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Abstract.In a space LN of asymmetric affine connection by equations (1.1) a submanifold XM ⊂ LN is
defined. On XM and on pseudonormal submanifold XN

N−M asymmetric induced connections are defined.
Because of asymmetry of induced connection it is possible to define four kinds of covariant derivative. In
this work we are considering integrability conditions of derivational equations [4] obtained by help of the
1st and the 2nd kind of covariant derivative. The corresponding Gauss-Codazzi equations are obtained too.

1. Introduction

Consider a space LN of asymmetric affine connection with a torsion (in local coordinates) Ti
jk = Li

jk − Li
k j.

Spaces with asymmetric affine connection and their properties were studied by many authors [1, 11]. A
submanifold XM ⊂ LN is defined by equations

xi = xi(u1, . . . ,uM) = xi(uα), i = 1,N. (1.1)

Partial derivatives Bi
α = ∂xi

∂uα (rank(Bi
α) = M) define tangent vectors on XM.

Consider N − M contravariant vectors Ci
A (A,B,C, . . . ,∈ {M + 1, . . . ,N}) defined on XM and linearly

independent, and let the matrix
(Bαi

CA
i

)
be inverse for the matrix (Bi

α,Ci
A) provided that the following conditions

are satisfied [10]:

a) Bi
αBβi = δ

β
α; b) Bi

αCA
i = 0; c) Bαi Ci

A = 0;

d) Ci
ACB

i = δB
A; e) Bi

αBαj + Ci
ACA

j = δi
j;

(1.2)

The magnitudes Bi
α,Bαi are projection factors (tangent vectors), and the magnitudes Ci

A,C
A
i are affine

pseudonormals [4, 10].
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The induced connection on XM is [4, 10, 11]:

L̃αβγ = Bαi (Bi
β,γ + Li

jkB j
βB

k
γ), (1.3)

where Bi
β,γ = ∂Bi

β/∂uγ = ∂2xi/∂uβ∂uγ. Because L is asymmetric by virtue of j, k, L̃ is asymmetric in β, γ too.

The submanifold XM endowed with L̃ becomes LM and we write LM ⊂ LN.
The set of pseudonormals of the submanifold XM ⊂ LN makes a pseudonormal bundle of XM, and we

note it XN
N−M. We have defined in [4] induced connection of pseudonormal bundle with coefficients

L
1
2

A
Bµ = CA

i (Ci
B,µ + Li

jk
kj

C j
BBk

µ). (1.4)

As the coefficients L, L̃,L are generally asymmetric, we can define four kinds of covariant derivative for a
tensor, defined in the points of XM. For example:

tiαA
jβB |

1
2
3
4

µ = tiαA
jβB,µ + Li

pm
mp
pm
mp

tpαA
jβB − Lp

jm
mj
mj
jm

tiαA
pβB + L̃απµ

µπ
πµ
µπ

tiπA
jβB − L̃πβµ

µβ
µβ
βµ

tiαA
jπB + L

1
2
1
2

A
PµtiαP

jβB − L
1
2
2
1

P
βµtiαA

jβP , (1.5)

In this manner four connections ∇
θ

on XM ⊂ LN are defined. We shall note the obtained structures (XM ⊂ LN,

∇
θ
, θ ∈ {1, . . . , 4}).

2. Integrability conditions of derivational equations for tangents

2.0 From (2.17, 17′) in [4], we have a derivational equations for tangents

Bi
α |
θ
µ = Ω

θ

P
αµCi

P, Bαi |
θ
µ = Ω̂

θ

α
PµCP

i , θ ∈ {1, 2}, (2.1)

and from (3.19, 19′) for pseudonormals

Ci
A |
θ
µ = −Ω̂

θ

π
AµBi

π, CA
i |
θ
µ = −Ω

θ

A
πµBπi , θ ∈ {1, 2}. (2.2)

So, one obtains
Bi
α |
θ
µ |
ω
ν = (Ω

θ

P
αµCi

P) |
ω
ν = Ω

θ

P
αµ |

ω
νC

i
P + Ω

θ

P
αµCi

P |
ω
ν

=
(2.2)
−Ω
θ

P
αµΩ̂ω

π
PνB

i
π + Ω

θ

P
αµ |

ω
νC

i
P,

where ” =
(2.2)

” signifies ”equal with respect to (2.2)”. In this manner

Bi
α |
θ
µ |
ω
ν − Bi

α |
ω
ν |
θ
µ = (Ω̂

θ

π
PµΩω

P
αν − Ω̂

ω

π
PνΩθ

P
αµ)Bi

π + (Ω
θ

P
αµ |

ω
ν −Ω

θ

P
αν |

ω
µ)Ci

P, (2.3)

and by analogous procedure:

Bαi |
θ
µ |
ω
ν − Bαi |

ω
ν |
θ
µ = (Ω

θ

P
πµΩ̂ω

α
Pν −Ω

ω

P
πνΩ̂

θ

α
Pµ)Bπi + (Ω̂

θ

α
Pµ |

ω
ν − Ω̂

θ

α
Pν |

ω
µ)CP

i , (2.3′)

where [4]

Ω
1
2

P
αµ = CP

i (Bi
α,µ + Li

pm
mp

Bp
αBm

µ ), (2.4)
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Ω̂
1
2

α
Pµ = Ci

P(Bαi,µ − Lp
im
mi

Bαp Bm
µ ). (2.4′)

Based on the Ricci type identities [1, 2]

Bi
α |
θ
µ |
θ
ν − Bi

α |
θ
ν |
θ
µ = R

θ

i
pmnBp

αBm
µBn

ν − R̃
θ

π
αµνB

i
π + (−1)θT̃πµνB

i
α |
θ
π, θ ∈ {1, 2}. (2.5)

where

R
1

i
jmn = Li

jm,n − Li
jn,m + Lp

jmLi
pn − Lp

jnLi
pm, (2.6)

R
2

i
jmn = Li

mj,n − Li
nj,m + Lp

mjL
i
np − Lp

njL
i
mp, (2.7)

are curvature tensors of the 1st respectively the 2nd kind of the LN and, analogously, R̃
1
α
βµν, R̃

2
α
βµν are curvature

tensors of LM ⊂ LN, obtained in the same manner by connection L̃αβγ.

2.1 Taking (2.3) θ = ω ∈ {1, 2}, equalizing the right sides of obtained equation and (2.5) and exchange Bi
α |
θ
π

with respect of (2.1), we get the 1st and the 2nd kind integrability condition of derivational equation (2.1):

R
θ

i
pmnBp

αBm
µBn

ν = (R̃
θ

π
αµν + Ω̂

θ

π
PµΩθ

P
αν − Ω̂

θ

π
PνΩθ

P
αµ)Bi

π

+ (Ω
θ

P
αµ |

θ
ν −Ω

θ

P
αν |

θ
µ + (−1)θ−1T̃πµνΩ

θ

P
απ)Ci

P, θ ∈ {1, 2}.
(2.8)

a) Composing that equation with Bλi and taking into consideration (1.2), we obtain

R̃
θ

λ
αµν = R

θ

i
pmnBλi Bp

αBm
µBn

ν + Ω
θ

P
αµΩ̂

θ

λ
Pν −Ω

θ

P
ανΩ̂

θ

λ
Pµ, θ ∈ {1, 2}. (2.9)

which are Gauss equation of the 1st and the 2nd kind (θ = 1, 2) for LM ⊂ LN.

b) If one composes (2.8) with CL
i , we get

R
θ

i
pmnCL

i Bp
αBm

µBn
ν = Ω

θ

L
αµ |

θ
ν −Ω

θ

L
αν |

θ
µ + (−1)θ−1T̃πµνΩ

θ

L
απ, θ ∈ {1, 2}. (2.10)

and that are the 1st Codazzi equation of the 1st and the 2nd kind (θ = 1, 2) for LM ⊂ LN.

2.1′ Starting from the Ricci type identities (2.3′) for θ ∈ {1, 2}

Bαi |
θ
µ |
θ
ν − Bαi |

θ
ν |
θ
µ = −R

θ

p
imnBαp Bm

µBn
ν + R̃

θ

α
πµνB

π
i + (−1)θT̃πµνB

α
i |
θ
π, θ ∈ {1, 2}. (2.5′)

substituting Bαi into (2.5′) by virtue of (2.1′), we get the 1st and the 2nd integrability condition of derivation
equation (2.1′):

R
θ

p
imnBαp Bm

µBn
ν = (R̃

θ

α
πµν −Ω

θ

P
πµΩ̂

θ

α
Pν + Ω

θ

P
πνΩ̂

θ

α
Pµ)Bπi

+ (−Ω̂
θ

α
Pµ |

θ
ν + Ω̂

θ

α
Pν |

θ
µ + (−1)θT̃πµνΩ̂

θ

α
Pπ)CP

i , θ ∈ {1, 2}.
(2.8′)

a′) By composing the previous equation with Bi
λ one gets

R̃
θ

α
λµν = R

θ

p
imnBαp Bi

λBm
µBn

ν + Ω
θ

P
λµΩ̂θ

α
Pν −Ω

θ

P
λνΩ̂θ

α
Pµ, θ ∈ {1, 2},
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and that equation by exchanges α↔ λ, p↔ i becomes (2.9).
b′) Composing (2.8′) with Ci

L, it follows that

R
θ

p
imnCi

LBαp Bm
µBn

ν = −Ω̂
θ

α
Lµ |

θ
ν + Ω̂

θ

α
Lν |

θ
µ + (−1)θT̃πµνΩ̂

θ

α
Lπ, θ ∈ {1, 2}, (2.10′)

which is the another form of the 1st Codazzi equation of the 1st and the 2nd kind for LM ⊂ LN.

2.2 By application of the corresponding Ricci type identity [1, 2], one obtains

Bi
α |

1
µ |

2
ν − Bi

α |
2
ν |

1
µ = R

3
i
pµνB

p
α − R̃

3
π
αµνB

i
π, (2.11)

where

R
3

i
jµν = (Li

jm,n − Li
nj,m + Lp

jmLi
np − Lp

njL
i
pm)Bm

µBn
ν + Ti

jm(Bm
µ,ν − L̃πνµBm

π ), (2.12)

is the 3rd kind curvature tensor of LN relating to LM, and

R̃
3
α
βµν = L̃αβµ,ν − L̃ανβ,µ + L̃πβµ̃Lανπ − L̃πνβ̃L

α
πµ + L̃πνµT̃απβ (2.13)

is the 3rd kind curvature tensor of the subspace LM ⊂ LN.
On the other hand, putting at (2.3) θ = 1, ω = 2, and comparing the obtained equation with (2.11), we

have the 3rd integrability condition of derivational equation (2.1).

R
3

i
pµνB

p
α − R̃

3
π
αµνB

i
π = (Ω̂

1

π
PµΩ2

P
αν − Ω̂

2
π
PνΩ1

P
αµ)Bi

π + (Ω
1

P
αµ |

2
ν −Ω

2
P
αν |

1
µ)Ci

P. (2.14)

a) By composing with Bλi , from here is obtained

R̃
3
λ
αµν = R

3
i
pµνB

λ
i Bp

α + Ω
1

P
αµΩ̂2

λ
Pν −Ω

2
P
ανΩ̂1

λ
Pµ, (2.15)

which is Gauss equation of the 3rd kind for LM ⊂ LN.
b) Composing (2.14) with CL

i , one gets

R
3

i
pµνC

L
i Bp

α = Ω
1

L
αµ |

2
ν −Ω

2
L
αµ |

1
ν, (2.16)

and this is 1st Codazzi equation of the 3rd kind for LM ⊂ LN.

2.2′ For Bαi , using the Ricci type identity [1, 2], it is

Bαi |
1
µ |

2
ν − Bαi |

2
ν |

1
µ = −R

3

p
iµνB

α
p + R̃

3
α
πµνB

π
i , (2.11′)

Putting into (2.3′) θ = 1, ω = 2, by comparing the obtained equation and (2.11′), we obtain the 3rd

integrability condition of derivational equation (2.1′).

−R
3

p
iµνB

α
p + R̃

3
α
πµνB

π
i = (Ω

1

P
πµΩ̂2

α
Pν −Ω

2
P
πνΩ̂1

α
Pµ)Bπi + (Ω̂

1

α
Pµ |

2
ν − Ω̂

2
α
Pν |

1
µ)CP

i . (2.14′)

Therefrom, analogously to previous case, we have

R̃
3
α
λµν = R

3

p
iµνB

α
p Bi

λ + Ω
1

P
λµΩ̂2

α
Pν −Ω

2
P
λνΩ̂1

α
Pµ.
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Doing an exchange of indices α↔ λ, p↔ i, we see that this equation reduce to (2.15).
By composing (2.14′) with Ci

α, one obtains

R
3

p
iµνC

i
LBαp = −Ω̂

1

α
Lµ |

2
ν − Ω̂

2
α
Lµ |

1
ν, (2.16′)

and this is another form of the 1st Codazzi equation of the 3rd kind for LM ⊂ LN.
Based on exposed, the following theorems are valid.

Theorem 2.1. The 1st and 2nd kind integrability conditions of derivational equations (2.1) and (2.1′) for submanifold
XM ⊂ LN with the structure (XM ⊂ LN,∇

θ
, θ ∈ {1, 2}), where the connections ∇

θ
are defined in (1.5), are given in (2.8)

and (2.8′) respectively. The 3rd kind integrability conditions for the mentioned equations are (2.14) and (2.14′).

Theorem 2.2. Gauss equations of the 1st and the 2nd kind are given in (2.9), and of the 3rd one in (2.15). The 1st

Codazzi equations of the 1st and the 2nd kind are given in (2.10), and of the 3rd kind in (2.16). The equations (2.10′),
(2.16′) are another forms of (2.10) and (2.16) respectively.

3. Integrability conditions of derivational equations for pseudonormals

3.0 In order to obtain integrability conditions for derivational equations of pseudonormals, we treat
analogously to the case of tangents. From (2.2,1) one obtains

Ci
A |
θ
µ |
ω
ν − Ci

A |
ω
ν |
θ
µ = −(Ω̂

θ

π
Aµ |

ω
ν − Ω̂

ω

π
Aν |

θ
µ)Bi

π − (Ω̂
θ

π
AµΩω

P
πν − Ω̂

ω

π
AνΩθ

P
πµ)Ci

P (3.1)

and from (2.2′, 1′):
CA

i |
θ
µ |
ω
ν − CA

i |
ω
ν |
θ
µ = −(Ω

θ

A
πµ |

ω
ν −Ω

ω

A
πν |

θ
µ)Bπi − (Ω

θ

A
πµΩ̂ω

π
Pν −Ω

ω

A
πνΩ̂

θ

π
Pµ)CP

i . (3.1′)

By virtue of the Ricci type identity from [2] is

Ci
A |
θ
µ |
θ
ν − Ci

A |
θ
ν |
θ
µ = R

θ

i
pmnCp

ABm
µBn

ν − R
θ

P
AµνC

i
P + (−1)θT̃πµνC

i
A |
θ
π, θ ∈ {1, 2}, (3.2)

and also one can prove based on (1.5) that

CA
i |
θ
µ |
θ
ν − CA

i |
θ
ν |
θ
µ = −R

θ

p
imnCA

p Bm
µBn

ν + R
θ

A
PµνC

P
i + (−1)θT̃πµνC

A
i |
θ
π, θ ∈ {1, 2}, (3.2′)

where [1]

R
θ

A
Bµν = L

θ

A
Bµ,ν − L

θ

A
Bν,µ + L

θ

P
BµL
θ

A
Pν − L

θ

P
BµL
θ

A
Pν, θ ∈ {1, 2} (3.3)

are the 1st and the 2nd kind curvature tensors of LN with respect to the pseudonormal submanifold XN
N−M.

3.1 If one substitutes θ = ω ∈ {1, 2} into (3.1) and equalizes the right sides of obtained equation and (3.2),
exchanging previously Ci

A |
θ
π

with help of (2.2), one obtains

R
θ

i
pmnCp

ABm
µBn

ν = [(−1)θT̃σµνΩ̂
θ

π
Aσ − Ω̂

θ

π
Aµ |

θ
ν + Ω̂

θ

π
Aν |

θ
µ]Bi

π

+ (R
θ

P
Aµν − Ω̂

θ

π
AµΩθ

P
πν + Ω̂

θ

π
AνΩθ

P
πµ)Ci

P, θ ∈ {1, 2},
(3.4)

and this are the 1st and 2nd kind integrability conditions for pseudonormals of derivational equation
(2.2).
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a) If one composes (3.4) with Bλi , it is obtained that by virtue of (1.2):

R
θ

i
pmnBλi Cp

ABm
µBn

ν = (−1)θT̃σµνΩ̂
θ

λ
Aσ − Ω̂

θ

λ
Aµ |

θ
ν + Ω̂

θ

λ
Aν |

θ
µ.

Exchanging here i↔ p, A↔ L, λ↔ α, σ↔ π, we obtain (2.10′).
b) Composing (3.4) with CL

i and using (1.2) it follows that

R
θ

i
pmnCL

i Cp
ABm

µBn
ν = R

θ

L
Aµν − Ω̂

θ

π
AµΩθ

L
πν + Ω̂

θ

π
AνΩθ

L
πµ, θ ∈ {1, 2}. (3.5)

The equation (3.5) is the 2nd Codazzi equation of the 1st and the 2nd kind for XM ⊂ LN.

3.1′ Taking θ = ω ∈ {1, 2} in (3.1′), substituting in (3.2′) the corresponding value of CA
i |
θ
π

and equalizing the

right sides of mentioned equations we have

R
θ

p
imnCA

p Bm
µBn

ν = [−(−1)θT̃σµνΩ
θ

A
πσ + Ω

θ

A
πµ |

θ
ν −Ω

θ

A
πν |

θ
µ]Bπi

+ (R
θ

A
Pµν + Ω

θ

A
πµΩ̂

θ

π
Pν −Ω

θ

A
πνΩ̂

θ

π
Pµ)CP

i , θ ∈ {1, 2},
(3.4′)

which is the 1st and the 2nd kind integrability conditions (θ = 1, 2) of derivational equation (2.2′).
a) Composing the previous equation with Bi

λ we get

R
θ

p
imnCA

p Bi
λBm

µBn
ν = −(−1)θT̃σµνΩ

θ

A
λσ + Ω

θ

A
λµ |

θ
ν −Ω

θ

A
λν |

θ
µ

and that is, exchanging some indices, the equation (2.10).
b) If one composes (3.4′) with Ci

L, it follows that

R
θ

p
imnCA

p Ci
LBm

µBn
ν = R

θ

A
Lµν + Ω

θ

A
πµΩ̂

θ

π
Lν −Ω

θ

A
πνΩ̂

θ

π
Lµ,

and that is (3.5).

3.2 With respect of (3.9) in [11] is

Ci
A |

1
µ |

2
ν − Ci

A |
2
ν |

1
µ = R

3
i
pµνC

p
A − R

3
P
AµνC

i
P, (3.6)

where R
3

is given in (2.12) and ([11], the equation (3.10)):

R
3

A
Bµν = L

1

A
Bµ,ν − L

2
A
Bν,µ + L

1

P
BµL

2
A
Pν − L

2
P
BνL1

A
Pµ + L

π

νµ(L
2

A
Bπ − L

1

A
Bπ) (3.7)

is the third kind curvature tensor of the space LN with respect of XN
N−M.

On the other hand, putting at (3.1) θ = 1, ω = 2, and equalizing the right sides of the obtained equation
and (3.6), we get

R
3

i
pµνC

p
A − R

3
P
AµνC

i
P = −(Ω̂

1

π
Aµ |

2
ν − Ω̂

2
π
Aν |

1
µ)Bi

π − (Ω̂
1

π
AµΩ2

P
πν − Ω̂

2
π
AνΩ1

P
πµ)Ci

P, (3.8)

and that is the 3rd kind integrability condition for pseudonormals of derivational equation (2.2).
a) By composing (3.8) with Bλi , we get

R
3

i
pµνC

p
ABλi = −(Ω̂

1

π
Aµ |

2
ν − Ω̂

2
π
Aν |

1
µ), (3.9)
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and by substitution p↔ i, λ↔ α, one obtains (2.16′).
b) Composing (3.8) with CL

i , we have

R
3

L
Aµν = R

3
i
pµνC

L
i Cp

A + Ω̂
1

π
AµΩ2

L
πν − Ω̂

2
π
AνΩ1

L
πµ (3.10)

what, comparing with (3.5) we call the 2nd Codazzi equation of the 3rd kind.

3.2′ Analogically to (3.6), can be proved that the Ricci-type identity

CA
i |
1
µ |

2
ν − CA

i |
2
ν |

1
µ = R

3
A
PµνC

P
i − R

3

p
iµνC

A
p , (3.6′)

is valid, where R
3

, R
3

are given in (3.7) and (2.12) respectively.

If one takes θ = 1, ω = 2 in (3.1′) and compares the obtained equations with (3.6′), one obtains

R
3

p
iµνC

A
p − R

3
A
PµνC

P
i = (Ω

1

A
πµ |

2
ν −Ω

2
A
πν |

2
µ)Bπi + (Ω

1

A
πµΩ̂2

π
Pν −Ω

2
A
πνΩ̂1

π
Pµ)CP

i (3.8′)

which is 3rd kind integrability condition of derivational equation (2.2′).
As in previous cases, from (3.8′) one gets

R
3

p
iµνC

A
p Bi

λ = Ω
1

A
λµ |

2
ν −Ω

2
A
λν |

1
µ,

Further, from (3.8′), we obtain (3.10).

Based on exposed in this section, we have following theorems:

Theorem 3.1. The 1st and the 2nd kind integrability conditions of derivational equations (2.2), and (2.2′) for
pseudonormals of a submanifold XM ⊂ LN with structure (XM ⊂ LN,∇

θ
, θ ∈ {1, 2}), where the connections ∇

θ

are defined in (1.5), are given in (3.4) and (3.4′) respectively. The 3rd kind integrability conditions for these equations
are (3.8), (3.8′).

Theorem 3.2. The 2nd Codazzi equation of the 1st and the 2nd kind is given by (3.5), and of the 3rd one by (3.10).
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[3] S. M. Minčić, Lj. S. Velimirović, M. S. Stanković, New integrability conditions of derivational equations of a subminifold
in a generalized Riemannian space, Filomat 24:2 (2010), 137–146.
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[5] M. S. Stanković, First type almost geodesic mappings of general affine connection spaces, Novi Sad J. Math. 29, No. 3
(1999), 313-323.
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