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Abstract. For a group 7, the objective of this paper is to construct a class of quasitriangular Hopf 7-
coalgebra. We first shall present the new tool called a group unified coprocut, followed by a classification
result for m-unified coproducts in virtue of an algebra lazy 1-m-cycle which is the dual to that defined by
Bichon and Kassel. Then, we discuss when a m-unified coproduct has a quasitriangular structure. Finally,
some applications of our main results are considered.

1. Introduction

For a group n, Turaev[8] introduced the notion of a crossed n-category and showed that such a category
gives rise to a three-dimensional homotopy quantum field theory with target space K(r,1). Virelizier[11]
used crossed 7-categories to construct Hennings-type invariants of principal i-bundles over complements
of links in the 3-sphere. The crossed 7-categories become quite delicate algebraic objects. Exploring a few
general methods producing such categories is an interesting research subject. Recently, several new results
are reported in constructions of crossed 7-categories (cf. [10], [6], [14] and [15]).

Hopf m-coalgebra was introduced by [8] as the prototype algebraic structure. A systematic algebraic
study of these new structures has been carried out in recent papers (cf.[5], [8, 9], [11], [12, 13] and [16].
etc). Quasitriangular semi-Hopf m-coalgebras (or Hopf m-coalgebras) are fundamental in the theory of
Hopf m-coalgebras, which is a remarkable tool for constructing crossed m-categories and studying the
quantum Yang-Baxter equation. Constructing a class of quasitriangular semi-Hopf m-coalgebras (or Hopf
ni-coalgebras) is the starting point of this paper.

In this paper, we shall introduce a new coproduct named n-unified coproduct as the generalization of
unified coproduct introduced by the second author in [4] which is the dual of unified product introduced
in [1] as an answer to the restricted extending structures problem for Hopf algebras. Then we discuss the
its classification and quasitriangular stuctures.

The paper is organized as follows.

In Section 2, we recall some knowledge about Hopf rt-coalgebras, quasitriangular semi-Hopf n-coalgebras
(or Hopf m-coalgebras). We shall introduce the notion of a coextending ri-datum and construct the r-unified
coproduct in Section 3. In Section 4, we shall prove the classification theorem for m-unified coproduct.
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In Section 5, the notions of a generalized right (resp.left) dual compatible m-pair and a weak qua-
sitriangular structure are constructed. It is shown that there exists an equivalence between the set of

all quasitriangular stuctures on the n-unified coproduct A =™ H and the set of all quadruples (P,Q, U, V)
satisfying some compatibility conditions. Some applications of our results are discussed in Section 6.

2. Preliminaries

Throughout the article, we let @ be a discrete group with unit e and k a field. All (co)algebras are
supposed to be over k. All maps are k-linear. The tensor product ® = ® is always assumed to be over k. If
U and V are vector spaces, Ty : U® V — V ® U will denote the flip map.

2.1. m-coalgebras
We recall from [8] that a 7i-coalgebra is a family of k-spaces C = {Cy}aen together with a family of linear

maps A = {A,p : Cap = Co ® Cplapen (called a comultiplication) and a linear map ¢, : C, — k (called a counit)
such that A is coassociative in the sense that, for all @, € 7,

(App ®id) 0 Aggy = (id ® Ag,) 0 Augy,

(id® &) 0 Ape = id = (e, ®id) 0 A, 4.
Following the Sweedler’s notation for mt-coalgebras, for any a, € 7 and c € C,4, one writes
Aa,ﬁ(c) =C1a)® C@2p)-

Note that (C,, A, €.) is a coalgebra in the usual sense of the word

2.2. Hopf mt-coalgebras

Recall from [8] that a semi-Hopf m-coalgebra is a m-coalgebra H = ({H,}, A, €.) such that the following
conditions hold:

- Each H, is an algebra with multiplication m, and unit 1, € H,,
- Foralla, B € , Aypand ¢, : He — k are algebra maps.

A semi-Hopf m-coalgebra H = ({Hy, ma, 1o}, A, €.) is called a Hopf m-coalgebra, if there exists a family of
linear maps S = {S, : Hy = Hy-1}4er (called an antipode) such that

Mg 0 (id ® Sy-1) 0 Ay y1 = €la =My 0 (Sy1 ®id) 0 Ayt 4.

A crossed Hopf mi-coalgebra is a Hopf m-coalgebra with a family of algebra isomorphisms ¢ = {@; :
Hy — Hpap1lapen satisfying the following conditions: for any a, 8,y € 7,

- @ is multiplicative, i.e., g o @), = @, . it follows that @,|n, = id,
- @ is compatible with A, i.e.,

(Pp ® Pp) © Awyy = Agag-1,5,5-1 © P,

- & OQp = .



Juan Tang, Quan-guo Chen and Yong Fang / Filomat 29:8 (2015), 1729-1751 1731

2.3. Quasitriangular Hopf m-coalgebras
Recall from [8] that a quasitriangular Hopf ri-coalgebra is a crossed Hopf -coalgebra H = ({H,}, A, €, S, @)
endowed with a family of elements R = {R, s = R"* ® R* € H, ® Hg}q gex such that

(Q1) For any «, € mand x € Hyg,
Ra,ﬁ : Aa,ﬁ(x) = T8a© ((pcrl ® Zd) ° Aaﬁcrl,a(x) : Ra,ﬁ/
where 75, denotes the flip map Hg ® H, — H, ® Hg,
(Q2) Foralle, B,y €m,
(i ® Ap))(Rapy) = (R, g3 - (R )1z,
(Q3) Foralla,B,y €m,
(Agp ®id)(Raps) = [(1d ® pg-1) (R pyp-1)ips - (Rpy)azs,
(Q4) Foralle, B,y €m,
((Pﬁ ® (Pﬁ)(Ra,y) = Rﬁaﬁ‘l,ﬁyﬁ-l/

where, for vector spaces P, Q and r = ijj ®qj, wesetryy, =r®1, e P®Q®H,, 1:3=1,87r€ H,®P®Q
and rig3 = ), ipi® 13®q; € P® Hg ® Q. Note that R, is a quasitriangular structure for the Hopf algebra H,.
Let (H, R) be a quasitriangular Hopf r-coalgebra. Then the following identities hold:

(a) (Ee ® id)(Re,a)) =1, = (ld ® 58)(Ra,e)r
(b) R;,l,g = (Sa-1 © Pa ®id)(Ry1 p)-

3. m-unified Coproducts

In this section, we shall introduce the m-unified coproduct as the natural generalization of unified
coproduct introduced by the second author in [4]. First, a coextending n-datum is introduced as follows.

Definition 3.1. Let A be a bialgebra. A coextending mi-datum of A is a system Q(A) = (H, p, 0, w) where:
(i) H = ({Ha, Aap, e}, A, €.) is a family of vector spaces over the field k such that, for any « € m, each H, is an
associative algebra with the unit 1,, ({Hq, Aap, €}) is a T-coalgebra which is not necessarily coassociative, such that

ee(hg) = ec(h)e.(9) 6.1

forallh, g € H,.
(i1) A family linear maps p = {py : Hy = Ha®Alsen, 0 = {00 1 A > Ha®Alyern, @ = {wap : A = Ho®Hglo pern
are morphisms of algebras such that the following conditions hold:

eatha)hi-1,a) = h, €(a[-1,1)[0,e] = 4, (3.2)
€e(J-1,e))9¢0,0y = €e(M)1a, €4(a[0,01)[-1,a] = €4(@) 15, (3.3)
Ee(CUe,o((‘l)(LE))we,o((‘l)(z'a) = SA(H)la = (Ua,e(a)(lfa)Se(wa,e(a)(Z’E)) (34)

forallae A, g € Hoandh € H, with o € 1. Here we adopt the notations: py(h) = h(—1,0y®N(0,a), 02(a) = A[-1,01®a[0,]
and wap(a) = wapa) Y ® wa ()P foralla € Aand h € H, with a, B € .

Let A be a bialgebra and Q(A) = (H, p, 0, w) a coextending r-datum of A. We denote by A <™ H a family of
vector spaces {A ® H,}qer together with the comultiplication

Aupla=h) = agy = ao)-1,0®apa6)" 1,000,010 (3.5)

®ﬂ(2)[o,a]a)a,ﬁ(ﬂ(a))(l’a) O % Wapa@)*Pho).
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Definition 3.2. Let A be a bialgebra and ()(A) = (H, p, o, w) a coextending m-datum of A. The object A <™ H
introduced above is called the mt-unified coproduct of A and Q(A), if A <™ H is a semi-Hopf t-coalgebra with the
comultiplication (3.5), the counit

Ee(a>h) = exa)e.(h) (3.6)
foralle € H, and a € A and the algebra structure given by the tensor product of algebras, i.e.,
(a=h)(b=g)=ab>xhg (3.7)

foralla,b € Aand h,g € H, with a € . In this case, the coextending n-datum Q(A) = (H, p, o, w) is called a
semi-Hopf m-coalgebra coextending structure of A. A crossed semi-Hopf mt-coalgebra coextending structure of A is a
semi-Hopf m-coalgebra coextending structure Q(A) = {H, p, 0, w} satisfying that H has a crossing ¢.

Theorem 3.3. Let A be a bialgebra and Q(A) = (H, p, 0, w) a coextending n-datum of A. The following
statements are equivalent:
(1) A >™ H is a m-unified coproduct,
(2) The following conditions hold:
(i) Aap : Hup — Hy ® Hg and ¢, : H, — k are algebra maps,
(if) Forall a, B,y € mand a,b € A, we have

(@l1) wa () Dh1,0) ® wag(b)*Php)
= h(l,a)a)a,ﬁ(b)(l’a) ® h(z,ﬁ)wa,ﬁ(b)(z’ﬁ), allh e Haﬁ,
(@2) br,a-1,0) ® boaho,ey = h-1,)b1-1,01 ® 0,0y bo,a1, all b € Ha,
(@3) haapa,e) ® haapyap) ® My
= ha,ay-10) ® Wpy (H1,a0,0) "Phe e ®wpy (ha,m0,m) > hepyey), all i € Hag,,
(@4) hi-1,ay ® ho,ay1) ® ho,ay2) = M-1,ax-1,a) ® B—1,a%0,0) ® Moy, all h € H,,
(@5) h-1ap)(1.0) ® Hi-1,0p)2.9) ® H0,08)
= ha-1.0 ® haaomi-1aMep-18 © haooansleprop,
all h € Hyg,
(a6) a[-1,a1 ® A0,a1(1) ® A0,012)= AD)[-1Lal2)[-Lak-1,a) ® AD0,a]82)[-1a)0.0) @ AD)[0,al/
(a7) @ap(a1) Va0 -1,0p101,0) ® Was(a0)*Pag)-1,.ap128 ® A2)0,ap]
= a(1)-1,a1[@a,8(02) VP (-1,0) O 0,011-1,81[@Wa,8(02) VP 0,0y 11,81[@a,5(02) *P 1,8y
®a(1)[0,a100,81[@a,8(32)) D L0,mp10,81[@Wa,p(2) “P 0,
(@8) wap(a) " [wapy(a2) 1P ]1,0) ®Wa p(a01))*P[wap,y (32) P2,y ® Wapy(a2)
= a1)-1,a1[@a,py (32) TV (<1,0) ®wp o (A1) 0,01 [Wa 8y (12) VP (0,00) P [wa gy (2)) > (1,)
®wg, (A1)0,a1[@a 8y (12)) D 0,0)) * [wa gy (02) PP (2,
Proof. First, we prove that &, given by (3.6) is an algebra map if and only if ¢, : H, — k is an algebra
map. Observe that, foralla,b € Aand h, g € H,, we have

E((a>h)(b>g))

E.(ab > hg)
= calab)e.(hg)

ea(@ea(b)e.(h)e.(q)
= &axh)&(b>g)

and 1 = &(14 = 1g) = &.(1,). Thus &, is an algebra map by considering a = b = 14 in the obove equation.
Conversely, suppose that ¢, is an algebra map, we can easily check that &, is an algebra map.
If each A, g is an algebra map, we have

14 > 1e(l,e)(—l,e) ® 16(1,6)(0,8) s l13(2,e) = Ae,e(lA ~ le) =141, ®14>x1,.
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Applying €4 ® id ® 4 ® id to both side of the above equation, we have
Age(le) =1, ®1,.
For all h, g € Hyp with a, B € mr, we observe that
Anp((La > h)(1a > g)) = Agp(la x h)Ayp(1a > g),
we have

1a > (hg),a)-1,a) ® (hF)1,0)0,a) > (h) 2
= Iax h(La)(—La)g(Lax—La) ® h(lla)@,ﬂ)g(l/a)(()ﬂ) > h(z,ﬁ)g(Z,ﬁ)~

Applying €4 ® id ® €4 ® id to both sides of the above equation, it follows that

(h9),0) ® (h9)2p) = ha,wm9a,e) @ hepdep-

Thus each A, 4 is an algebra map. Observe that &, is the counit of A < H by (i) and (3.4).
Forallbe Aand h € Hag with a, f € 7, since

Aap((La )0 > 1ap)) = Aap(1a 2 H)Ag p(b > 1ap),
we have

by » b1l @a s (0e) 1,00 0-1.0)
®b)0,a[@a,s(03) " 0w ,a)0.a % @apbe)*Pheg)
= bay % haax-10b@-1,0[@apsb@) " l-1,0
®h1,000,00b210,01 [ @ 5 (0 3) " L10,0) > hiz, )0 p (b3) P

The relations (al) can be obtained by applying ¢4 ® id ® €4 ® id to both sides of the above equation. By
applying €4 ® id ® id ® ¢, to both sides of the above equation for = ¢, it yields relation (a2).
Assume that each A, is an algebra map and relations (al) and (a2) hold. For alla,b € A and h, g € Hyg

with a, § € m, we compute as follows:

Awp((@=h)(b > g))
= ambo) < 9@)-10b@-1a1[@a @6 b6) L a-1o

Jt.ax-1a) ® A0.a1b@ 10056 b)) 0.0 h.ax0wm

10100 % 0ap@ebe) *Phepges
= awba) < ae)-1a0b@-Lalwas@) 10

[wa,5(5E) 1,0y (1,0)-1,0)F(1La)-1,0)

®a2)10,a162)10,a1[ a6 (23) (0,09 [, (b(3) VL0, h1,0)(0,0)

I100a) X @apa@) P wypbe)*Phepgges

(a1),(a2)
=7 agba) 2 a@-1,a[@as@3) "L 1,mha,a-1,0)

byi-1,0[0as(0@) "V -1,090,0)-1,0)
®a)0,a1[@a,s3) T 0,0)11,00,0b@10,01 [0 5 53) 0,09
0100 = Wap@@)*Phpwasbe)*Pge

= Agpla>xh)A,pb>=g).

Thus, each A, g is an algebra map.
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Assume that A = {A, g} given by (3.5) is coassociative, that is,
(id ® Agy) 0 Aapy = (Dap®id) 0 Ayg,y .
For all h € Hyp, with a, 8,y € 7, from
(id ® Agy) © Anpy(1a = h) = (App ®id) 0 Augy(1a > h),
it follows that

14 ® h1,a)(-1,0) ® H(1,a)0,a)(1)
®h,ax00@0-18[0py (10,210.00) P15
hepyap-16 ® haaoaio
[wg,, (ht,ax0.06) P Jophe s pos
®wp, (h1,00.00) > hepen
= 14 ®hap-1ap.a)-10) © HLap)-1.ap) 10000
®h(1,ap)(-1,08)28) ® P1,apy0.ap) ® h2,y)-
Then applying ¢4 ® id ® €4 ® id ® €4 ® id to both sides of the obove equation yields relation (a3). Applying
eA®id®id® e, ®id® €, to both sides of the same equation above for f = y = ¢, we get relation (a4). Relation

(a5) can be seen by applying ¢4 ® id ® €4 ® id ® id ® ¢, to it again for y =e.
Foralla € Aand a, 8,y € 7, from the relation

(ld ® Aﬁ,},) o Aa,ﬁy({l > 10,/;},) = (Aa,ﬁ ® Zd) o Aaﬁ,y(a > 1‘15},),
we have

a) ® Ay -1,alwa s (@3) 11,0 © 100,00 [0 s @3) P 0.00)
®2)0,121-1,61[@a 8@ l0.w@r-161
[wp,y (@2)00,013) [@a 8y @3) " Lc0,093) P L1,

[a)a,ﬁy (a(B) ) @F7) ]

(LBY=1.8)
a0y a0 pil@a sy (@3) " loweios
[wg,, (@@)0,010) [@a @) Te0,3) ™ P L0 )
[@apy(20)* N0 prop)
®wpy (@010 [y (1) 0.06) > [wa gy (@3) * ] y)
= a0) ®40)-1.0)[@as(03) )10 8@0Lapi.a0-10
[@ap (@) P11, 1,0)
®a(2)[0,a][a)a,ﬁ(a(S))(La)](O,a)a(4)[—1,aﬁ](1,a)(0,a)
[wagy (25) P L-1ap1.010
Qwa s(a@)?Pa [Wag(as) P)]
a,B\(3) BI-Lapl2p)LLap,y4(5) (=Lap)2,p)
B[00l [@ay (15) P L0 .ap) ® Wap(a5) 7.
By considering f = y = e in the above equation and applying e ® id ® id ® ¢, ® ids ® ¢, to both sides of the
resulting equation, we can get relation (a6). Applying ¢4 ® id ® €4 ® id ® id ® &, to the equation above for
y = e yields relation (a7) and (a8) can be seen by applying ¢4 ® idy ® 4 ® id ® €4 ® id to both sides of the
same equation again.
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Assume that relations (al)-(a8) hold. Now we check that A is coassociative. Indeed, we compute as
follows:

(Bug ® id) Ay (a4 )
= Aupaq) 2 a@)-10pl@apy (06) P Lrap i apy-1,am)
®a2)0,0p1l@apy 03) P Lo api1.ap)0,ap) = @apy@3)* )
= ag) % a@)-1,0[@0as@@) 10
A1-1apltax-La) [@ap (05) P LLapaa-1e
h(1apy-1.ap)1,0-1,0) B0l [Wa s03) " 0,0)

A -1,a10,0)0) [ @ag,y (05) TP 1,0p) 100000 P1ap)(-1apyL,a)0,0)
~——— ——

»wa 4(03) P a1 apiapl@apy @) Pl Lapep Haapr-1app)
N— ———

®a )0 a1l apy (@65) P 0.ap) 11,ap0.ap) *@apy (a5) > 2y
—_————
= aq) = a@)-1,0l@a @) 10
@) -1,0p10,0(-1,0 [ Wap,y (@) P 1 apya,ax-1,0)
h,ap)1,a)-1,a)(-1,a) ®a(2)[0,a][a)a,ﬁ(‘l(?i))(l'a)](o,a)

A8)-1,0p11,00 [0apy (05) P11, ap) L0000 BLap)Lay-1a)0.0)
—_—

104,503 *P a@-1,ap10.6) [@ap, (065) P L1ap)2)

1,
h1,ap)L,00.m0-18 HLapsx-18 © @wi0as[@apyaE) P lo,ap)
| —

2,y
h1,a8)1,2)0010,81 BLap)108) > Wap,y (@) >R,
———

(a4)
= aq) X ag)-1,a] [wa,ﬁ(ﬂ@))(l’a)](—l,a)

Ay -1,ap10,0) -1 [ @apy (@3) P11 apy1,0)-1,0)

h(1,ap)1,a)-1,0) @02 0,01 [0a 5 (33) 0,0y
—_—————

Ay -1,ap10,0)0.0) [ @apy (3) P 1,ap)1,0)0,0) BLa)1,a)0,0) D)
~— —

1w, 5(a3) PP a1 apiep[©apy (@) Pl 1apiap)
1,
h1,a1,000@1-1811,ap 28118 O1w0,as@apy @6) P L0.ap)

2,
11,ap1,a10 @10 A1 ap)2.p08) *Wapy (05) P ()

= ag) = a@)-1,0l0a @) 10
ay-1,0p10,001, ) [©ap  (@6) P L1 1,001,

h1,a)(-1,a)-1,0) ®A)[0,0] [@Wap @3)" 0,09
— ———

a(4)[—1,aﬁ](1,a)(0,a) [C‘)aﬁ,y (a(S))(l'aﬁ)](—1,&[7’)(1,&)(0,0:) h(l,a)(—l,a)(O,a)(l)
————
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2w, 5(a3) PP a1 apiep[0apy (@) Pl 1apip)

1,
ha,a-Lax0m@-18lwsy Bawoa) P l1phesma s
~——

®a(8)(0,0p1[@apy (@) P L0,a) Pt -1a30 2001

1,
[wpy (ht,ax0,0) P o phesasos
N

Wap,y(A(5) PV wp o ((1,00) ™ he pp)

() % a@)-1,0[@a5@3) 1,0y
a-1,0p10,01-1,0) [0 (@) P Lt a1,
h,a)-10) ® 42001 [@as03) " L0,
a@i-1,a810,2)00) [@apy (45) PNt apy.ax0mha,mo.mm
#wa,5(13) P aw1,a5126) [©ap. @) P li-1ap)c)
ha,00.001-18108 (a,006) P le1phe pa peip
®aj0,0p1[@apy (@) P Lo ap.axom @0

[wp,y (a,a0.03) Plophes)apos

=g,y (1) * g (11,000,03) * e e -

(ld ® Aﬁ,y)Aa,ﬁy(ﬁl ~ h)
aay = A@)-1,a1[0a s, (03) 10y a)-1,0) ®
Ag (a2)10,01[@a,5y(3) L0, 1,0)0,0) 2 Wapy(3) 2P N )

aay % a@)-1,a[@a 8, @3) " L-1.00h1,a1-1,0)
—_———

® )01 Wa,y (33) " 0,000 1,00
—_———

1,
> a)(0,01)1-1,81[@a8,(@3) "V LowE-1aRLa00 @)1
———

(g1 (A2)10,010) [Wa 5y (A3) ™ T0,0@ 11,000,03) P T-1,6)
N— ——

2,
[wa,ﬁy(ﬂ(s))( 4 y)](l,ﬂ)(—1,;3)”1(2,5;/)(1,[3)(—1,,8)

® ) 0,a12)10,41[@a sy (@3) P 0.0@M0,610,010,0 @081
~——

[y (@2)013) [@apy(@@) " 0.0 0,0006) P op
———

2,8
[wa,py (@) ** 10 pophesasos

wp(2)10,a13) [ @5y (13) 0.0 1, a)0,a)3) >

|

2,
[way(@3)* N2 he e

A1) > A@)-1,8@)-1ak-1,0) [©0a gy (@0@) "L 1.0) Pty -1.0)

1736
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®02)[0, 1) A -1,a10.01) [ gy (@) 0.000) FL.m0.m0)

>a(2)[0,a1)[-1,8193)[-1,¢1(0,a)2)[-1,6]

[wa,8y (@) 0.0@)1-1,81 a)00@-161

[wp,y (@@)0,a1l@a sy @) 0,03 Aaaoae) P T

2,8y
[wapy(@@)** N0 pphesmapeip
1,
®a2)[0, a0 A9G)-1,a10 1081 Wa (@) "0 210,81 Fax0m@10,

[w,y (@@)10,1[@a8y @) T0w3) ha,ax0.06) P o p

2,
[wap, @) N0 prophcsapos

g, (@0, Wa gy @) " 0,06 0,00.06) >

~—
2,
[wa gy (@@)* e phesme

a1y > A0)-1,0186)-1aK-1,0[@a gy (@@) " T-1,ax-1,00,0)-1,0)
®02)/0,11)AG) -1l [@a sy (10) "V l-Lax0 @ h,w©m0)
>X0(2)[0,02)[-1A1A(3)[Lal0,0)D[-1]

[@a @) "oy 0)1-1 810, 2)00@)1-1

[ws,y (@@)0,a1l@a gy @) T0,0@ha,a00,06) P18

[@a,p, (@) P N0 pr-1p e sy pr-1p)

®A2)(0,212)10 17121000081 a6 (@) " N0.00010 1 ) 0.01061
[wp,y (@@)0,a1l@a gy @) T0,0@ha,a0,00) P o

(@, @@)* N0 prophesyapop

=g,y (@@0al@a sy @) lo.a@haa0ae)

[wapy(@@)* N phe e

A1) = )-1,2186)-1,a1-1,0 Ve py (09) 110010 @) -1,0)
®02)(0a1)AG-1,a10a) D [V, 5y @@) 1231050, 11, 0)0,0)0)
XA(2)[0,01(2)[-1,8143)[-1,a10,a)(2)[-1,]

[wa,5 (@)1 (-1,050,00-1,5110,0)0.0@) =11

[wp, (@@ )0,01[@a (@) Loy h1,00,003) P =16y

2,8y
[wa,y (@) > N0 g1 M 0 p1-1p)
1,
®a(2)[0,a](2)[0,5]ﬂ(3)[71,a]<0,a>(2)[0,5] [wa/ﬁ?/(a@))( a)](*1#)(0,&)[0,5]h(lra)@,a)@)[orﬁ]
[wg,y (@) 0] [wa,ﬁy(a(4))(La)](O,a>h(1,a)<0,a)(3))(Lﬁ )]<0,/3>

2,
[wa,py(@@)®* N0 pophepasos
= g, (A@)10,01 [0 sy (@0) 0.0 (1,000,003)

[@ap, (@) N phe e

a(1) > A@)-1,a18@)-1,aK-1,0) [0 5y (@2) (1 a1, a)-1,0H @)1
®02)(0,a1)AG-1,2100) D [Va 8y @@) 12312501, 0)0,0)0)
a2)[0,a1)-1,8193)-1,a100@-181[@a 5y @@) " i-1ax00-1 100001161
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[wp,y (@@)0,01[@a gy @) T0,0) P -1, (@ (t,a)0,003) P Ti<1,8)

2,
[wa,gy (@) > N0 pr1phe s px-1p
1,
®a2)0,a1200 1431210210 A @ sy @) VN 1030.0010 1.00.0@)I0,
[wp,y (@3)0,1[@a sy @) 0,00 P05y [wp,y (ht,a10.003) P o,y

2,
[wapy @) a0 he s

g, (A3)10,01[Wa, 5y (@2) " L0,00)* W,y (1,010,03) >

[wa,py (@) >N 2,) B2 pyyy)

a1y > AQ)[-1,86)-1,0K-1,0) [@a (@)1 ax-1ax-1,00P00-1,0)
®02)/0,11)AG)-1Lal00 M [Vapy (10) V-1 ax-1,030,0h1,ax0))
>XA()[0,02)[-1A1A3)[Lal0,0)D[-1]

[@a (@)™ L-1,000,00-1, 510,000,011

[wg,, (a@)0,a] [wa,ﬁy(ﬂ(4))(1’a)]<0,a>)(1’ﬁ N1y [wa py ()@ )')](1,ﬁ)<—1,ﬁ>
[wp, (a0 P h-1 phe g pr-1p)

®0() 0,0 AIBI-1a100@0 Va5 @@) 1000 s Lax0 @106
[wp,y (@@)0,a1l@a sy @) T0,0) P io,py[@a gy (@) > 11,00,
(w5, (h1,w©.06) " P Jophepaprop

<, (A3)10,01[@a, gy (@4) " L0,0) PV [wa gy (a4) P 2,)

@p,y (ha,00.06) > he ey

A1) X A)[-1,08G)-1ak-1a)-10) [@a gy (00) "Vl ay-1ax-1a,a-1a)
®02)0,101)AG)-1,ak-1,2)0.2) [ a1 (@0) L -1,0-1,000.0 1 (1030,20)
>0(2)[0,0)(2)[~1A13(3)[1a)0.[-1,6]

[@ay @) " N-1.000,001-1 0,210 @11

[wg,, @@)0.a1l@a sy @) T0.0) P L1 @y (a0) >0 pi-1p)
[wp,, (h1,00.06) " P l-1 phe s pe-1p

®A) (0,10 S1G-1,a10010,81[@apy (@) L1 ax0.mi0 s, 00041
[wg,) @@)0.a1l@a sy @) T0,0) P o py[@apy @) T pop)

[wp,, (ha,w©.06)" P Jop e o prop

1w, (A3)10,01[@a, 5y (@4) " L0,00) PV [wa py (a2) P 2,)

2,
@y ((1,000.06) > M2 g2y

@) 2 a@)-1,a1[@a@3) " |-1,05-1,0)

[@ap @) P l1a)-1.03- 10000 -1,0)

®a2)10,a10) [ a6 (3) 1 -1,030,0) [Wap (@) Pl ax-1,a90,0 1,00 0,00(1)
=a)0,01) 1,60 503) V0,011

[wap (@) P 1,0)0,0)0-1,8110,a)0,0@-1,6]

[0 (@3)*P 1 @y @@) Pl pr-1)

[wp,, (ha,w©.06) " Pl phesmape-ie
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®a) 0,010 81[@00503) " N0w0,81[@as @0) P laax0mio sl a0
[@a,53)*P Lo p[@ap @) P2 pro
[wg,, (Ba,ax0m@) P lophepapop
=apy (@) *V wpy (,a0006) > heprey)
(ﬂ=6) ae) > a(Z)[—l,a]a(3)[—1,a](—1,a)[wa,ﬁ(a(4))(La)](—l,a)(—l,a)
[wWap (@) P ax-1ax-1.00 M0, 1,0)
®A2)(0,0193)[~1,010,0) [ a6 (Aa)) 1 -1,00,0)
[@ap (@) P 1,a3-1,00.0 10,0000
=a3)0,a1(-1,6[@a5@0) 0,011
[@ag,, (@) P0,ax0@-18 0001141
[0a,5(a@)*P Y-y lwapy (@) Pl pi-1p
[wp,, (ha,w©.06) " Pl phesmape-ie
®a(3)(0,a110,61[ e 6@0) 0,010 £ @ap 1 (05) Pl ax0.10 110010
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=g,y (1) gy (h,a1020) > Py
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[wap (@) Pl ax-1ax-1,m 10
®2)(0,0103)-1,a10,0) [ @, (34) " ]-1,00,0)
[wWap (@5 P11, a)-1,000,0M1,a)0,001)
=a@)0,a1i-1510a 4 00) "V l0,01-1 1lwa @) *PLi-1.p)
[wapy (@6) " Paax0mi-11
h(1,0100@1-1811@a, @) P2 pi-15)
[wp,, (ha,0©0.06) " P l-1 phe s pe-1p
®a3)0,a100 1[0 @) " To,wio p1lwa s (a9) P Lo )
[wap (@) Pla,axomiog
haaxom@i0a[@apy a6) P2 o
[wp,, (ha1,w0.06) " P Jopepaprop
=y (a6) > @p (,a0006) > hesper)
D a1y = o005 @6) )T -1L0
[wap (a6) Pl ,ax-1,00 -1 L0y 109 ® A2 0,01 [@a,(a3) ™ 0,0y 0@ -1,061(L,0)0,0)
[@ap,y (@5) P 1,a)-1,00.00,000.00)
=, 5(13) P awi1,a5126) [©ap. @) Pla.a0a-16
h(1,0500@1-161@ap, @) P21
[wg,y (h,ax023) Pl e pa pe-1p
®a0,0p1l@apy (15) Pl w0.mi041
haax0m@i0a[@apy @) P2 pro
(w5, (h1,0.06) " P Jophepaprop
=g,y (@) gy (01020 > Py
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= aq) 2 Q) 1,a1l0apA@) N0 0@ 10p10,a)-1,0)

[wapy (@6) P ax-1,a0 -1, 10y -1.0) ® AR 001 [@ap(aE) ]

O A@)[-1,ap](La)0,a)
[@ap,(@5) P N1,03-1.030.0 1,210,000 % Was@@) *Paw-1.0p12.8) [ @ap @) Pla,w0.a1-141
[@ag,(6) P pr-1pha.m0aoE10[8) (a0 P leuphepa peip
®awy0,a81@ap(5) P l,ax0,00,81

))(1118)]

1,
[wag,y @) P g0 pha.a00@i080py iaoae oML

Wap,y(a(5) PV wp o (1,003 * h e

(a5)
= ag) % a@)-1,0[@0as@@) 10

a@y-1,ap10,0)-1,0)[@ap, (@6) P apyax-1.0
ha,a)-1,0) ® 42001 [@as03) " L0,
@)(-1,0810,0)0,0[0apy (@5) P Lapy 10w Lm0
wa5(a3) PP a1 apiep[©apy (@) Pl 1app)
DY Cuphepy e
80,081 @apy (15) P L0.ap H1a)0.00210,41

ha,ayo0@)-11lwpy (ha,a0m6

1,
[wpy (ha,ax006) P lophepa s
Wap,y(A5) PV wp o (1,003 * h 2 p)-
This ends the proof. m

4. The Classification of t-unified Coproducts

In this section, we shall prove the classification theorem for m-unified coproducts which is the dual
result of [1] for the trivial group.

Let Q)(A) = (H, p, 0, w) be a semi-Hopf nt-coalgebra coextending structures of A. The rt-unified coproduct
A =™ H is a right H-module via the action: foralla € A, h,g € H, witha € 7,

(axh)y<g=a>hg,
and a left A-comodule via the coaction
axhaq ®agp) = h.

From now on, the Hopf algebra structure on A and the algebra structure on H will be set. First, we need
the following result.

Lemma 4.1. Let A be a Hopf algebra, Q(A) = (H, p, 0, w) and Q(A) = (H, p’, ¢, ") two semi-Hopf 1-coalgebra
coextending structures of A. The a family of linear maps

(P:{(Pa:AXHa_)Ax,Ha}aen

is a left A-comodule, a right H-module and an algebra morphism if and only if there exists a family of algebra
morphisms 9 = {8, : A = Hp)aer such that 9,(A) € C(H,) (center of H,) and @, is given by
(Pa(ﬂ > h) =4aqa) =4 Sa(a@))h, (41)

foralla € Aand h € H, with a € m. Furthermore, any such morphism ¢ is an isomorphism with the inverse

Y = {Ya}aen given by
l{)a A Ha — A Ha, 1{1(61 >’ h) =4y > SQ(SA(HQ)))”I

forallae Aand h € H,.
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Proof. * = ” Since each ¢, is a right H,-module, we have

Pala>h) = pa(a=1,) g =a’ =" ay,

where we adopt the notation

Palaxly) = at < gl

foralla € Aand h € H,. From ¢, being a left A-comodule map, we have
@)y ® @) ® a'h = ag) ® (ap)" ® (@)™ h
foralla € Aand h € H,. Applying id ® ¢4 ® id to the above equality, we obtain

Pala=h) =aqy <" eal(ag))(ae)h.

Now, we define
Sa A= Hy, S4(a) = gA(aA)aH(Y

for all a € A, it follows that (4.1) holds. Notice that 9,(14) = 1y, followed from ¢@,(14 > 1,) = 14 >’ 1,.
Considering that ¢, is an algebra morphism yields

ambay ® Salae)be))hg = aaybay ® Sa(a@)hda(bw))g, (4.2)

foralla,b e Aand h,g € H,. Applying ¢4 ® id to (4.2) for a = 14, g = 14, one implies 9,(A) belongs to the
center of H,. Considering h = g = 1, in (4.2) and applying ¢4 ® id yields 94(ab) = 9,(a)9,(b). Thus, ¥, is an
algebra morphism.

” &= " With ¢ given by (4.1). Assume that ¢,(A) € C(H,) and 9, is an algebra morphism. Then we can
check that each ¢, is an algebra morphism in a direct way. Notice that that ¢ and 1 are the inverse of each
other.

This ends the proof. O

Definition 4.2. Let A be a Hopf algebra, O(A) = (H, p, 0, w) a semi-Hopf coalgebra coextending structures of A.
A family of algebra morphisms u = {9, : A = Ha}aer is called an algebra lazy 1-n-cycle, if €, 0 9, = €4 and
9a(A) € C(Hy) for each a € . We denote by Hll'” (H, A) the group of all algebra lazy 1-rt-cycles of H with coefficients
in A.

Hll'”(H,A) is a group with respect to the convolution product. We have to prove that if u and v €
Hll’”(H,A), thenu=v e Hll’”(H, A). Indeed, for all a,b € A and a € i, we have

Sy * Vo (ab) Sa(abay)valae)be)
a(a))Sa(ba))va(ae))va (b))
Sa(a(1))va(@@2))Salb))va (b))

(Ba * va(@))(Sa * Va(D)).

Notice that 9, * v4(14) = 1,. Thus, 9, * v, is an algebra morphism. It is straightforward to prove that
Iy *Va(A) € C(A). Foralla € A, we have

ee(Ve(aq)))ee(ve(ac)))
ealaqy)ealap) = ea(a).

& © (‘9@ * Ue)(a)

This shows that ¢, o (3, * v,) = €4.
Now, we shall give the main theorem in this section.
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Theorem 4.3. Let A be a Hopf algebra, QQ(A) = (H, p, o, w) and Q(A) = (H, p’, o', ") two semi-Hopf mt-coalgebra
coextending structures of A. Then there exists a family of linear map

(P:{(Pa:AXHa_)Ax,Ha}aen

a left A-comodule, a right H-module and a semi-Hopf ri-coalgebra map if and only if p = p’ and there exists an algebra
lazy 1-n-cycle u € Hll'”(H,A) such that:

ha,ay ® hpy = haax-1,0) ® Sp(h,a)0,a)h2,p), 4.3)
a-1,ay ® A,y = a(@1))4@)-1,a19a(54((3))(-1,0) ® A2)[0,019a(S4(4(3)))0,0)/ (4.4)
@), 5@ ® @l (@) = 84(a0))a0)-1,01[wap03) V1,0 s (S4@@)) 10y (4.5)

®95(02)(0,01[@a,(13) V10,00 @ 5(33) PP Sap(Sa @@ .y s

foralla € Aandh € Hyg. In this case, ¢ is given by (4.1) and is an isomorphism.

Proof. “ = ” From Lemma 4.1, there exists an algebra lazy 1-n-cycle u € Hll’”(H,A) with 9,1 = 9, 0 Sa.
Since ¢ is a coalgebra morphism,

aq) ® 94(82)a@)-1,al@ap @) " L-1,00,0)-1,0)

®a10.a10[@as@09) No.amhamoan

®94(a)10,a12) [@a @) T, 1,000,02) a5 (a0) Pl )

= am ® a1 (@) 4@3) N0y Sap@@) a0y (1,00 By 1.0y

®a)o.ar [y g (a3) " L 0,0y Sap (@) 1,0y 0,0y Ht,ay 0,0y

8w, (1) P Sap@w)prhepy-
Applying e4 ® id ® €4 ® id to both sides of the equation above for a = 14 , we obtain relation (4.3). Also,
by considering a = 14, f = ¢ and applying ¢4 ® id ® id ® ¢, to both sides of the resulting equation, we have
p=p'. lf weapply s ®id ® id ® ¢, to the same equation obove for i = 1,, it yields relation (4.4). Relation
(4.5) can be seen by applying ¢4 ® id ® €4 ® id to the equality above for i = 1,4 respectively.

“ & ” Suppose that there exists an algebra lazy 1-rt-cycle 9 such that relations (4.3)-(4.5) are fulfilled.
Then we shall check that ¢ is a coalgebra morphism. As a matter of fact, for alla € A and h € H,g, we have

aw) ® ae)-1ar [y g (@3) ™ (1,0 Qap (@) 0y 10y A1,y -1,ay
®a2)10,a1 [, 5(@3) " )0,07 s (@4)) 1,07 0y 1,0y 0y
8, 5(a3) P Sap(aw)ie py ez py
= aa) ® 9a(a2))ai)-1,a] Va(Sa(@@)))-1,0)%a(A5) )-1,0)

A(6)-1,a1-1,0)[@a,507) L -1,a3-1,0)
Dap(54(a(8))) 1,0y (~1,a)Vap(@©9)) Ly (~1,a) MLay (-1,a)

®a3)[0,a] Fa(54(@@))) 0,0y al@(5))(0,0) A(6)[~1,a1(0,a)

[0a,57) " L<1,0)0,0) Dap(Sa (@) 1,y (0,0 Sap(@©)) 0y 0,09




(a6)
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haay 0.0 ® d5(a@)0a[@Was@7) 0,0 Wap @) P
Sap(Sala®))epy Sapa®)epy hpy

a1y ® 9a(a) A3)-1,a19@) 1,10 [ Va6 03) - 1ax-1,0)

h,ay(-1,0y ® 43)[0,a18@)[-1,010,0) [Wa @) " =100,
—_—

ht,ay 0.0 ® Sp(@y0,a1[0ap@©) 0,0 @as@6) *Phe gy
——

@) ® 9a(a2)a@)-1,a1@a,p(@0) 11 ax-1,0) L0y (1,09

®a(3)[0,a](1) [wa,ﬂ(a(4))(1'a)]<—1,a)(0,a) h(l,a)'(O,a)

®95(a3)(0,012) [@a,(14) V0,00 e p (@) Pl gy
—_———

@) ® 9a(a(2)a@)-1,a1l@a,p(A0) 11,09 Bt,ay (-1,0)
~——

®a3)(0,011) [@Wa, 5 (@a)) " T0,01) Pty 0,0)
————

®95(13)(0,010) [Wa, 5 (@) 10,02 Wa 6 (aa)) *P hio gy
——

) ® 9a(a(2)a@)-1,a1@a,s(A5) V11,09 1,0y -1a)-1,0)
~—— ——

®11(3)[0,a](1)[wa,,s(a(z;))(1’a)]<o,a>(1) h(l,a)(—l,a)(o,a)
N’

®95(a3)(0,010) [Wa, 5 () 0,02 ) Wa  (a2)) 2P S5 (1 a0,z p)
———

a1y ® 94(a2))a@)-1,a1l@a @) " l1,0h1,a1-1,0)
®a3)10a10)[@as(@@) " No.0ma.ax0m0)
®95(13)0010) [0as(@@) " L0.0@)Wa s a4) PP (h,w0m@)hep)
a1y ® 9a(a2)a3)-1,01[0a,5@@) " L=1,.0911,0)-1,0)

860,10 [Wa5@@) " N0.030 100D

281 (

®35(a3)0,012) [Wa, 5 (03) M L0,092)) O (h1,)(0,02) ) War 5 (A(3) P2 )

This is what we exactly show. The proof is now finished. [

5. Quasitriangular Structures of the m-Unified Coproducts

In this section, we shall study the quasitriangular structures on the r-unified coproduct A <™ H.

1743

In what follows, we always let A be a Hopf algebra and Q(A) = (H, p, 0, w) a crossed semi-Hopf 7-
coalgebra coextending structure of A with the crossing ¢. First, we introduce some new definitions which
are both the group version of the concepts of [4] and also the dual concepts of Definition 2.1, 2.2 and 2.4 in

(2].
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Definition 5.1. Let (A, P) be a quasitriangular Hopf algebra. We say that (A, H,U) is a generalized right dual
compatible Tt-pair, if there exists a family of elements U = {U, = U @ U** € A ® Hy}aer satisfying the following
conditions: for all o, p € T,

(R1) AA(UL“) QU =Uleul*e u2,au2,a,

(R2) UYFPL ® e, g(P?) O [U> ] (1,0) ® wa p(PH) A [UF] )
= Ulhyle ® un ® uz,ﬁ,

(R3) EA(LILOL)L[ZICK = 1[)(/ EE(UZ’e)ul'e = lA/

(R4) Ul'a ® (P‘B(uz’a) = l/llrﬁfl,[r1 ® UZ,,Baﬁ’l‘

Definition 5.2. Let (A, P) be a quasitriangular Hopf algebra. We say that (H,A,V) is a generalized left dual
compatible Tt-pair, if there exists a family of elements V = {V, = V¥ ® V2% € H, ® Alser satisfying the following
conditions: for any o, p € 1,

(LI) wa,ﬁ(Pl)(1,a)[V1,aﬁ](1/a) ® wa,ﬁ(Pl)(z'ﬁ)[Vl'aﬁ](z,ﬁ) ® P2v2,aﬁ
= Ve g olf @ V2ay?h,

(LZ) Vl,a ® AA(VZ,a) — Vl,avl,a ® vZ,a ® VZ,(XI

(L3) ge(VLE)VZ'e =1y, SA(VZIIX)VLa =1,,

(L4) @p(V*) @ V24 = VIBab™ @ V2Bap™,

Definition 5.3. Let (A, P) be a quasitriangular Hopf algebra, (A, H, U) a generalized right dual compatible m-pair
and (H, A, V) a generalized left dual compatible T-pair. We say that (H, Q) is a weak quasitriangular structure, if
there exists a family of elements Q = {Qap = Q' ® Q*F € H, ® Hpla per satisfying the following conditions: for all
a,B,y €7, h € Hgg,

(W) Q"ha,a) ® Q*Fheg = hewQ" @ Part (1 apa1)) Q.
(W2) @ag(U")MIQYF1,0) ® wa g (UM)FP[QVF g 5 ® UPY Q¥
= QU @ " ® g1 (QHF1F )2,
(W3) Ql,aql,a ® qZ,/S ® Qz,y
= Qlayle g wﬁ,y(vz'a)(lfﬁ)[Qzlﬁy](l,ﬁ) ® wﬁ,y(vz,a)(Z,y)[QZ,ﬁy](zl)})/
(W) £ Q)0 = Qe (@) = L,
(W5) p5(Q1) ® ps(Q¥) = QU @ QU

Remark 5.4. If w is trivial, i.e., wqap(a) = €a(a)la ® 1g. Then weak quasitriangular structure is just the ordinary
quasitriangular structure in Hopf mt-coalgebra setting. Also, Definitions (5.1)-(5.2) take the following forms:

(a) We say that (A,H,U) is a right dual compatible m-pair, if there exists a family of elements U = {U, =
UM ®@ U™ € A ® Hy)aer satisfying the following conditions: for all a,f € 7,
(R1) AA(Ul,a) ® uZ,a — ul,a ® ube ® uz,auz,a,
(RZ) ul,aﬁ ® [uz,aﬁ](l,a) ® [uz,aﬁ](zﬁ) — ul,ﬁul,a ® uZ,zx ® uZ,ﬁ,
(R3) ea(UM)U* = 1,, &, (U*)UM =14,
(R4) ul,a ®(P/3(U2’a) — Ul,ﬁaﬁ” ® uz,ﬁaﬁﬂ.
(b) Wesay that (H, A, V) is a left dual compatible mt-pair, if there exists a family of elements V = {V, = V12 ®@V>* €
H, ® Alaen satisfying the following conditions: for any o, € 7,
(‘51) [Vl'aﬁ](l,a) ® [Vl'aﬁ](z,ﬁ) ® VZ,aﬁ — Vl,a ® vl,ﬁ ® VZ,aUZ,ﬁ,
(-[:2) Vl,a ® AA(VZ,a) — Vl,avl,a ® vZ,a ® Vz,a,
(L3) &(V¥)V22 =1y, ea(VZO)VIA = 1,
(L£4) qoﬁ(vl,a) ®V2a = V1pap™ ® V2Bapt
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In what follows, we shall investigate when A <™ H forms a quasitriangular Hopf n-coalgebra.
For any a, § € 7, Let

Rap=R"“™@R*™®R*»®R* € Ax"H, ® A <" Hg,

we will use the following notations:

P = P! ® P? = R¥¢,(R*) @ R¥*¢,(R*) e A® A,
Qup = Q" ® Q*F = R* e (R") @ R* e4(R*F) € H, ® Hp,
U, = U @ U** = R%¢,(R**) @ R¥e4(R*) e A® H,,
Vo = VM @ U = R>%¢,(RM) @ R*¢,(R¥) € H, ® A.

Let (A <™ H, R) be a quasitriangular Hopf nt-coalgebra. Then we have the following results.

Proposition 5.5. With the notations as above. We have

(A1) ea(PYP2 = 14 = Plen(P2),

(42) €(QU)Q = Q@) = 1o, p(Q) @ pU(Q) = Q" © Q1

(A3) SA(ul,a)uZa =1, ge(uz,e)ul,e =1y, ute ® (Pﬁ(ula) — ul,ﬁaﬁ*1 ® uZ,ﬁaﬁﬂ/

(A4) ge(Vl,e)VZ,e =1, SA(VZ”X)VL“ =1,, (Vl,a) Q V32 = V3ipap™ ® V2Papt
Pp

Proposition 5.6. With the notations as above. Then:

(B1) The quasitriangular R, g is given by

Ra,ﬁ — ul,ﬁpl ® Ql,a Vl,a ® P2 VZ,(X ® uZ,ﬁQZ,ﬁ

(B2) (A, P) is a quasitriangular Hopf algebra,

(B3) (A, H, U) is a generalized right dual compatible m-pair,
(B4) (H,A, V) is a generalized left dual compatible Tt-pair,
(B5) (H, Q) is a weak quasitriangular structure.

Proof. By the definition of a quasitriangular Hopf nt-coalgebra, we have the above results (B2)-(B5).

For (B1), let R = {Ryg}apen be a quasitriangular structure on A <™ H. For all a,,7,06 € 7, by equations
(Q2) and (Q3), we compute as follows

(Aop ® A, 5)(RYF @ R*F @ R37° @ R*1?)
= (R"P)q) ® R"P) o)1, [@a s (R¥)3) M -1,0y (RZP) 1,0(-1,0)

®R"F) y10,a1l@a s (RF)3)) 10,0y (R**F) )0,
®wWas(R¥F)3) 2P (R*F) 5.
BR) ) ® (R @y-1,1[@y,5(R7)3) M1,y (R¥°) 1 1,99
B(R*)y0y1[@y,5(R**)3) ™ L015 R* )t )00
®wy,5(R¥°)3)*(R*) 2,5

and
(Do ® A, 5)(RY @ R*F @ R37° @ R*1?)

= RUWRLe @ R2AR2e @ JLBFLE @ 128728 @ R?},ﬁyﬂ’l By
®pp1 (R¥PF)7Y @ R¥FF 130 @ 1 (RVFF ).
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Applying id® e, ® 4 ® id ® id ® €, ® €4 ® id to the equalities above for a = e and y = ¢, we can obtain
RY @ R* @ R*® @ R*®
= RYe(R¥)R"e,(R*) ® ea(r'F)r*P e, (7 F)P
RS 2o (R4 2)~3 e (7’ E) Qep (R3,ﬁéﬁ'1 )(pﬁ’1 (R4,[36,8'1 )EA (1’3’6)1’4’5
— ul,ﬁbﬂ Pl ® Ql,ﬁvl,ﬁ ® PZvZ,ﬂ ® (Pﬁ-l (UZ,ﬁéﬁfl)QZ,é

(43) UPp! @ QU @ P2V2H @ 2O,

This is exactly what we have to show. [J

Proposition 5.7. Suppose that (A <™ H, R) has a quasitriangular structure with
R g = ul,ﬁpl ® Ql,avl,a ® PZvZ,{X ® uZ,ﬁQZ,ﬁ

forall a,p € m. Then, forall a,f € m,a € Aand h € H, we have

(C1) ajo,a] u“ e A[-1,a] u* =Ug @ uz'“,

(C2) Ve ®aV2e = Vl’aa[flla] ® VZ'“a[o,a],

(C3) h(0,a> u e l’l<_1,a) u>* = U @ U>h,

(C4) hvle @ v2ae = Vl’ah<_1,a> ® Vz’ah@,ﬁ), )

(C5) waﬁoﬁl,a(a)a'a)Ql'a ®(Pa*1 (waﬁa*,{x(ﬂ)(l'wﬁa ))QZ’ﬁ
= QM@ 5@)1 © Q¥ 0) P,

(C6) (Pl)g 1a] (V) 1) ® (P10, (V") 0,0y ® PPV
=Vl gplg V2ap?

(C7) (Ulﬁ) 1a](Q1 W= 1a) 2 (u P)10,a1(QY 0,0y ® U Q*F
= Qe U @ Q*F

(C8) QUAVIag (V* “)[—Lﬁ](Qzﬁ )i-18 © (VZ)10,5/(Q*F )08
=yl ana ® QZﬁ ® VZa

(C9) UP'@PF, (U™ 1,0 ® PRy (U )0,0p = PIUY ® U @ P2,

[0, Dt](
Proof. Since R satisfies (Q1), then forallae€ A, h € Hag with a, § € m, we have

-1
a)0,apa-1[Wapa-1 (@3 g apa-iyl1,apa-1y0,apa-1y U PP ® Wapa-t o(a3) > Vhi,0 QU VA (6.1)
-1
®aa)P VR Qo1 (ﬂ(z)[—l,aﬁml])(Pml ([(‘)aﬁcrl,a (ﬂ(3>)(1'aﬁ " )]<—1,aﬁa*1))(f)a*1 (h(l,aﬁafl)(—l,aﬁafl))uz"BQz"B
= U"Plag) ® QU V" ap)-1,al@as(@@) ™ -1y it a)-1,0®
P2V a210,01 [0 6(@3) 0,01 1,000.00 ® U QP i p(a) *Phia ).
Moreover, since R also fulfills (Q2), we have
(u V)(1)1)(1) ® (ul/y)(Z) -1,a] P%Z)[ 1a][wa ﬁ(u(3) (3)) (a ]( 1a) (52)
1ap 1 \(1,
Q(l,a)(—l,a>( a1 ® Uz)[o al (2)[0a @ap (LI )P (3))( o
Lap Lap Ly pl \2.p AlaBy Lap 2172, 2,y 2,
Qim0 Vit ® @asUi Pe)®PQ "V 5 ® P2V Feu?rQ*r
— ul,ﬁyﬁ_l Pl ® Ql,&(vl,a ® ul,yp ® ql,ﬁvl,ﬁ ® PZv2,ap2,UZ,ﬁ ® (Plgfl(uzlﬁyﬁ_l Q2,ﬁ)/ﬁ_1 )uz,yqz,y'
Furthermore, by (Q3), we have

u'ple Q" v @ P Vi (5.3)
2By

2 2,0 (1
® Poy1sV o s, V(P 3) SRS 1ﬁ>u (1A~ 1ﬁ>Q<Lﬁ><—Lﬁ>

2 a 1 2,8y 2 172,a\(2,7)1 1287 ~2BY
® PoyosnVortol @8 Py Vi) P lop Uity o Qi © 0y Py Ve )E7 U Q)
— ulypl 1ﬁp ®Q1 avlaqla 1La ®P202a®u2,ﬁq2ﬁ®P2V2,a UZYQZ)/.
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By considering i = 1,4 in (5.1) and applying id ® ¢, ® ¢4 ® id and ¢4 ®id ® id ® ¢, to both sides of the resulting
equation respectively, we get the relations (C1) and (C2). If we leta =14 in (5.1) and apply id ® €, ® €4 ® id
and ¢4 ® id ® id ® ¢, to both sides, we get the relations (C3) and (C4). Applying ¢4 ® idy ® €4 ® idy to (5.1)
for h = 1,5 yields (C5). We apply ¢4 ®id®id® ¢, ®id® ¢, and ¢4 ® id ® id ® €, ® €4 ® id to (5.3) and obtain
relations (C6) and (C7). (C8) and (C9) can be easily obtained by applying ¢4 ® id ® ¢4 ® id ® id ® e and
e, ®ea®id®id® e, to (5.2). O

By Propositions (5.5)-(5.7), we have the main result of this section.

Theorem 5.8. Let A bea Hopfalgebraand ()(A) = (H, p, o, w) a crossed semi-Hopf mt-coalgebra coextending structure
of A with the crossing @. The following statements are equivalent:

(a) A>"™H has a quasitriangular structure R, where
Raﬁ — ul,ﬁpl ® Ql,a Vl,a ® P2 VZ,(X ® uZ,ﬁQZ,ﬁ

foralla,Bem,

(b) There exist a set of quadruples (P, Q, U, V), where P = P!®@P* € A®A, U = {U, = U @U** € A®Hy}pen,
V ={V, = VM QV? € Hy ® Alyer and Q = {Qup = Q" ® Q*f € H, ® Hglapen such that (A,P)
is a quasitriangular Hopf algebra, (A, H, U) is a generalized right dual compatible m-pair and (H,A,V) is a
generalized left dual compatible Tt-pair and (H, Q) is a weak quasitriangular structure and the compatibilities
conditions (C1)-(C9) hold.

6. Applications

In this section, we shall consider applications of our main results in the previous sections, which lead to
the group versions of bicrossed coproduct and crossed coproduct.

6.1. Group Bicrossed Coproducts

By considering w(a) = €4(a)1y ® 1, we can get a new coproduct named rt-bicrossed coproduct which will
be denoted by A =" H, from Theorem 3.3, we have

Theorem 6.1. Let H be a crossed Hopf m-coalgebra and A a bialgebra. If H is a right t-A-comodule algebra and A
is a left m-H-comodule algebra. Then the following statements are equivalent:
(i) The m-bicrossed coproduct A »<" H is a semi-Hopf m-coalgebra via the coproduct and the counit given by

Agpavah) = ag) > ag)-1,ah1,0(-10) ® 42)10,a11,a)0,0) > ),

E(arag) = eala)eg)

oralla € Aand h € Hyg, g € H,, and the usual tensor product algebra structure.
g 9 p 8
(ii) The following conditions are satisfied: for alla,b € Aand h,g € H,

(@) br-1,00-1,0) ® b[0,a110,0) = H(=1,0)01-1,01 ® 10,0910,
() h-1,a81,0) ® Hi=1,ap)2,8) ® T0,08) = P1,0)(-1,0) ® H1,a)0,001-1,8112,8)-1,8) ® F1,ay0,mi0,17 20,6
(c) a-1,a1 ® A0,a11) ® A0,a12) = AM)[-1,013Q)[-1,aK~1,0) ® A1)[0,a]2)[-1,a10,0) ® AQ)[0,0]-

If H is a Hopf mt-coalgebra and A a Hopf algebra with the antipodes S = (S} and S 4, respectively, then the m-bicrossed
coproduct is also a Hopf mt-coalgebra with the antipode given by

Sa(a < h) = Sa(ap,aho.a) > Sa(@-1,011-1,0))
foralla € Aand h € H, witha € 1.

The following result that characterizes the quasitriangular structures on a m-bicrossed coproduct can be
obtained from Theorem 5.8 by considering wag(a) = €4(a)1, ® 1.
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Theorem 6.2. Let H be a crossed Hopf m-coalgebra and A a bialgebra. If H is a right mt-A-comodule algebra and A
is a left m-H-comodule algebra. The following statements are equivalent:

(a) Av<" H has a quasitriangular structure R, where
Raﬁ — ul,ﬁpl ® Ql,a Vl,a ® PZ VZ,O( ® uZ,ﬁQZ,ﬁ

foralla,Bem,

(b) There exist a set of quadruples (P,Q, U, V), whereP=P'®P> € A®A, U = {U, = U @U** € A® Hy}en,
V ={V, = V@V € Hy ® Alaer and Q = {Qup = Q" ® Q*F € H, ® Hglapen such that (A,P)is a
quasitriangular Hopf algebra, (A, H, U) is a right dual compatible mt-pair and (H, A, V) is a left dual compatible
ni-pair and (H, Q) is a quasitriangular structure and the compatibilities conditions hold:

(D1) apqU"* ® a_1 U = Ua @ U4,

(D2) V¥ @aV?* = Vl""a[_l,a] ® Vz""a[o,a],

(D3) U ® hi_1»U>* = UM @ U*h,

(D4) hVir @ V2o = Vl’ah<_1,a> ® Vz’ah@,a),

(D3) (P")i-1,01(V¥*)-1,0) ® (P1o,a (V) 0,0y ® PPVZ* = VI @ P! @ V> P?,

(D6) (UM)1-1,01(Q")-1,09 ® (U)10,01(Q 0,0y ® U Q¥ = Q1 @ UM ® Q*F U,
(D7) QY VM @ (V2)_1,5(Q* )1 ® (V2)os1(Q*F) 0 = VI2Q @ Q*F @ V27,
(D8) ul,apl ® P%_La](u2,a)<71,a> ® P[Zofa](ula)(()’a) =p? Ul,a ® u2,a ® P?

foralla € Aand h € H,.

Let A be a Hopf algebra and H a crossed Hopf n-coalgebra and T = {T, = TV @ T?>* € H, ® Alyer a left
dual compatible pair with the inverse T™! = {T;! = (T")* ® (T™1)** € H, ® A}sen. Define the following
coactions:

Pa:Hy = Ho ® A, pa(h) = (T"HYhTY @ (T 1)>4 T

00 A— Hy®A, poa) = (THNTH @ (T 1)>*aT>.

It is easily checked that H is a right m-A-comodule algebra and A is a left i-H-comodule algebra. Then the
corresponding 7t-bicrossed coproduct is denoted by A <7 H. As a special case of Theorem 6.2, we get

Corollary 6.3. Let A be a Hopf algebra and H a crossed Hopf m-coalgebra and T = {T, = T"* @ T>* € Hy ® Al penr
a left dual compatible pair. The following statements are equivalent:

(a) A>T H has a quasitriangular structure, where
Raﬁ — ul,ﬁpl ® Ql,a Vl,a ® PZ VZ,a ® u2,ﬁQ2,ﬁ

foralla,Bem,

(b) There exist a set of quadruples (P,Q, U, V), whereP=P'® P> € A®A, U = {U, = U ®U** € A® Hy}uen,
V ={V, = V@V € Hy ® Alaer and Q = {Qup = Q" ® Q*F € H, ® Hglapen such that (A,P) is a
quasitriangular Hopf algebra, (A, H, U) is a right dual compatible mt-pair and (H, A, V) is a left dual compatible
nt-pair and (H, Q) is a quasitriangular structure and the compatibilities conditions hold:

(E1) (T—l)Z,aaTZ,a ul,a ® (T—l)l,aTl,a u2,a — Ulll ® uZ,a,

(EZ) Vl,a ® avz,a — Vl,a(T—l)l,aTl,a ® VZ,a(T—l)Z,aaTZ,a,

(E3) (T—l)z,aTZ,a ul,a ® (T—l)l,ath,a UZ,a — ul,ac ® u2,ah,

(E4) hyLla ® V2o = Vl,a(T—l)l,ath,a ® VZ,a(T—l)Z,aTZ,a,

(E5) (T—l)l,avl,aTl,a ® (T—l)Z,apl TZ,(X ® PZvZ,a — Vl,(x ® Pl ® VZ’aPZ,

(E6) (T—l)l,an,aTl,a ® (T—l)Z,a ul,ﬁTZ,a ® uZ,ﬁQZ,ﬁ — Ql,a ® ul,ﬁ ® QZ,;S u2,/5/
(E7) Ql,avl,a ® (T—l)l,ﬁQZ,ﬁTl,ﬁ ® (T—l)Z,ﬁv2,aT2,ﬁ — Vl,an,a ® QZ,/S ® Vz,a,
(E8) ul,apl ® (T—l)l,a u2,aTl,a ® (T—l)Z,aPZTZ,a — Pl ul,a ® u2,a ® PZ'
foralla,pen,ac Aand h € H,.
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Corollary 6.4. Let (A, P) be a coquasitriangular Hopf algebra and H a quasitriangular Hopf Tt-coalgebras and
T={T, =T ®T** € Hy ® Al aen a left dual compatible pair. Then A <F H is a quasitriangular Hopf n-coalgebra
with the quasitriangular structure given by

Rap = T2 P' © QT @ PXT** © Syt (T ) QP

As a consequence, we shall derive the necessary and sufficient conditions for A <7 H to be a quasitrian-
gular Hopf nt-coalgebra.

Corollary 6.5. Let (A, P)bea Hopfalgebraand H a crossed Hopf r-coalgebrasand T = {T, = T*®T** € H,®A}yer
a left dual compatible mi-pair. Then A <T H is a quasitriangular Hopf m-coalgebra if and only if A and H are
quasitriangular.

Example 6.6. Let G.L, (k) be the group of invertible 2 X 2-matrices with coefficients in k. Recall from Virelizier in [9]
that a crossed Hopf G L, (k)-coalgebra structure of the family of k-algebras H = {Hg}aegr, () 15 given by

Aup@=g®g, e@=1  Salg) =9,

Aap(x) =1®xi+ i bk ®g, () =0,  Su(x;) = Yo, Okigxe,

Ap(yi) =yi®1+g®y; e(yi) =0, Sa(yi) = —gYi,

Pa(9) = 9, Pa(x) = Tiog aeixe, Pa(yi) = Ly Bk
forany a = (a;j), p = (bij) € GLy(k) and 1 < i < 2, where (d;;) = a Y and H, is the k-algebra generated by g,x1,%,,
Y1, Y2 subject to the following relation:

2 _ 2 _ .2 _ _ _
g-=1, Xy =% = 0, gxi=-xg, X1Xy = —X2X1,

vi=y5=0,  gyi=-vig,  Yiy2= -y,
Xiyj = Yjxi = @i = 0ij)g,

}‘or a= (aij)(e )Q.[:Z(k()bm;ld 1g§£ i,( I{)s 2. The Hopf algebra H = {Hy}aeg 1, is a quasitriangular Hopf m-coalgebra,
or any a = (a;j), B = (bij) € GLy(k),

1
Qup =§(x1 ® Y1 +x1 ®gy1 + gx1 ® Y1 — gx1 ® g1

+X2QY2 +X2@gYy2 + gx2 @ Y2 — gx2 ® gy
+X1X2 @ Y12 + X1X2 ® Y1Y2 + gX1X2 @ Y12 — gX1X2 ® GY1Y2).

Let A be the group algebra kZ, with the obvious Hopf algebra structure and let ¢ be a generator of Z, in
multiplicative notation. We have a quasitriangular structure P given by

1
P = §(1A®1A+1A®U+G®1A—G®0).

Let T ={T, = %(1 ®lp+1®0c+9®1s—g®0) € Hy ® A}. Observe that T is a left dual compatible mt-pair.
From Corollary 6.5, A =<7 H is a quasitriangular Hopf 1t-coalgebra with the structure R given by

1
Rop=1c(1a®101, 81400101, 81+1401014 8- 09181487

Xx(14®101481+1,810001+0®101,81-08100®1)
X1a®x1 014011 +140x1 @14 @ gy
+1A®gx1®1A®y1—1A®gx1®1A®gy1
+14@x00140 1 +14a0x @14 g1
+14090014aR 1Y, — 14 R gx @14 @ gy
+14®@x102 0140 Y12 + 14 @ X102 ® 14 ® gy112
+1A®gx1x2®1A®y1y2—1A ®gx1x2®1A ®gy1y2)
X1a®1®14®1+14,010001+1,09014®1-1,0g9®0®1).
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6.2. m-crossed Coproducts
Let A be a Hopf algebra and H a crossed Hopf m-coalgebra. Assume that A is a left m-H-comodule

algebra with the coaction structure . If there exists a family of algebra maps @ = {wap : A = Ha ® Hgla per
such that the following conditions hold:

Ee(we,a(a)(LE))we,a(a)(Za) =ea(@)ly = (Ua,e(a)(lfa)58((00(,6(“)(2’6))

for all o, € mand a € A. Then we have a coextenting n-datum Q(A) = (H, p, o, w), where p = {pa}aen is
given by p(h) = h® 14 for all h € H,. The special n-unified coproduct is called ri-crossed coproduct. By
Theorem 3.3, we have

Theorem 6.7. Under the above assumption, the following statements are equivalent:
(i) m-crossed coproduct A <™ H is a semi-Hopf mt-coalgebra via the coproduct and the counit ¢iven b
4 P 8 P 8 Y
Aaplaxh) = agy=ap)-100apa@) " hiw @ ap0a =< ©as@ae) *Phog.
S_L,(IZ ~ !7) = 8A(a)€e(!])
foralla € Aandh € Hyg, g € He and the usual tensor product algebra structure.
(ii) The following conditions hold: for all a, B,y € m, a,b € A,
(@) Wa D) Vh0) @ Waps(b)?Pheg = ha,wwapsb)1™ & hopwasb)*P), all h € Hyg,
(b) b[_lfa]h ® b[O,a] = hb[—l,a] ® b[O,a]/ allh € Hy,
(©) a[-1,0] ® A0,a11) B A[0,01(2) = AW)-1014R)[-1,a] © AD)[0,a] B A2)[0,0],
(d) wap@) VAR -1,a8101,0 ® Was001) P a0)1,ap12) @ AR)0ap1
= a(1)[-1,a1@a(@2) " ®a(1)(0,a1-1,51Wa (A2) P @A) 0,110 61,
(€) Wap(a1) M [wapy(@2)VP1,0) ®Wa,p((1) PP [Wapy(a2)) P2 p) ® Wapy(a@2)) >
= A(1)[-1,01@apy (32) Y @y (A1)0,01) VP [Wapy (a2)) PP 1 )
®wp,y (A1)10a) > [Wa y (a2) ]2

Theorem 6.8. The following statements are equivalent:

(a) A >"™H has a quasitriangular structure R, where
Raﬁ — ul,ﬂpl ® Ql,a Vl,a ® P2v2,a ® uZ,ﬁQZ,ﬁ

foralla,Bem,

(b) There exist a set of quadruples (P, Q, U, V), where P = P!®@P* € A®A, U = {U, = U @U** € A®Hy}nen,
V ={V, = V¥ Q@ V* € H, ® Alaer and Q = {Qup = Q"* ® Q*F € H, ® Hgluper such that (A, P)
is a quasitriangular Hopf algebra, (A, H, U) is a generalized right dual compatible m-pair and (H,A,V) is a
generalized left dual compatible Tt-pair and (H, Q) is a weak quasitriangular structure and the compatibilities
conditions hold: for all &, € i,a € A and h € Hyg,
(F1) apqU"* ® aj_q,qU** = UM @ U4,
(F2) VY ®@aV?* = Vl’aa[_lra] ® sz‘*a[oﬂ],
(F3) U"* ®@ hU>* = U'* @ U*"h,
(F4) hV'o @ V2@ = Vep @ V22,
(F5) a)aﬁafl,a(a)(zla)QLa Q Q-1 (waﬁa”,a(a)(llaﬁa_l))Qz/ﬁ = erawa,ﬂ(a)(lra) ® Qzlﬁwa,ﬁ(a)(zﬁ)/
(F6) (P)-1,aV* ® (PH)jg,) ® P?V** = V14 @ P @ V>P?,
(F7) (U)1,0Q" ® (UP)jg ® UPFQYF = Q1 & U'F & QALY
(F8) Ql,avl,a ® (Vz,a)[—l,ﬁ] Qz,ﬁ ® (VZ,a)[O’ﬁ] — Vl,an,a ® Q2,ﬁ ® V2,a,
(F9) U'*P'® P%_M] U @ Pﬁm] =P'u'* @ U>* ® P~
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