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The Zero Divisor Graphs of Finite Rings of Cubefree Order

Adel Tadayyonfar, Ali Reza Ashrafi

Department of Pure Mathematics, Faculty of Mathematical Sciences, University of Kashan, Kashan 87317-51167, 1. R. Iran

Abstract. The aim of this paper is to classify the zero divisor graph of finite rings of cubefree order. It is
proved that all zero divisor graphs can be interpreted as the extended join over well-known graphs.

1. Introduction

The notion of a zero divisor graph was introduced by Beck in [3] when he studied the coloring problem
of a commutative ring. In order to define this graph, we assume that R is a ring and G(R) is a simple
graph such that V(G(R)) = R and two distinct vertices x and y are adjacent provided that xy = 0. It is
easy to prove that G(R) is a connected graph of diameter at most 2. Anderson and Livingston [1], for
simplification of the concept of Beck’s zero divisor graph considered the set of all non-zero zero divisors
as the vertex set. The edges can be defined in a similar way as Beck’s seminal paper. This studied the
interplay between the ring and graph theoretical properties of this structure. Throughout this paper we use
the Anderson—Livingston’s definition of zero devisor graph and so all rings considered here is not integral.
We encourage to the interested readers to consult [5] for more information on this topic.

In [2, 6], a classification of finite rings of order p? and p® are presented. It is not so difficult to continue
the lines of [6] for a classification of finite ring of square free orders. The aim of this paper is determining
the zero divisor graphs of finite rings of order p?, p is prime, and the zero divisor graphs of finite rings of
cubefree orders.

We denote by K, and ¢, the complete and empty graphs on n vertices, respectively. The join G + H
of graphs G and H with disjoint vertex sets V(G) and V(H) and edge sets E(G) and E(H) is the graph
union G U H together with all the edges joining V(G) and V(H). The complete bipartite and complete
tripartite graphs Ky, , and Ky, , x are defined by K, , = ¢ + @, and Ky, ik = K + Pr. Suppose Gi1, Go, - -+, Gk
are graphs with disjoint vertices. The sequential join G + G, + -+ + Gy is defined as the graph union
(G1 + Gz) U (G2 + G3) U---uU (Gn—l + Gn)

The ring of integers modulo 7 is denoted by Z,, and C,(0) is another ring with the same elements and
addition operation, but with the trivial multiplication. The opposite of a ring (R, +, ) is the ring (R, +, %),
whose multiplication “ + ” is defined by a + b = ba. If I' is a graph and IT = {Py,P»,--- , P} is a partition of
V(T) then the quotient graph L is defined as follows:
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V(L) =TI and E(f) = {P;P;| Jv € P; Iv* € P;s.t. vv* € E(T)}.

Suppose G is a labeled graph with V(G) = {x1, ..., x,} and I'y, - - - ,I',; are arbitrary graphs with disjoint vertex
sets. An extended join of I'y, - -+ ,I'; by G is defined as follows:

(@rl) - U T, +T..
G x,Xs€E(G)

i=1

It is clear that when G = K; the extended joint of graphs I'1 and I'; by G is the ordinary join of graphs.
If we use the (1 + 1)—vertex path P, as G then the extended join of graphs I'y,--- ,I',+1 by P, is called the
sequential join of these graphs. The corona product of two graphs G and H is the disjoint union of one copy
of G and |V(G)| copies of H in such a way that each vertex of the copy of G is connected to all vertices of its
corresponding copy of H [7]. Finally, for a subset A of a ring R, A* denotes the set of nonzero elements of
A. For concepts and notations not presented here, we refer to [8, 10].

2. Main Results

The aim of this section is to present a complete classification of graphs, which can be represented as
zero divisor graphs of finite rings of cubefree order. For the sake of completeness, we mention here [6,
Theorem 2], [6, Corollary 3] and a characterization theorem on finite rings [9] which are crucial throughout
this paper.

Theorem 1. (See [6, Theorem 2]) For any prime p there are, up to isomorphism, exactly 11 rings of order p?
with the following presentations:

1. A={a|p*a=0,a*>=a),

2. B=<(a|p*a=0,a® = pa),

3. C={alp?a=0,a2=0),

4. D={a,b|pa=pb=0,a>=a,b*>=b,ab = ba = 0),
5. E={a,b|pa=pb=0,a°> =a,b*> =b,ab =a,ba =),
6. F={(a,b|pa=pb=0,a*> =a,b* =b,ab =b,ba = a),
7. G={a,b|pa=pb=0,a>=0,b>=b,ab = a,ba = a),
8. H={a,b|pa=pb=0,a*=0,b>=b,ab=ba=0),
9. I={a,b|pa=pb=0,a*=b,ab =0),

10. ] ={a,b|pa =pb=0,a> = b* =0),

11. K = GF(p?) = The finite field of order p?.

Theorem 2. (See [6, Corollary 3]) If n = p; - - - pi is a square—free positive integer then up to isomorphism,
there are exactly Dk rings of order n. These are product rings in the form R; X Ry X --- X R such that R; is a
ring of order p;, its additive group is isomorphic to Z,, and its multiplication is either trivial or isomorphic
to the integers modulo p;.

Theorem 3. (See [9, Hilfssatz 1]) Every finite ring is isomorphic to a Cartesian product of rings of prime
power order.

In the following theorem Z(R) denotes the set of all zero devisors of R.

Theorem 4. Suppose R is a finite ring of order p?. Then I'(R) is isomorphic to Kj_1, Ky—1 + ¢p2_p, K2 or
KP—LP—l'

Proof. Suppose R is a ring of order pz. By Theorem 1, R = A,B,C,D,E,F,G,H,I or . Our main proof
proceeds case by case as follows:
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Casel. R=AorG. If R=AthenZ(R) ={0,p,2p, -+ ,(p — 1);7} and so I'(R) = K1, as desired. Suppose
R = G. Then by choosing a = x + (x*yand b = 1 + (x*) in the ring W’ one can see that

plx]
x2)

. On the other hand, if I = (x?) then

={a,b|pa=pb =0,a°> =0,b> = b,ab = a,ba = a).

This shows that G = ]

Zp[x]
Z( ; ):{I,x+l,2x+[,-~-,(p—l)x+1}-

Since Z( plx ]) is a commutative set with respect to multiplication, G = K}, 1.

Case 2. R = B, E, F, H or I. We first assume that R = B. It is clear that B = (p) <Z,». Notice that “«” is a
notation which denotes the ideals. Set By = {p?,2p%,---,(p — 1)p?*} and B, = (p) \ Bl. Suppose x and y are
arbitrary elements of Z(R)* = B1 UB,. If x, y € By or x € By and y € B, then xy = 0. Otherwise, xy # 0. Thus,
[(R) = Kp-1 + Ppo_yp-

We now assume that R = F. Define:

e o P A Y P P )

One can prove that F = (a,b |pa =pb =0, a2 =a,b®> =b,ab = b,ba = a) and for each elementa,b € F, ab = 0 if
and only ifa,b € Fyora € F1 and b € F; = F \ Fy, This shows that I'(R) = Kj,_1 + ¢2_,. On the other hand,
E = F* and so I'(E) = T'(F) = Ky—1 + ¢p2_.

Next we assume that R = H. Notice that H = Z, X C,(0). Set H; = {(0,b) | b € C,(0),b # 0} and
Hp ={(a,b) | a € Z;,b € C,(0)}. Again, one can see that ab = 0 if and only if 2,b € Hy; ora € H; and b € H,.

Therefore, I['(R) = Kj-1+¢,2_,, as desired. Finally, suppose thatR = I. Since L = {cx+dx2+(x3Y|c,d € Z )< (xg);],

by choosing a = x + (x’) and b = x* + (x’), we can see that [ = L. Set L = {kx* + (x*) [k € Zy} and L, = L\ L;.
Again, it is not so difficult to prove I'(l) = K,—1 + ¢p2_.

Case 3. R = Cor ]. Suppose R = C. Then one can easily see that R = C>(0) and all distinct elements
of R are adjacent in its zero divisor graph. Therefore, I'(R) = K2_;. If R = J then R = C,(0) X C,(0) and by
definition I'(R) = K>_;.

Case 4. R = D. Suppose R = D = Z, X Z,. Define D = {(r,0) | r € Z*} and D, = {(0,s) | s € Z;}. Then for
each element x, y € D, xy = 0 if and only ifxe Djand y € D,. Therefore, I'(R) = Kp-1p-1.

This completes the proof. [

Suppose R is a cubefree finite ring. Then by Theorem 3, R is isomorphic to a Cartesian product of rings
of prime power order. Among rings of order p?, Z, X Z,, Z, X C,(0) and C,(0) x C,(0) are the only rings
which are product of rings of order p. So, we can write R = [T, Ri, where for each i, 1 < i < n, R; is not
isomorphic to three mentioned rings. Define:

N o= {1, ,n},

N, = {z€N1|R % Z,,Cy(0)},

N3 = {ieN;|R=C},

Ny = {i€ Nj|R;isnota field},

Ns = {ieN|R;=2BorCorEorForl}.

The eccentricity of a vertex v, £(v), is the greatest distance between v and any other vertex and the

minimum eccentricity among vertices of the graph is called its radius. A central vertex in a graph of radius
ris one whose eccentricity is 7. The center of the graph is defined as the set of all central vertices. We denote



A. Tudayyonfar, A. R. Ashrafi / Filomat 29:8 (2015), 1715-1720 1718

the center of a graph G, by C(G). For each i, 1 < i < n, we define three subsets T;, Tl.* and S; from R;, as
follows:

Q R; = GF(p?) or C
T* = Z(R)* R;=AorG
i 7 ) C(T(Ry)) Ri=BorEorForl ’
R¥ R; = Z, or Cy(0).

where Q) is a fixed subset of Rl.* of cardinality p; -1, T; = Ti* U {0g,} and S; = R; \ T;. Here we can easily
prove that C(I'(R;)) = Nil(R;)* in which Nil(R;) is the nil radical of R; [8, p. 379]. On the other hand, for each
x=(x1,...,X:) €R, y = {i € N2 | x; € §;}. Define x ~ y if and only if y, = uy, where x, y € R. It is easy to see
that ~ is an equivalence relation. Moreover, we assume that [x] denotes the equivalence class of x under ~
and X is a set of representatives of the equivalence relation ~.

Suppose that x € X and @ # v € Nj. Set

[ ={y=W1...,yn) | 4x = uy & y; = Oifand only ifi ¢ v}.

The induced subgraph of I'(R) generated by [x], is denoted by I'([x],). For each x1,x; € X, x1 # x3, and for
each vq,v; such that v, v, € Ny, vi # v2 and vy, v, # 0, we say {(x1,v1), (x2, v2)} satisfies condition (P) if and
only if

i) #xl m [sz g N?);
i) (1 \ ) N (V2 \ Uhx,) © Nay;
iii) e, N (V2 \ fay), fh, 0 (V1 \ fyy) € N,

Finally, for each x € X and 0 # v € Nj, we say that the pair (x, v) satisfies Q. (or (x,v) € E,) if and only if
[vC Nyand py Cv]or [v=Nyjand (uy N Ns) U ((v\ py) N Ny) # 0]. For simplicity of our argument,

Lemma 5. V(I'(R)) = Uyex, o2veny, (evyek,, VI (X1))-

Proof. To simplify our argument, we define W = U.ex oxveny, ov)ee,, VI ([x])). Suppose a € V(I'(R)). Then
there are x € X and @ # v € N; such thata € [x],. If v # N; then (x, v) satisfies Q,, and so a € W. Assume
that v = Ny. Since a = (a3, ...,ay), for each i, i € v = Ny, a; # 0. On the other hand, a € V(I'(R)) implies that
there exists j € Ny such that a; is not unit. We claim that j € (1 N N5) U ((v\ 1) N Nyg). Suppose j ¢ . Since
ajis not unit, j € Ny and so j € (v \ uy) N Ny, as desired. If j € uy and j ¢ u, N N5 thena; € S;. Since j ¢ Ns, a;
is unit which is impossible.

Conversely, we assume that a € W. Then there are x € X and 0 # v € N; such thata € V(I'([x],)). If
v # Ni then (0,...,0,t0,...,0) is a non-zero zero divisor for a2, where j € Ny \ vand 0 # t € R;. This shows
that a € V(I'(R)). Next we assume that v = Nj. Since (x, v) satisfies Qy, j € (ux N N5) U (v \ pix) N Ny) exists.
Since for each i, i € Nj, the elements of S; and T; are zero divisors of each other, j € p, N N5 implies that
©,...,0,t,0,...,0) is a non-zero zero divisor for a, where 0 # t € T;. Since for i € Ny, the elements of T; are
zero divisors of each other, j € (v \ px) N Ny implies that (0,...,0,t,0,...,0) is a non-zero zero divisor for 4,
where t € T;. This completes the proof. [

Lemma 6. There is a partition ¥ such that @ is isomorphic to a graph A such that

V(A) = {(xv)1x€X,0%vCNy, i SV} U (5 Ny [ x € X, (it 1 N5) U (N \ ) N NG) # 0},
E(A) = A{(x,vi)(x, v2) | (x1,v1), (x2,v2) € V(G), P is satis fied},
P = {[xl, |x€ X, 0 +#v < Ny, Qy, is satisfied}.
Proof. By Lemma 5, the mapping f : % — A which sends [x], to (x,v) is an isomorphism. So, A = %

which proves the theorem. [
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Lemma 7. For each x € X and @ # v € N; which satisfy the condition Q,,, we have:

K1, pixtlp-n) @ # tx SNz and v C Ny
() = 4 Keti-n b = gang vC N;\] N

CP(H/'&HX pixnxar(pt_l)) lux # an [[le ¢— 3 0rv ¢_ 4]

Pl (i) Otherwise.
Proof. Consider two arbitrary elements y = (y1,..., Yu), ' = (¥},-.-, ;) € [x],. Obviously, i, =y = pix.
Suppose that u, € N3, v C Ny. Thus, for every i € u,, y;,y. € Cand so y;y; = 0. Ifi € v\ yy then y;, y; € T;
and I'(T*) is an induced subgraph of I'(R;) isomorphic to Kj,-1. So, again y;y. = 0. Finally, if i € Ny \ v then
yi =y, = 0and so y;y. = 0. Therefore, y;y; = 0 and I'([x],) is a complete graph. If u, # @ then and we have:

= []isax ] 17

€Ly i€v\y
= [[&?-prx [[wi-D
i€Lly i€v\ iy
= HPiXH(Pi—l)X H pi—-1)
€4y i€ty i€V\ iy
= HPi X H(Pi -1).
i€ty iev

If py = 0 then [[x],| = [Tie,(pi — 1). If ux € N3 then there exists i € p, such that i ¢ N3. Hence there are
Yi, ¥, € Si such that y;, y! ¢ C and so y;y! # 0. This shows that yy" # 0. If v £ Ny then there exists i € v such
thati ¢ Ny. By our notation, R; is a field and y;, y; € R;. So, i € v implies that y;y; # 0. Again yy" # 0 and
I'([x],) = ¢Py1x,;, which completes the proof. [

Theorem 8. Suppose R is a cubefree order ring. Then,

I(R) = -+ (F(Ex) + T([x'1) )
xx'€X, 0, Ny, () v )EE(A),

Qx, Qv and (P) are satis fied

Proof. Suppose L denotes the right hand side graph of the Equation 1. We first prove that V(L) = V(I'(R)).
Clearly, V(L) € V(I'(R)) and so it is enough to show that V(I'(R)) € V(L). Suppose y = (y1, ..., ¥s) € VI'(R)).
Then there exists 0 # v C N; such that y; # 0 if and only if i € v. We can also find a subset i of N, such that
y; € S;if and only if i € u. Therefore, there exists x € X such that u, = u, = y, as desired.

We now prove that E(I'(R)) = E(L). Suppose yy' € E(I(R)), y = (y1,...,¥n») and ¥y = (¥} ..., y). By
definition of E(I'(R)), for each i € Ny, y;y; = 0. Since y, y’ € V(I'(R)), there are @ # v,v" C Nj such thati € v if
and only if y; # 0, and j € v’ if and only if y}. # 0. We first assume that v # v’. By definition of V(I'(R)), there
are x,x’ € X such that y, = y, and u,, = p,. This shows that y € [x], and y’ € [x],,. Since for eachi € Ny,
Yiy, =0, e N © Na. I (v \ ) N (V" \ pr) € Ny then there exists j € v\ py such that j ¢ Ng. Therefore,
by definition of Ny, R; is a field. Now y]-y;. = 0 implies that y; = 0 or y; = 0, which is impossible. Thus
v\ p) N (V' \ pr) € Ny Next we prove that u, N (v \ ur) € Ns. Suppose i € py N (V' \ ). Hence i} € T;.
Again from the equation y;y; = 0 we deduce that i € N5. In a similar way, py N (v \ py) € N5. Therefore,
yy € E(L). If v =" and x # x’ then a similar argument as above shows that yy’ € E(L). Assume that
v,y € [x],, for some x € X and @ # v C Nj. Since y;y; = 0, i € N1, we have p;, C N3 and v C Ny. By Lemma
7, I'([x],) is a complete graph and so yy’ € E(L). Conversely, we assume that ab € E(L). Puta = (a3, ...,a,)
and b = (by,...,b,). Then there are x,x” € X and 0 # v,v/ C Ny, such thata € V(I'([x],)) and b € V(['([x'],)).
Our main proof will consider four cases as follows:

a. x =x"andv =v'. Suppose a,b € V(I'([x],)). Then I'([x],) is a complete graph and so u, € N3, v C N.
Since py € N3, a;b; = 0, for each i € p,. If i € v\ yy then a;, b; € T;. But T; is not a subset of any field,



A. Tudayyonfar, A. R. Ashrafi / Filomat 29:8 (2015), 1715-1720 1720

so a;b; =0, for each i € v \ u,. On the other hand, for any i € N; \ v, we have a; = b; = 0 which implies
that a;b; = 0. Hence ab € E(I'(R)), as desired.

b. x #x" andv =v'. If i € u, \ pr then the inclusion p» N (v \ px) € N5 shows thata; € T; and b; € S;. Since

the elements of S; and T; are zero divisors of each other, 2;b; = 0. We now assume that i € p1, N py.
Then p, Ny € N3 and so a;, b; € C. Hence a;b; = 0. If i € v\ p, then we have two cases that i € j, or
i ¢ . In the first case, the inclusion u, N (v \ py) € N5 proves that a; € T; and b; € S;. Thus a;b; = 0.
In the later, the inclusion (v \ px) N (v \ ) € Ny proving that a;b; = 0. Finally, if i ¢ v thena; = b; =0
and hence 4;b; = 0 which completes this part.

c. x =x"andv # v'. We consider four subcases thati € py, i € (v\ ux) N(N1 \ V'), i€ v\ )NV origv.

In the first subcase, 1y = i C N3 and so a;, b; € C which implies that 4;b; = 0. In the second and forth
subcases, b; = 0 and a; = 0, respectively, and so a;b; = 0. Finally, in the third subcase, the inclusion
W\ ux) N (V" \ ux) € Ny deduces a;b; = 0, which completes this part.

d. x # x" and v # v'. By a similar argument as Cases a-c, we can conclude this part.

This completes our argument. [J

We end this paper by determining the zero divisor graph of all finite rings of order p?g, where p and g

are distinct primes.

Corollary 9. Suppose R is a finite ring of order p?q, where p and q are distinct primes. Then I'(R) is
isomorphic to one of the following graphs:

—_
e

—_

0 ® NGk W

szq—lr

sz—l,q—lr

Kpg-1 + Opgip-1),

Kg-1+ Pgg2-1),

K1+ dpag-1y,

Kap-1) + K1+ Ppgp-1),

Kyp-190-1) + Ko + Pgp-1y2,

Kpp-1p-1) + Kp-1 + Ppip-1g-1)/

Pp-1(g-1) + Kp-1 + Gg-1 + Ppp-1),

((j)(p,l)(q,l) WPp1WPg1 W Pp_1p Wy W (P(p—l)(q—l))c , where G; is the corona product of a triangle by
Kj in such a way that two copies of ¢(,-1);4-1) and a copy of ¢,_1y2 are corresponding to vertices of
three copies of K;. Moreover, two copies of ¢,-1);-1) are adjacent to ¢p_1.

Proof. Apply Theorems 1,3 and 8. [
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