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Abstract. In this paper, we study the convergence of the generalized weak Presic type k-step iterative

method for a class of operators f : X* — X satisfying Presic type contractive conditions. We also obtain the
global attractivity results for a class of matrix difference equations.

1. Introduction and Preliminaries

Over the last 50 years or so the theory of fixed points has been revealed as a very powerful and important
tool in the study of nonlinear phenomena. In particular, the applications of fixed point theorems are very
important in diverse disciplines of mathematics, economics, statistics and engineering in dealing with
problems arising in: mathematical economics, game theory, approximation theory, potential theory, etc.
Banach contraction principle [2] is simple and powerful result with a wide range of applications, including
iterative methods for solving linear, nonlinear, differential, integral, and difference equations. There are
several generalizations and extensions of the Banach contraction principle in the existing literature. Banach
contraction principle reads as follows:

Theorem 1.1. [2] Let (X, d) be a complete metric space and mapping f : X — X satisfies

d(fx, fy) < ad(x,y), forallx,y € X,

where a € [0,1) is a constant. Then there exists a unique x € X such that x = fx. Moreover, for any x € X,
the iterative sequence x,.+1 = f (x,;) converges to x.
Definition 1.2. A mapping f : X — X is said to be a weakly contractive if

d(fx, fy) <d(x,y) — p(d(x,y)), forallx,y € X,

where ¢ : [0,00) —: [0, 0) is a continuous and non-decreasing function such that it is positive in (0, 00),
@(0)=0and tlim O(t) = co.
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In 1997, Alber and Guerre-Delabriere [1] proved that weakly contractive mapping defined on a Hilbert
space is a Picard operator. Rhoades [19] proved that the corresponding result is also valid when Hilbert
space is replaced by a complete metric space. Dutta et al. [10] generalized the weak contractive condition
and proved a fixed point theorem for a selfmap, which in turn generalizes Theorem 1 in [19] and the
corresponding result in [1].

Let f : XX — X, where k > 1 is a positive integer. A point x* € X is called a fixed point of f if
f(x*,...,x") = x*. Consider the k-th order nonlinear difference equation

anrk = f(xn/xn+1/ e /xn+k71)r n= 112/ cee (11)

with the initial values xy, ..., x; € X.
Equation (1.1) can be studied by means of fixed point theory in view of the fact that x in X is a solution of
(1.1) if and only if x is a fixed point of the self-mapping F : X — X given by

F(x) = f(x,...,x), forallx € X.

Presic¢ [18] obtained the following result in this direction.
Theorem 1.3. [18] Let (X, d) be a complete metric space, k a positive integer and f : X¥ — X be a mapping
satisfying the following contractive type condition

aA(f(en, x2, ..o, x6), f(2, 0, Xk X)) < ard(xa, X2) + axd(x2, x3) + ... + ad (X, Xer1),

for every x1,...,x41 € X, where ay,ay,...,ar 2 0 with g1 + g2 + ... + gx < 1. Then there exists a unique
point x* € X such that f(x*,...,x*) = x*. Moreover, for any arbitrary points xi, ..., x; € X, the sequence (1.1)
converges to x”.

If we take k = 1, then Theorem 1.2 reduces to the Banach contraction principle.

Ciri¢ and Pregi¢ [8] generalized the above theorem as follows.
Theorem 1.4. [8] Let (X, d) be a complete metric space, k a positive integer and f : X* — X be a mapping
satisfying the following contractive type condition

d(f(x1, x2/ ey xk)/ f(xZI crcy xk/ xk+1)) S h max{d(xll xz)/ d(xZI x3)/ cecy d(xk/ xk+1)}/

*

for every xy,..., X1 € X, where 0 < h < 11is a constant. Then there exists x* € X such that f(x*,...,x") = x".
Moreover, for any arbitrary points x1, ..., xx € X, the sequence (1.1) is convergent and

lim x, = f(lim x,,..., lim x,).
n—oo n—oo

n—oo

Furthermore, we suppose that
d(T(u,...,u), T(v,...,v)) <d(u,v)

holds for all u, v € X, with u # v, then x* is the unique point in X with f(x*,...,x*) = x".
The applicability of the above result to the study of global asymptotic stability of the equilibrium for
the nonlinear difference equation (1.1) is revealed, for example, see [6].

In [17], Pécurar obtained the following convergence result for Pre§i¢-Kannan operators.
Theorem 1.5. [17] Let (X,d) be a complete metric space, k a positive integer and f : X¥ — X be a given
mapping. Suppose that there exists a constant 2 € R with 0 < ak(k + 1) < 1 such that

k+1

d(frr, %), fOea, o xi)) S a ) dC, £, x1),
i=1

forall (x1,...,xi1) € X1, Then,
(i) f has a unique fixed point x* € X;
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(ii) for any arbitrary points x1, ..., xx € X, the sequence {x,} defined by (1.1) converges to x*.

For other results on Presi¢ operators, we refer to [3, 4, 6, 8, 13, 16, 17, 20-24].

In this paper, we study the convergence of the sequence {x,} defined by (1.1) for the mapping f : X* — X
satisfies various contractive conditions of Presi¢ type. We also present an example and application of
obtained result.

We denote by R the set of all real numbers, R* the set of all nonnegative real numbers and IN the set of
all positive integers.

2. Main Results

We start with the following result.
Theorem 2.1. Let (X, d) be a complete metric space, k a positive integer and f : X¥ — X be a given mapping.
Suppose that there exists ¢ : [0, 00) — [0, o) a lower semi-continuous function with ¢(t) = 0 if and only if
t = 0 such that

a(f(xr, ..., x0), f(x2, ..., xk1)) < max{d(x, xip1) 1 1 <1 <k} — p(max{d(xi, xi1) : 1 < i <k}), (2.1)

for all (x1,...,Xs1) € X1, Then, for any arbitrary points xy, ..., xr € X, the sequence {x,} defined by (1.1)
converges to u € X and u is a fixed point of f, thatis, u = f(u, ..., u). Moreover, if

d(f (%, %), f(y, -, ) < dlx, y) = ¢d(x, y)), 22

holds for all x, y € X with x # y, then u is the unique fixed point of f.
Proof. Letx,---,xi be arbitrary k elements in X. Define the sequence {x,} in X by

xn+k = f(xn/ Xn41y eer xn+k*1)/ n= 1/ 2/ CEEN
For n < k, by using (2.1), we have the following inequalities:

d(f(xlr e /xk)/f(er e ,.Xk+1))
< max{d(x;, xi41) : 1 <i <k} — ¢ (max {d(x;, xi1) : 1 < i < k})
max {d(x;,xi11) : 1 <i <k},

A(Xer1, Xi42)

A

A

A(X, Xi1) a(f(xn, ..., xk-1), f(x2,..., X))

max {d(x;, xi+1) : 1 <i <k -1} — ¢ (max{d(xj, xi1) 1 1 <i<k-1})
max {d(x;, xi11) : 1 <i<k-1},

IA

A

a(fer, .., Xe—n—1), f(X2, .., Xk—p))
max {d(x;, xi41) : 1 <i<k—n—-1} - ¢ (max{d(x;, xi11) : 1 <i<k—n-1})
max {d(x;, xiy1) 11 <i<k-n-—1}.

A(Xe—n) Xk—n+1)

IA

A

We conclude that {d(x,+k-1, X,»+k)} is monotone nonincreasing and bounded below. So there exists some ¢ > 0
such that

lim d(x,15-1, Xpik) = im max {d(x,1i, Xpriv1) 1 1 <i<k=1} =c.
n—o00 n—oo

We claim that ¢ = 0. In fact, taking upper limits as # — oo on either side of the following inequality:

d(f(xll crry xk+n71)/ f(x2/ cery xk+Vl))
max {d(Xisn, Xisn+1) 1 1 i<k =1} = ¢ (max{d(Xizn, Xixn+1) 1 1 <i<k=1}),

A(Xferns Xean+1)

IN
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we have
c<c—¢(o),
that is, ¢ (c) < 0. Thus ¢ (c) = 0 by the property of ¢, and furthermore
lim d(xx-1, Xn4k) = 0. (2.3)

Next we show that {x,} is Cauchy. For any n,m € IN with m > n, using (2.1) we have

A, Xerm) = A(f(x1, oo Xpana1), f(X2, -0 Xipm—1))

< d(f(xa, s Xpan-1), f(x2, oo Xin)) +A(f (X2, oo Xiwn), f(X3, -+ Xkans1))
Foo+d(f(x2, .-, Xken), (X3, Xkrm—1))
max {d(Xivn, Xirn+1) 1 1 < i < k= 1} = ¢ (max{d(Xin, Xisns1) : 1 <1< k—1})
+max {d(Xjyn, Xitns1) 1 1 <1<k} = ¢ (max{d(Xizn, Xisns1) : 1 < i < k})
+... +max{d(Xin, Xiznr1) 1 <i<k+m—1}
—¢ Max{d(Xiwn, Xigne1) 1 1 <i<k+m—1}).

IN

On taking the upper limit as n,m — oo implies that

lim d(xg 41, Xgem) = 0.

Hence {x,} is also a Cauchy sequence in (X, d). Since (X, d) is complete, there exists u in X such that

lim d(x,, x,) = lim d(x,, u). (2.4)

n,m—oo
Now, for any n € IN, we have

A(u, f(u,u,...,u)) A(u, xpex) + d(Xpar, fu, 1, ..., 1))

A(u, xyk) + d(f(n, X1, - - o) Xnak—1), fU, 1, ..., 1))

A, xpek) +d(f(u,u, ... u), f(u,u,...,x,))

+d(f(u,u, ..., xn), f(U, ..., Xn, Xp41))

oo d(f (X0, Xnst, -+ Xnak=2), (X, X1, - - - ) Xngk=1))
A1, ) + A, %) — & (A1, ,))

+max{d(u, x,), d(xXn, Xn+1)} — ¢ (max{d(u, x,), d(xn, Xp+1)})
+..o+max{d(u, x,), d(xXn, Xu11), - - - A(Xnk—2, Xnk-1)}

_(z) (max{d(u, xn)/ d(xn/ xVH—l)r ey d(xn+k—2/ xn+k—1)}) .

ININ A

IN

On taking upper limit as # — oo in the above inequality and using (2.4), we obtain
d(u, f(u,u,...,u)) <0,

which implies that u = f(u,u,...,u), thatis, u is a fixed point of f.
To prove the uniqueness of the fixed point, assume that there exists an element v € X with v # u, such
thatv = f(v,v,...,v). Then by (2.2), we have

d(u,v) a(f(u,u,...,u), f(v,v,...,0))
d(u,v) — ¢ (d(u,v))
d(u,v),

A A

a contradiction. So, u is the unique point in X such that u = f(u,u,...,u). O
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Example 2.2. Let X = [0,2] and d be a usual metric of X. Let k be a positive integer and f : X* — X be the
mapping defined by

FOenenm) = T f Al g, € X
4k
Define ¢ : [0, 00) — [0, c0) by
e ifte0,2)
(P(t) = Zn(2n+1t _ 3) ¢ 2211 +1 22(n+1) +1
2n+l 1 7 1t€[ on 7 on+l ]’neN'

An easy computation shows that ¢ is lower semi-continuous on [0, o) and ¢(t) = 0 if and only if ¢ = 0.
Now, for all x1,x, ..., %41 € X, we have

a(f(x, ..., xx), f(x2,. .., Xke1))

L ey — gl
4k 1 k+1
1
< Zmax{|xi—xi+1|:1SiSk}

< gmax{d(xi, Xip1): 1 <1<k}
= max{d(x;, xir1) 1 1 <i <k} — ¢ (max{d(x;, xis1) 1 1 < i <k}).

Moreover, for all x, y € X with x # y, the equation

d(f(x, ..., %), f(y,...,y) <dlx,y) — P dx,y)

hold. Thus, all the required hypotheses of Theorem 2.1 are satisfied, we deduce that for any arbitrary points
x1, ..., X¢ € X, the sequence {x,} defined by (1.1) converges to u = 0, which is the unique fixed point of f. O

By taking ¢ () = (1-A)t forallt € [0, 00) in Theorem 2.1, we obtain the following immediate consequence
of Theorem 2.1.
Corollary 2.3. Let (X, d) be a complete metric space, k a positive integer and f : X¥ — X be a given mapping.
Suppose that there exists A € [0, 1) such that

d(f(xlr (R xk)r f(x2r (R xk+1)) <A max{d(xi/ xi+l) :1<i< k}/ (25)

for all (x1,...,X41) € X1, Then, for any arbitrary points x1, ..., xx € X, the sequence {x,} defined by (1.1)
converges to 1 and u is a fixed point of f, thatis, u = f(u,...,u). Moreover, if

d(f(x,...,x), f(y,...,y)) < Ad(x, ),

holds for all x, y € X with x # y, then u is the unique fixed point of f.

Corollary 2.4. Let (X, d) be acomplete metric space, k a positive integer and f : X* — X be a given mapping.
Suppose that there exist A1, ..., Ay non-negative constants with A; + A, + ... + A, < 1 such that

A(fxr, .., xx0), f(x2, ... Xike1)) < Aad(x1, X2) + Aad(x2, x3) + ... + Apd(Xg, Xir1), (2.6)

for all (x1,...,Xk1) € X1, Then, for any arbitrary points x1, ..., xx € X, the sequence {x,} defined by (1.1)
converges to u, where u is the unique fixed point of f.

Proof. Clearly, condition (2.6) implies condition (2.5) with A = A1 + A, +... + Ax. Now, let x, y € X with
x # y. From (2.6), we have

aifx,x,....x), fy,...,y) < d(f(x,....x), f(x,...,x ) +d(f(x,...,xy), f(x,...,x, ¥, 1))
+...+d(fx Yy, ), fW Yy, Y)
< M+ M+ ...+ A)dx, y) = Ad(x, y),
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where A = A + Aj1 + ... + A1 € [0,1). Finally, all the hypotheses of Corollary 2.3 are satisfied, then we
deduce the desired result. O

Theorem 2.5. Let (X, d) be a complete metric space, k a positive integer and f : X¥ — X be a given mapping.
Suppose that there exists a constant 2 € R with 0 < ak < 1 such that

a(f(x, ..., x0), f(x2, ..., Xke1)) < amax{d(xi, f(xi,...,x1): 1 <i<k+1}, (2.7)

forall (x1,...,xk1) € X1, Then,

(i) f has a unique fixed point u € X;

(ii) for any arbitrary points x1, ..., x; € X, the sequence {x,} defined by (1.1) converges to u.
Proof. Define the mapping F : X — X by

F(x) = f(x,x,...,x), forallx € X.

For all x, y € X, we have

dF(x), F(y)) = d(f(ex,....%), f(y,y,.-., )
< d(feox,..,x), fex, . x, ) +d(f(x, . x ), fx . x YY)
+.+d(fo Y.Ly, f YY)
By (2.7), it follows that
d(F(x),E(y)) < amax{d(x, f(x,...,x)),dy, f(y,...,n)))
+amax{d(x, f(x,...,x)),dy, fy,..., )}
+... +amax{d(x, f(x,...,x),dy, f(y,...,y))}
= akmax{d(x, f(x,...,x)),d(y, f(y,..., y)}
< akld(x, F(x)) +d(y, F(y))]
and we have
d(F(x), F(y)) < Ald(x, F(x)) + d(y, F(y)], (2.8)

1
where A = ak € [0, E). So F is a Kannan operator [12]. According to Theorem 1 of [12], there exists a unique
u € X such that

u=Fu=f(u,...,u).

Thus (i) is proved .
Now, for any arbitrary points xy, ..., x; € X, we shall prove the convergence of the sequence {x,} defined
by (1.1) to u, the unique fixed point of f. For all n > k + 1, we have

Xn = f(xnfk/ cee rxn—l)-
As we already know that f has a unique fixed point u € X, we may write
d(f(xn—k+1/ Xn—k+27+++s xn)/ f(u/ u,..., u))
d(f(xi’l—k+]/ sy xi’l)/ f(xl’l—k+2/ e Xny M))
+d(f(x‘rl—k+2/ e Xny M), f(xn—k+3/ cee, Xn, U, M))
+oo+d(f(en,u, .. u), f(u,u, ... u0).
This implies from (2.7) that
d(xper,u) < amax{d (i1, F(n—rke)), - - ., d(Xn, F(xn)), d(u, Fu)}
+a maX{d(xn,k+2, F(xnkarZ))/ ey d(xn/ F(xn))/ d(ul FM), d(u/ Fu)}
+...+amax{d(x,, F(x,)),d(u, F(w)),...,d(u, F(u))}.

d(xn+1/ 1/[)

IA
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Since u = F(u), we obtain

Adxps,u) < amax{d(X—kr1, F(Xp—gs1)), - - -, d(x, F(x))}
+a max{d(xn—k+2/ F(xn—k+2))/ ey d(xn/ F(xn))}

+ ...+ ad(x,, F(xy,)).
On the other hand, for all j € IN, we have

d(xj, F(xj)) < d(xj,u) + d(u, F(x))).

By (2.8), we have
d(u,F(x;)) = d(F(u),F(xj))
< Ald(u, Fw) + d(x;, F(x)))]
= /\d(x]-,F(x]-)).
Thus (2.10) becomes

d(xj, F(xj)) < d(xj,u) + Ad(xj, F(x))),
which yields
d(xj, F(xj) < ﬁ d(xj,u), forall j € N.

Using (2.9) and (2.11), we obtain

A, 0) < g maxtdCogen 1), d, 1)
a
+m max{d(x,—xs2, 1), ..., d(xy, 1)}
a
+...+ 1_/\cl(x,,,u))

S ak max{d(xn—k+l/ u)/ crcy d(xnl u)}
1-A
for all n > k. Denoting
A, = d(x,,u), foralln e N

and

we get

A‘rl+l <a maX{An—k-Hr A}’l—k+21 ey An}/

719

(2.9)

(2.10)

(2.11)

(2.12)

for all n > k. Since, we have 0 < a < 1, follows the similar arguments from Lemma 2 in [18] that there exist

L>0and 6 € (0,1) such that A, < LO" for all n € IN, namely such that

d(x,,u) < LO", foralln > 1.

On taking limit as n — oo in the above inequality, we obtain lim d(x,, #) = 0, so the sequence {x,} converges
n—00

in (X, d) to the unique fixed point of f. Now the proof is complete. O
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Corollary 2.6. Let (X,d) be a complete metric space, k a positive integer and f : X¥ — X a given mapping.
Suppose that there exists a constant a € R with 0 < ak(k + 1) < 1 such that

k+1

d(frr, %), f(oa, o xe)) S a ) dC, (i, x1), (2.13)
i=1

for all (x1, ..., Xxr41) € XK1, Then,
(i) f has a unique fixed point u € X;
(if) for any arbitrary points x, ..., x; € X, the sequence {x,} defined by (1.1) converges to u.

Remark 2.7.

Theorem 2.1 extends and generalizes Theorem 1.3 of Ciri¢ and Pregi¢ [8], and Theorem 1.2 of Presi¢ [18].
If k = 1, Theorem 2.1 reduces to the fixed point theorem of Rhoades [19].

If k = 1, Corollary 2.3 reduces to Theorem 1 of Banach [2].

Theorem 2.5 extends the Theorem 1.4 of Péacurar [17].

If k = 1, Theorem 2.5 reduces to Theorem 1 of Kannan [12].

AN

3. Global Attractivity Results

We investigate the global attractivity of the recursive sequence {X,,} ¢ P(N) defined by

k-1
1 . ~
Xpk =Q+ ;A PXudA, n=1,2,..., (3.1)

where P(N) is the set of N x N Hermitian positive definite matrices, k is a positive integer, Q is an N X N
Hermitian positive semidefinite matrix, A is an N X N nonsingular matrix, A" is the conjugate transpose of
Aand ¢ : P(N) — P(N).

First we recall some definitions and preliminary results.
Definition 3.1. Let k be a positive integer, M a nonempty set and f : M¥ — M. For given x1,%s,...,x € M,
consider the recursive sequence {x,} C M defined by

Xpsk = [, Xnat, oo Xnak-1), n=12,..., (3.2)

An equilibrium point x of the equation (3.2) is the point that satisfies the condition:

X=f@x...,%.

Definition 3.2. Let (M, d) be a metric space and x an equilibrium point of Eq. (3.2). The equilibrium point
x is called a global attractor if for all xq,x»,...,xx € M, we have d(x,,,X) = 0as n — oo.

We denote by P(N) (for N > 2), the open convex cone of all N x N Hermitian positive definite matrices.
We endow P(N) with the Thompson metric defined by

A,BeP(N), d(A,B)=max{ln M(A/B), In M(B/A)},

where M(A/B) = inf{6 > 0: A < OB} = 6%(B~'/2AB~1/2), the maximal eigenvalue of B"V/2AB~1/2. Here, X < Y
means that Y — X is positive semidefinite and X < Y means that Y — X is positive definite. From Nussbaum
[15], P(N) is a complete metric space with respect to the Thompson metric d and d(A, B) = || In(A"/2BA~112)|,
where || - || stands for the spectral norm. The Thompson metric exists on any open normal convex cones of
real Banach spaces [15, 25]; in particular, the open convex cone of positive definite operators of a Hilbert
space. Now we shortly introduce the elegant properties of the Thompson metric. It is invariant under the
matrix inversion and congruence transformations, that is,

d(A,B) =d(A™Y, B! = d(U"AU, U*BU), (3.3)
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for any nonsingular matrix U. The other useful result is the nonpositive curvature property of the Thompson
metric

dX, Y <rd(X,Y), rel0,1] (3.4)
According to (3.3) and (3.4), we have
AuxXuuyu <HdXy), rel-1,1]. (3.5

Lemma 3.3. For any A, B,C,D € P(N),
d(A + B,C + D) < max{d(A, C),d(B, D)}.

Furthermore, for all positive semidefinite A and B, C € P(N),
d(A+B,A+C)<d(B,C).

Definition 3.4. Let (M, d) be a metric space and ¢ : M — M. We say that ¢ is a-contraction, if there exists
a constant a € [0, 1) such that

d(p(x), p(y)) < ad(x, y),
for all x, y € M.

Let ¢ : P(N) — P(N) be an a-contraction with respect to the Thompson metric 4. Let Q be an N X N
Hermitian positive semidefinite matrix (Q > 0) and A an N x N nonsingular matrix (A~! exists). For a
positive integer k, for given Xj, X5, ..., Xi € P(N), consider the sequence {X,} C P(N) defined by (3.1). Our
main result in this section is the following.

Theorem 3.5. Eq. (3.1) has a unique equilibrium point X € P(N). Moreover, X is global attractor.
Proof. Define the mapping f : P(N)¥ — P(N) by

FlU Uy U = Q+ LAGUDA + A QLA +.. + A"p(URA]

for all Ul, UQ, ey Uk € P(N)
Let Uy, Uy, ..., Uxs1 € P(N). Using Lemma 3.3, we have

k k+1
1 * 1 *
Af (U, U, .., U, fUa, Us, .., Upsa) = d[Q L APUIA Qg ;A pUA

1 k 1 k+1
. Z;A*@(Ui)A, - Z2A*<p<uj>A
1= ]=

[ o B e )

1
Denote V = —A. Then, using again Lemma 3.3, we have

<d

a(f(Uy, Uy, ..., Ux), f(Us, Us, ..., Uks1)

k k+1
Y Ve, Y V*@(L@-)V]
i=1 j=2

=d(V'o(U)V + V'o(Un)V + ...+ V'o(U)V, Vo(U)V + V'e(Us)V + ...+ V'o(Ui)V)
< max {d(V'o(Uy)V, V'o(U)V),d(V'e(Ux)V, Vip(U3)V),...,d(V'o(Un)V, V'e(Uk1) V)]
= max {d(V'oU)V, V'oUi)V): i=1,2,...,k}.

<d
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Since A is nonsingular, the matrix V is also nonsingular. Using property (3.3), foralli =1,2,...,k, we have
d(V'oU)V, V'o(Ui1)V) = d(e(Ui), p(Uir)).
But ¢ is an a-contraction. Then, foralli =1,2,...,k, we have
AdVeUU)V, Ve(Uim)V) < ad(U;, Uitq).
Thus, we have
A(f(Uy, Uy, ..., Uk), f(Uy, Us, ..., Ugs) < amax{d(U;, Ui) : 1=1,2,...,k}

for all Uy, Uy, ..., Ueq GP(N) _
Now, Applying Corollary 2.3, we obtain the existence of a global attractor equilibrium point X € P(N).
On the other hand, for U, W € P(N) such that U # W, we have

dFU ..., ), fON,W,..., W) = d(Q + A'p(LDA, Q + Ap(W)A)
< dAQ(UDA, A"p(W)A)

= d(e(U), p(W))
< ad(U, W)
<d(U,W).

Again, applying Corollary 2.3, we obtain the uniqueness of the equilibrium point. O

Now, we present some examples and numerical experiments.
For a positive integer k, consider the sequence {X,} C P(N) defined by

k-1
1 vos
Xk =Q+ z 2 AXCLA n=1,2,... (3.6)
i=0

for given X1, X», ..., Xy € P(N), where 0] € [0, 1).
Corollary 3.6. Eq. (3.6) has a unique equilibrium point X € P(N). Moreover, X is global attractor.
Proof. Using Properties (3.3) and (3.5), we show easily that ¢ : P(N) — P(N) defined by

p(X) = X°, forall X € P(N)
is |6]-contraction. Then, the result follows immediately from Theorem 3.5. O

Remark 3.7. The equilibrium point X € P(N) of Eq. (3.6) is the unique positive definite solution to the
nonlinear matrix equation

X=0+AXA. 3.7)

In the last few years there has been a constantly increasing interest in developing the theory and numerical
approaches for positive definite solutions to the nonlinear matrix equation of the form (3.7) (see, for example,
(5,9, 14]).

As an example, we consider for given X;, X, € P(N), the recursive sequence {X,} C P(N) given by

1 * *
Xu2 = Q+ 5 (AXPA+ AXRA), n=12,... (3.8)

From Corollary 3.6, Eq. (3.8) has a unique equilibrium point X € P(N), that is, the unique positive definite
solution to

— —1/2
X=Q+AX A
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To check our global attractivity result, we give the following numerical experiments.

We take N = 3, Q and A are given by

02 01 01 1 2 3
Q=101 02 01|, A=(3 1 2
01 01 02 2 31

For each iteration i, we consider the residual error E(i) given by

E() = ||Xi - (Q+ A'X}/?A)|

4

where || - || is the spectral norm. All programs are written in MATLAB version 7.1.
Let us take

210 5 5 1
X1 = 1 3 1 and X2 = 5 11 7 ,
01 4 1 7 17

then after 90 iterations of iterative method (3.8), we get the unique equilibrium point

B 4384 4292 4292
X~ Xop=| 4292 4384 4292 |, (3.9)
4292 4292 4384

and its residual error E(90) = 1.0503¢ — 013.

For other initial points

120 7 7 1003 3 3
X;=| 7 120 7 |, X=| 3 2003 3 |,
7 7 120 3 3 3003

after 90 iterations, we get the unique equilibrium point X given by (3.9), and its residual error E(90) =
2.0196e — 013. O
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