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Abstract. We consider nonlocal modification of the Einstein theory of gravity in framework of the pseudo-
Riemannian geometry. The nonlocal term has the form H(R)¥ (0)G(R), where H and G are differentiable

functions of the scalar curvature R, and ¥ (O) = Z f»0" is an analytic function of the d’Alambert operator
n=0

0. Using calculus of variations of the action functional, we derived the corresponding equations of motion.

The variation of action is induced by variation of the gravitational field, which is the metric tensor g,,.

Cosmological solutions are found for the case when the Ricci scalar R is constant.

1. Introduction

Although very successful, Einstein theory of gravity is not a final theory. There are many its modifica-
tions, which are motivated by quantum gravity, string theory, astrophysics and cosmology (for a review,
see [1]). One of very promising directions of research is nonlocal modified gravity and its applications to
cosmology (as a review, see [2, 3] and [4]). To solve cosmological Big Bang singularity, nonlocal gravity
with replacement R — R + CRF (O)R in the Einstein-Hilbert action was proposed in [5]. This nonlocal
model is further elaborated in the series of papers [6-12].

In [13] we introduced a new approach to nonlocal gravity given by the action

R
_ 4. = -1
S= f d*x =g otk F(O)R), 1)
where the d’Alembert operator is O = ﬁ&‘ =999y, g = det(g,). The nonlocal term R™'F(O)R =
fo+RY,", f,0°R contains fy which can be connected with the cosmological constant as fy = —ﬁ. This

term is also invariant under transformation R — CR, where C is a constant, i.e. this nonlocality does not
depend on magnitude of the scalar curvature R # 0.

2010 Mathematics Subject Classification. 83D05, 53B21, 53B50; Secondary 53C25, 83F05

Keywords. nonlocal gravity, cosmological solutions, equations of motion, calculus of variations, pseudo-Riemannian manifold.

Received: 11 November 2014; Accepted: 12 December 2014

Communicated by Ljubica Velimirovi¢ and Miéa Stankovi¢

Work on this paper was supported by Ministry of Education, Science and Technological Development of the Republic of Serbia,
grant No 174012.

Email addresses: ivand@matf.bg.ac.rs (Ivan Dimitrijevi¢), dragovich@ipb.ac.rs (Branko Dragovich), jelenagg@gmail.com
(Jelena Gruji¢), zrakic@matf.bg.ac.rs (Zoran Rakic)



Ivan Dimitrijevic et al. / Filomat 29:3 (2015), 619-628 620

In this paper we consider n-dimensional pseudo-Riemannian manifold M with metric g,, of signature
(n-,n,). Our nonlocal gravity model here is larger than (1) and given by the action

5= [ (T + MR EGR) V" @

which is a functional of metric (gravitational field) g,,, where H and G are differentiable functions of the
scalar curvature R, and A is cosmological constant.

2. Variation of the action functional

Let us introduce the following auxiliary functionals

S = fM R-20) i d'x, S = fM HRF @G R) gl d"x. ©

Then the variations of Sp and S; can be considered separately and the variation of (2) can be expressed as

68 = méso +08;. 4)

Note that variations of the metric tensor elements and their first derivatives are zero on the boundary
of manifold M, i.e. 6g,vlom = 0, 6daguvlom = 0.

Lemma 2.1. Let M be a pseudo-Riemannian manifold. Then the following basic relations hold:

agyv uatv vaTH uv v
o = 9 Toa =9 Toas 09 = 99" 0gur = —g9m09™,
0 1 ,
I, = 5 1n m & Vg1 = =3 VIgo0",
o= VHV du(\lglg™ OR = Ryydg™ + g, 009" — V,,V, 00"

\/_

Lemma 2.2. On the manifold M holds f g""OoR 1y Vgl d"x = 0.
M

Proof. Let WY = —gH@ol', + gt"6I'},. Then it follows

() = 20 e L2l ®)

\/_ 8x" \/— oxV

Using Lemma 2.1 we get

2 (W

d
)+ 5 (0" OT) + (—gHeTy, + gw(srga)rfﬁ

\/_ oxv
ag‘“a BF}VM a‘q.‘“’ QFﬁa
Vo _ Ll uv
E 6F g 6(9xv+8xv wa T 9 6(9xv+

(-gH*oT}, + gmsrga)r/jﬁ. (6)
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Moreover, using again Lemma 2.1 we obtain

o T
pra e

2 (igw) = GPTOT o + 9T 00Ty, — 9P THOTY, — 9T 0T, — g6 =

\/_ | 9x"

— gHT] 0T, + g T 6T,

=g"(-5 AP T, OT%, + T2s0Th, — T3, 00%, — T 6T%, )
=g ox oxV ap vt Ba Ba” T uv
ore  ore
= g"o( - ax’j: +— x"f + rﬁ},rgv - rgarf,v) = §""OR . 7)

Finally, we have

P
‘lﬂ/ vV 'LlV n - n
F6R 4y = \/_ a _(ylgW") and fM 7" 6R 4y flgId"x fM - (lgIw . ®8)

Using the Gauss-Stokes theorem one obtains

f J (VlgIW")d"x = f W'da,. ©9)
M OxXY oM

Since 69y, = 0 and 6d,g,, = 0 at the boundary dM we have W"|;,; = 0. Then we have faM W'do, = 0, that
completes the proof. [

Lemma 2.3. The variation of Sy is

350= [ Gulog™ s A [ g Vo9 (10
M M

where Gy, = Ry — %ng is the Einstein tensor.

Proof. The variation of Sy can be found as follows
58Sy = fMa((R —2A)+/lgl) d"x = fM(S(R Vigh d”x—ZALé\/@d”x
= fM (V00" Ru) = 3R \lg3009" + Mgy V0" ) o'
= fM G glog™ d"x + A fM v V19159 d"x + fM "Ry [lgl d"x. (11)

Using Lemma 2.2, from the last equation we obtain the variation of So. [

Lemma 2.4. For any scalar function h we have

f hoR lgl d"x = f (hRuw + g0l =V, Vuh) 69+ /gl d"x. (12)
M M

Proof. Using Lemma 2.1, for any scalar function & we have

f hoR +/lg] d"x = f (hRuwOg™ + hg,,00g" — WV, V.09 ) yflgl d"x. (13)
M M
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The second and third term in this formula can be transformed in the following way:

f hg, (@59 gl d"x = f 9 (@mOgH gl dx, (14)

M M

f WV, V.09 \lgl d"x = f V.Vl 66" Aflgl d"x. (15)
M M

To prove the first of these equations we use the Stokes theorem and obtain

f hg,00g" \/@ d"x = f hguwVaV*ogt” \/@ d"x = —f Va(hgu)V*og+" \/I—gl d"x
M M M

= f 9 VoV 59" flgl d'x = f 9,00 59" /gl d"x. (16)
M M

Here we have used V,g,, = 0 and V*V, = V,V® = O to obtain the last integral.

To obtain the second equation we first introduce vector

Nt = hV,6g" = V, hog. (17)

From the above expression follows

VNE = V,(hV, 00" = V,hog™) = V,iV,09" + hV, Vo800t = V.V, 69" — VbV, 59"
= WV, V, 00" = V.V, 69 (18)

Integrating V,N¥ yields fM VN \/@ d"x = faM N#n,ddM, where n,, is the unit normal vector. Since
NF¥|om = 0 we have that the last integral is zero, which completes the proof. [

Lemma 2.5. Let O and  be scalar functions such that 5y = 0. Then one has

1
f o0y +/lgl d"x = 5 f gaﬂaae g, 09" 4/lgl d"x — f 9,0 9, P6g"" /gl d"x
M M M
+ f 00 6 +/lgl d"x + % f 7:,00P0g™ \flgl d"x. (19)
M M

Proof. Since 0 and ¢ are scalar functions such that 61| = 0 we have

f 050y +/lgl d'x = f 09.0(\/l9lg*P ) d"x + f ea(i)aa(\/@gaﬁaﬁgb)\/@dnx
M M M \/@

= fM 2a(05(lglg* dpyp)) d"x — fM 200 5(\1919°% ) d”x+% fM 09,009 gl d"x. (20)
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It is easy to see that fM 92(05(\1919*#9g1p)) d"x = 0. From this result it follows

L 660y +/lg d"x = — fM 79,0 dgd(lgl) d"x — fM 240 Ipp5g*F Jlgl d"x

_ fM 7% \1g190 g0y dx + % fM 09,5055 \igl d"x

- % fM 79,0 Ipg,n 09+ gl d"x — fM 9,0 9,59 Jlgl d"x
- fM I5(9* 19100 o) d"x + fM I5(9 \1910.,0) 5y d"x
* % Lywemwégw Vgl d'x
- % fM 90,0 Appg,ud gl d'x - fM 9,0 d, 0o gl d'x

+ L 00 6y +flgl d"x + % fMgWQDI/J(SgW Vgl d"x. (21)

At the end we have that

1
[ ooy VFids =3 [ 70,0 900 VI
- f 9,0 3,59 \flgl d"x + f 06 &y +/lgl d"x + % f 7,005 /lgl d"x. (22)
M M M

O

Now, after this preliminary work we can get the variation of S;.

Lemma 2.6. The variation of Sy is

1
651 =3 f g HR)F @GR)5g™ /gl d"x + f (RW@—KWCD)ég’” Vigl d"x
M M

+ %Z{ £ g‘ fM (9 (*O'H(R)IT"'GR) + IH(R)D"'G(R))
— 29, 0'H(R)9, 0" ' G(R))og+" +/lgl d"x,

where Ky, = V,V, — g,,0, ® = H'(R)F(O)G(R) + G'(R)F (O)H (R) and ’ denotes derivative with respect to R.

Proof. The variation of S; can be expressed as

81 = fM (HRF @GRS(Igh + SHRNF (@GR) Vgl + HRSF (@GR)) igl) d"x. (23)

For the first two integrals in the last equation we have
1
L= f HR)F @GRS ylgl) dx = —7 f gwHR)F (@GR gl d"x, (24)
M M

= [ aHRIF @GR ' = [ HERIRFEGR) VT d'x
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Substituting h = H’(R) ¥ (0)G(R) in equation (12) we obtain

L= fM (R H (R)F @GR) - Ky H'(RIF (DG(R)) )55+ \/lgl d"x. (25)
The third integral can be presented using linear combination of the following integrals

= [ HEOEGE) VI d'x. 26)
Jo is the integral of the same form as I, so

o= [ (R RIHR) = K (G RIHE)og™ gl ', @)
For n > 0, we can find ], using (19). In the first step we take 6 = H(R) and ¢ = 0" 'G(R) and obtain

=3 [ 7P0H®) 90 GRg00" V&'~ [ 9H(R) A5G W VI o'

f aoH(R) 60" 'G(R) /gl d"x + = f g HR)T"GR)5g" gl d"x. (28)

In the second step we take 6 = OH(R) and ¢ = 0" 2G(R) and get the third integral in this formula, etc.
Using (19) n times one obtains

n-1
= %Z fM (900" D' H(R)DO"GR) + g,y DHR)D"'G(R) - 20,0'H(R)I, 0" 'G(R)) 59" gl d"x
1=0

+ fM (RwG (R)D"H(R) — K& (R)T"H(R)))5g*" +igl d"x. (29)

Using the equation (12) we obtain the last integral in the above formula. Finally, one can put everything
together and obtain

6S1=I +1 + Z Fulu = f 7 HR)F @GR)Sg™ /gl d"x + f (R ® = Ko@) 59 \flgl d"x

o n—-1

s Z fnZ f G (P THR)0"G(R) + 0'H(R)D"G(R))
n=1

- 28yDl7—((R)BVD”’1’lg(R)) g \/lgl d"x. (30)
0
Theorem 2.1. The variation of the functional (2) is equal to zero iff

Guw+Agw 1
e~ yIwHRF@QGR) + (R ® — Ko@)

2

Proof. Since we have 05 =

n—-1
(910" 0 H(R)I0"G(R) - 20,0'H(R)I, 0" 'G(R) + g D" H(R)T"'G(R)) = 0. (31)
1=0

Tor G(SSO + 0S; the theorem follows from Lemmas 2.3 and 2.6. O
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3. Signature (1, 3)

In the physics settings, where functional S represents an action, theorem 2.1 gives the equations of
motion. From this point we assume that manifold M is the four-dimensional homogeneous and isotropic
one with signature (1, 3). Then the metric has the Friedmann-Lemaitre-Robertson-Walker (FLRW) form:

ds? = —d#® + a(t)z( +12d6? + r* sin® Odg ) (32)

k2

Theorem 3.1. Suppose that manifold M has the FLRW metric. Then the expression (31) has two linearly independent
equations:

4N -R
160G HR)F (DGR) + (RD + 30D)
o0 n-1
+ ) S ) (MO HR)I,ETHIGR) + 20 HRITGR)) = 0 (33)
n=1 1=0
G A
% B %gOOW(R)T(D)g(R) + (Roo® — Koo ®P)
n-1

+ % Y £ ) (900 D HRID" T GR) = 2000 H(RIDD" G (R) + goon HR)TG(R)) = 0. (34)
n=1 1=0

o2
Proof. The FLRW metric satisfies R, = X g, and scalar curvature R = 6 (f; + (‘—’) + L%) depends only on ¢,

a
hence equations (31) for u # v are trivially satisfied. On the other hand, equations with indices 11, 22 and
33 can be rewritten as

oo n—1
- HR)F(O)G(R) + gcp + ) £ ) (O HR)OTTGR) + O HR)DG(R))) =
n=1

1=0

BrA
9##( §+

nG

Therefore these three equations are linearly dependent and there are only two linearly independent equa-
tions. The most convenient choice is the trace and 00-equation. [

Corollary 3.1. For H(R) = RP and G(R) = R the action (2) becomes

S= fM (R —2A RVF(D)RY) /gl d"x, (35)

161G
and equations of motion are

1
161G

1
(Guv + M) = 59 R'F (DR + (R ® = Ko@)

-

1 (o) n—
+5 Z fu gw8"‘|:|lR”8a|:|”‘1‘lR‘7 —29,0'RP9,0" 1 7'RT + gWI:IlRpE]"_qu) =0,
=l

(36)

Il
o

where ® = pRP'F(O)RY + gRI1F (O)RP.

Corollary 3.2. For H(R) = R” and G(R) = R7 the equations of motion (36) are equivalent to the following two
equations:

._;

n—

——(4A — R) - 2RPF (O)RY + (R<I>+3|:|<D)+ , 8HDIRP3,D”*1*’R”7 +20RO"RY) =0,  (37)
H

1

1
16nG

I}
[==}
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1 1
Goo + Agoo) — z900RPF (O)RT + (Roo® — Koo @
Torc (Goo + Agoo) = 5 900R”F (@R + (Roo 00®P)
1 00 n-1 (38)
+5 Z f (gOOB“DIR”(?aD”‘l‘ZR‘? + gooO'RPO"'RT — ZQODIRP(?OD”‘l‘ZRq) =0.
n=1 =0
4. Constant scalar curvature
Theorem 4.1. Let R = Ry = constant. Then, solution of equations of motion (36) has the form
R R
1. For Ry > 0, a(t) = g—’; +oeV3 4 e ‘/gt, where 9k* = R2o7, 0,7 € R.
2. For Ry = 0, a(t) = V=kt2 + ot + 7, where 6> + 4kt =0, 0,7 € R
3. ForRy <0, a(t) = g—’; + 0 cos 1/‘TROt + Tsin ,/‘TROt, where 36k* = R3(0? + 7%), 0,T € R,
where k is curvature parameter.
Proof. Since R = R one has
62+ (2 + £) = k. (39)
a \a a2

The change of variable b(t) = a(t) yields second order linear differential equation with constant coeffi-
cients

3b — Rob = —6k. (40)

Depending on the sign of Ry we have the following solutions for b(t)

k R _JR
Ry >0, b(t) = 1(;— + oe‘/gt + Te 30t,
0

Ro=0, b(t)=-k*+ot+1, (41)

k [-R [-R
Rg <0, b(t)=I6T0+ocos T0t+rsin Tot.

Putting R = Ry = const into (37) and (38) one obtains the following two equations:

Ry — 4A /1 —Goo + A
p+q _ 0 p+q-1( 1 _ 00
fRE(p+q-2) = = R ( SR+ (p+ 9Rw) = ~ec (42)
Equations (42) will have a solution if and only if
RE™ (Ro + 4Ruo)(Ro + (2A = Ro)(p + ) = 0. (43)

In the first case we take Rg + 4Rqo = 0 that yields the following conditions on the parameters ¢ and t:

Ry >0, 9k% = R%UT,
Rp=0, o*>+4kt=0, (44)
Ry<0, 36k =R}(0* + 7).
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Solutions given in (41) together with conditions (44) restrict the possibilities for the parameter k.
Theorem 4.2. 1. If Ry > 0 then for k = 0 there is solution with constant Hubble parameter, for k = +1 the

solution is a(t) = /% cosh%( %t+(p) and for k = =1 it is a(t) = £ sinh%( %t+go)
o+1=gcoshpando—1=Fsinhe.
2. If Rg = 0 then for k = 0 the solution is a(t) = 't = const and for k = —1 the solution is a(t) = |t + 5l

3. If Ry < O then for k = —1 the solution is a() = /3> cos%( —%t—qo)

, where

_ -6
, where 0 = R COSQ and

=6
Ro

Proof. Let Ry > 0. Set k = 0 then we obtain solution with constant Hubble parameter. Alternatively, if we
set k = +1 then there is ¢ such that o + 7 = R% coshpando -1 = R% sinh ¢. Moreover, we obtain

b(t):%coshzé(‘/%t+(p), alt) = ‘/%cosh% w/%t+g0 . (45)

At the end, if we set k = —1 one can transform b(t) to
.1 Ro
sinh AR / ?t +¢

b(t):%sinhzé(w/%t+(p], a(t) = 1%

Let Ry = 0. If k = 0 then function b(t) and consequently a(t) become constants which leads to a solution
a(t) = \/T = const. On the other hand if k # 0 then we can write

T = 3?sing.

(46)

b(t) = —k(t - %{)2. (47)

If k = +1 then there are no solutions for the scale factor a(t), because b(t) < 0. On the other hand, when
k = —1 the scale factor becomes

a(t) =1t + 3. (48)
In the last case, let Ry < 0. If k = —1 we can find ¢ such that ¢ = z_z_g cos@and T = 1_2_5 sin @ and rewrite
a(t) and b(t) as

(49)

b(t):_R—lozcosz%(\/—%t—Q], alt) = _R_loz

In the case k = +1 one can transform b(t) to b(t) 1% sin? % ( —Roy (p), which is non positive and hence

yields no solutions. []
Theorem 4.3. If in (43) we take
R (Ro + (p + )20 — Ro)) = 0 (50)
then:
1. For p +q 2 1 there is obvious solution Ry = 0. In particular if p + q = 1 then (50) is satisfied for any Ry # 0 if

A=0.
2. For p + g = 0 there is no solution.

2A(p +
3. Forp+q # 0,1 there is a unique value Ry = ﬁ that gives a solution. Since p and q are integers the
value of Ry in the last equation is always positive, and for k = 0 the solution b(t) is a linear combination of

exponential functions.

Proof of this theorem is evident.
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