m(m_lrk0+n+1)\(2--~) PeS, i1 (mn+1\(2...)
From here we get
I o
Ymko+n+1 (xr Z) = ka0+n+1 bsmkom (xl Z)+
1
P
b (x,z)+

+ —Z(m—l)k0+n+2 m=1)kg+n+3
PeS -1y +n+2(1,(m—1)ko+n+1)

1
P
+ Z(m—Z)ko+n+3 bs(m—Z)k0+n+4 (xl Z) + ..+
PES -2y +n+3(2,(m—2)ko+1+1)
1
P
+ ZkO‘H’H'm bsk0+n+m+l (x/ Z)+
PeSkU+,Z+,,q(m—1,k0+n+1)
1 P
o D Mha@2), x = (mko+n+ Dy

P€S;1m+1(m,n+1)

Ymkoin+1(X,2) = 0, x < (mko + n + 1)1

We have shown that (7) is true for a natural number n + 1.
7. Let us prove the formula (8). Suppose that (8) is valid for all integers <n, n <y —1.
Based on (7), the inductive assumption of (8) and recurrent formula (6) we obtain.

1 e
Yn+1)ko (x’ Z) = Ziko+ko bi”’zO*ko*l (x’ Z)+

1

P
+ S Dko+ko+1 bs(n—l)k0+k0+2 (x,2)+

PESi-1yky+kg+1(1,(n=1)ko+ko)

1
P
+ S(1—2kotko+2 Z bs(n—Z)k0+k0+3 (x, 2)+
PES 12y +ky+2(2(n=2)ko+ko)
1
P
T e e Y B s (6,2) + ..

PES (-2)ky +ky +3(3,(1—=2)ko+ko)
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1
+22k0+71—1 2k0+n (x Z)+
PeSayy+n-1(n—1,2ko)

1 P @
+Zk0+” Z bsk0+n+1 (x/ Z) + l’l+1 b n+2( Z)

PeSk, 1 (,ko)

8. Now it easily from (7), (8) and recurrent formula (6) mathematical induction to prove the exact formula
(9). Mathematical induction has been shown to correct the following formula

1 1
P
ynk0+2(xl Z) nk0+2 Snko-ﬁ( Z) (Tl—l)ko+3 Z bs(n—l)k0+4 (x/ Z)+
PeSp-tyey+3(1(n—1)ko+2)
_1 bt 1 1 > (nko + 2
Z(n_z)k0+4 Z s(1=2kp+5 (xl Z) +..+ Zk0+”+1 Z sko+n+2 (xl Z)/ X 2 (n 0 + )TZI
PeS(_oyky+4(2,(m—2)ko+2) PeSyyne1(n—1ko+2)

Yuko+2(X,2) =0, x < (nko +2)12, n=2,3,...,1p -1

9. Based on formulas (7) - (9), we get the solution of the equation (1) with the initial condition (2) to the
segment [0, 7]
l()k[)

y(x,z) = sinzx + Z Yi(x, z)
k=1
ie.
loko (lo=2)ko 1 (lo=3)ko 1
2 1
y(x,z) = smzx+Z b(kzl(x Z)+Z —b(kzl (x,z) Z T Z bfm(x, z)+ Z 7 Z bfm(x, z)+
k=1 PES2(26) k=1 PESi3(3,k)
2k0 1 k() 1
+ Z Zk+lo_2 Z b5(+10—1 (x/ Z) + Z Zk+lo_1 Z bg(#o (x! Z)
k=1 PESk+IO_2(lo—2,k) k=1 PESk+IO—1(lO_1rk)
Therefore, it is worth
](]ko 10 1 lo 1(1() l)ko
2 1
y(x,2) = sinzx + Z SR+ ) @D+ Y Z 5 D, M)
k=1 =1 j= PeS}4i(i,j)

which proves the theorem. [

3. Characteristic function. Asymptotic properties of the zeros characteristic function
For x = 1t from (4) we get the characteristic function

ngo ]0 1(10 l)kD

F(z)—smzn+z —b2,(2) Z M(z)+z Z o Y, 0@ (10)

PeSjiiiy))

where the
b0, (@) = b0, (m,2), i =1,2; b5,,..(2) = b1, (1, 2)

sk+1

We use the elementary identity

1
sinz(m — 1) sinz(t; — 7; — t2) sinz(t, — 7j) = 1 [sinz(n =2t + 7= T) +sinz(r — 2t; + 2t + T; — ’Ij)]
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1
~1 [sinz(n =T —Tj) +sinz(n — 2t + T, + ’ZT,')] .
Define the following functions

t—

ﬁ(”)(z) f[q,(tl) fq](tz)dtz]smz(n 2ty + Tj + 7;)dty

T1+7T2 Tj
t—1;
BYD(2) = f [gi(tr) f gi(t2) sinz2(m — 2t + T; — 7;)dty)dty
T1+1T2 Tj
-1
ﬁ(l ])(z) f [gi(t1) f q](tz) sinz(mt — 2ty + 2t — T+ T)dtr]dty, 1 # j (11)
T1+1T2 Tj

@) =), i=1,2, k=1,2,3.

a(z) = fqi(tl) cos z(m — 2t + T;)dt

Ti

We introduce the following sizes

t—

_ f gt 19 = f ai(t) f gi(t2)dtadty, i = 1,2 (12)

2’[, Ti

=T

]éi’j)= fﬂli(tl)f‘ﬁ(b)dbdtl’iij

T1+72 Tj

Function (10) with (11) and (12) can be rewritten in the form:

2
1 . .
— 2 () — 70 o
F(z) = sinmiz + = L [a¥(z) — J}" cosz(mt — 7)) ]+

2 3
Y 1Y @) - p1(2) - 9 sinz(m - 21)
Ll Ly

3
+ Y I8 @) + B
p=2

42

Theorem 3.1. If q;(x) € L1[0, ], j = 1,2 then zeros z,, n € N of the function (13) have an asymptotics shape
G G O(Cz(”)) (11— o0)
n?

S [02@ + B2V + (82 + ) sinz(r— 1 — )] + 0 (214) o

n n2

where

+

2 (2
1 A
Ca(n) = 7 Z[Z bff) W cos ntj—bPa 04 ]1')](])51nm,~ cos TlTjJ

=
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2
T+T TT—"T; 7T + T; ]
[Z {00 — S 04 sinn; l ]‘f)bﬁ,') cos m,-]] + ()

2 (3
1 1 1 7 7
+E {Z [Z b( b() ]( ) sin ZnTZJ + Z(b (12) 4 p@ 1)) b(%nz) - bg%nl)] -

p=2

2 2
LY

i=1 j=1

a2) 102

sinn(ty + 12) + O
41

Proof. Since the qj(x) € L1[0, 7t], j = 1,2, it is true that ,B,(:’j)(z) = O(nl) s>1
Take

Zy =N+

Ci(n)  C(n) Ca(n)
1n7’l + 1212 +O( ;2 ),(n—>oo) (14)

Putting exspression (14) into the equation (13). If we include

sinmz, = (_1),1[71C1(n) L TCa(m) +0(Cz(ﬂ))], 1.1 +O(C2(n))

n n? n? Zy, N nd

coszy(nt — 1;) = (-1)" [COS N (N_Zﬂ sinnti + O (C;g”) )]

C
sinz,(t — 27;) = (=1)"*! sin2n7; + O (Clén)), sinz,(m — 11 — 12) = (=1)"sinn(t; + 1) + O (_1:1))

Let us define the folowing number sequences:

Tt

a? = fq,-(tl)cosn(Ztl -T)dt i=1,2,n=12,..

Ti

e

b = f gi(t) sinn(2t; — t)dty, bY = f tgi(h) sin n(2 — 1;)dt

T Ti

a9(z,) = f gi(t1) cos (n + Clr(ln) Lem (Cil(n))) (- 2t + 1))dt =

7’12
o)
n

Next, apply

Ti

~ -1y {a@ + [Cl(”)(” +1) | G+ )

n n2

sy |20 2Cm)]  (H'Calm
n? o2

n

Let us introduce the following sequences

=

b(lli) f[ql(tl)fq](tz)dtz]smn(Ztl—T] T;)db

T1+T2 Tj
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t1—

b(’ D1 f [gi(tr) f qi(t2) sinn(2t, — j + 7)dt;ldt

T1+T2 Tj

=T

by = f [gi(t1) f (ta) sinn(2h — 2t + 1; — T)dty]dt, n € N

T1+7T2

Then apply the relation

07 (@) = (1)) + 0 , p=123

1(ﬂ)b(l J)
n

Using the previous equality, relation (13) becomes:

0=F(z,) =

D"
n

2
1 0 _ 10
nCy(n) + > ;(an’ - J)) cos nty) | +

I 2

A PYCH )+Zzl
2 TtLa (1
i=1
D" [ (e 0 .0 0 1,2) (2 1)
o2 Z pr,n_bm 5 SIN2nT; +Z(b +b,0) ¢ —
p=2

wb(i) -C (H)E(i) _ w (l) sin 1’1'1'1}}

1 bICy(n
( ) [b(lz) bgz’l +(](12) +](2 Dysinn(t; +T2)] +O( L ng( )
and grouping expression by degrees, we get:
2 (@)
Iy 1
Ci(n) = ; (2— COS NT; — Ea(l)
1 [ 2 (2
Co(n) = 57 Z Zfa')](]) COS NTj b(z)a(])+ ](')](])sznn’cicosn’fj +
i
|i=1 U=
1 & (@ T+ Ti (i) (j
t53 Z Z > AP 2 (Z)a(]) sin nt; ](])b(l) cosntj ||+
e =l =
1 [& (& ' ]
e LY 300 -0, - 0 sin, +Z<b<1 2 4 By~ 402 e |
i=1 \ p=2 ]

12 12
—]é )+]; )sinn(’c + 1)+ O
in 1+ 172

2 2
3y

i=1 j=1

This proves the theorem 3.2. [
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Remark 3.2. As potential qj(x) € L1[0, 7], j = 1,2, asymptotics of zeros z, is characterized by the complexity of the
(1)

coefficients Cy(n) and Cp(n). In expression C1(n) summand _7'( cos nt; oscillates as n — oo, and —a()

vanishes.
Similarly to the in Cy(n). Expression

2 2
U= Ti (i) (] 1
E > ']gl) i]) sinnt; cos nTjJ ~ i { E ] sin2nt; + (](1 2 4 ](2 1)) sinn(ty + T2)
i=1

i=1 \j=1

oscillates, while the expression

2 [ 2
1 +7T T — ) (G) T+T i
G == E E (b(’ D cos n; + I lb(l) % T] D00 ginnr; — b0 — ’](])bg) cos n'c]-)}

2

2n i=1 | j=1

1 [& (& . e
L[5St o8, - im0 0] o 5 et
A p=2 i=1 j=1

vanishes as n — oo.

4. Determining the regularized trace

From A, = zi follows A, = n® + 2C1(n) + .

26, (Calt)
n

Definition 4.1. The sum of this series

o0 2
1 . .
= E (/\n —n? - — El(jy)cosn'cj - aﬁ{))]
j=

n=1

is called the reqularized trace of first order operator D?.

2
1 j i C
Remark 4.2. Since A, —n® — — E (]ij)cosmj —a) = O(#) where Cy(n) is given with (**). The series
—~

. 1
Z Ay —n? = - Z(]?)cosny -a ’))] converges, so the trace s; well defined.

Theorem 4.3. If q;(x) € L1[0, 7], j = 1,2 first regularized trace operator D? defined by (1) is s; = 0

Proof. The entire function (10) can be represented by its zeros z,, n € Ny in the form of an infinite product.

o0 > o0 )
F(z) =AZH(1—;Z\—), sinmz = nzH(l_%)
n=1

n

n=1
Fz) Arqynmrr(in—-22\ Arqn® Ap—
sinz;zzzggn_ng(nz—;)zggn_ng(l-‘_nz—zz)

F(z) S -
sinnz:B[l+Zn2_zz+A¢(Z),ZEC\Z (15)
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An

From (13) and (15) it follows that B=1,i.e. A=mn H 2

n=1
By analogy with the Levitan transformation (see[2]), we write

D

. e (]ij) COSNTj — aﬁ,j))

M=y 193] L5 pReclirES i
n2—z2 n? — z2 s n?—z> médn?-z2

n=1 n=1 j=1 n=1 n=1

2 2 1 () ()
) - n?|lA, —n —;Zl(l cosn’cj—an) ) ](i) — RS
_ L - = J1 f__ ay,
B zzsl+z2; n2 —z2 +Z‘ T an—zz HZZVIZ—ZZ

Therefore, it is

o (/\ —n?2- Z ( " cosnt;j — (’))] ( )
1 =1 sinz(m — 1o
- =0 16
z2 ; nz -22 ( z2sinmz ) (16)
Furthermore, based on the known relations
= COSNT; 1 cosz(mt —T;
Z ] _ _ 1# 17)
n2—z2 222 2z sinmz
°<> (]) _ .
1 n cosz(m — 2t + 1T)
= i) = - =— dt 18
o nz fq]( 1)(2,2'2 2z sin 71z ! (18)
pef
Also on the basis of (16), (17) and (18) we obtain
0 2 2 -
Ap — n? 1 1 ) 1 a¥(z) sinz(m — 17)
—_—— =—=8 - — + — +0
; n2 — z2 217 2zsinmz ; Ji cosz(n =) 2z le sin 7tz z2sin 7z
and finally we got expression
sin rtz 1 e 1 sin z(1t — 13)
F(z) = sinmz - i ) ](1) 0sz(r —1;) + Z—;Q(])(Z)+O(z—22) (19)

If we set z = —iy, (y — o0)in (13) and (19) we obtain s; = 0.
The first regularized trace of the operator (1-3) is obtained analogously to the calculation of the first
regularized trace in the works [5] and [7]. O

References

[1] B. A. Canosuuunit, Teopua omneparopos, UzaaTeanctso Mockockoro yausepcutera, 2004. (5rd edition)

[2] B. M. Jlesutan, Y. C. Capracaun, Oneparopu tuna lllrypma-Jluysuas u Hupaka, Mocksa ”Hayxa” 1988.

[3] B. A. Canosuuunit,B. E. [lomonnckuit, Crennt  omepartopos, Y MH 61:5 (371), 85-156, 2006.

[4] C.B. Hopkun, duddepernuanbapie ypaBHEHUsA BTOPOrO MOPAKA C 3ala3AblBalomuM aprymenTtoMm, Mocksa, Hayka
1965.

[5] Gelfand, I. M. and Levitan, B. M.: On a simple identity for eigenvalues of the differential operator of second order, Dokl. Akad.
Nauk SSSR, 88, no. 4, 593596 (1953).

[6] M. Huryna. O perynspusoBanubX cienax auddepernuansror onepatopa tuna llltypma-Jluysuns ¢ 3ama3abiBaio mum
aprymenToMm. dudd. ypasmenusa 1 (1990) 103-109.



[7]
(8]
9]
[10]
[11]
[12]

[13]

N. Pavlovi¢, M. Pikula, B. Vojvodi¢ / Filomat 29:1 (2015), 51-62 62

R. Lazovi¢ and M. Pikula. Regularized trace of the operator applited to solving inverse problems. Radovi matematicki, Vol. 11
(2002) 49-57.

M. IMuryna. Oupennenne nuddepennuanbuoro oneparopa runa llrypma-JInysumins ¢ 3ana3aeiBao UM apryMeHTOM IO
nByM cuextpaMm. Maremaruuku secauk 43 (1991) 159-171.

M. IIuryna. O perynaspusoBaHHBIX cilelax AuddeperHnuasbaor oneparopa tuna llrypma-JInyBuns ¢ 3ama3apiBato muM
aprymernToM. Hud¢. ypasrenns 1 (1990) 103-109.

M. HI/IKYJIH. O Perynsspmu30OBaHHLIX CJIengax ,ZII/ICbeepeHHMaJILHLI onepaTopoB BLCIIUX IIOPAAKOB C 3alla3bIBalOIMUM apry-
merntoM. udp¢. ypasuenns N° 6. I'. XXI (1985) 956-991.

M.Pikula and T. Marjanovi¢. The regulaton independent of the potential symmetrical to the center [, 7t] for Sturm-Liouville
operator with a constant delay Facta universitatis (Ni8) Ser. Math. Inform. 14(1999) 21-29.

M. Pikula, V. Vladiti¢, O. Markovi¢, A solution to the inverse problem for the Sturm - Liouville -type equation with a delay,
Filomat, (2013),1237-1245

Chuan-Fu Yang, New trace formula for the matrix Sturm-Liouville equation with eigenparametar dependent boundary condi-
tions, Turk J. Math. (2013) 37: 278-285.



