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On Integrability Conditions of Derivation Equations in a Subspace of
Asymmetric Affine Connection Space

Milan Lj. Zlatanovié?, Svetislav M. Min¢i¢?, Ljubica S. Velimirovié?

®Faculty of Science and Mathematics, University of Nis, Serbia

Abstract.In a space Ly of asymmetric affine connection by equations (1.1) a submanifold Xy C Ly is
defined. On X and on pseudonormal submanifold XY ,, asymmetric induced connections are defined.
Because of asymmetry of induced connection it is possible to define four kinds of covariant derivative. In
this work we are considering integrability conditions of derivational equations [4] obtained by help of the
1¢ and the 2™ kind of covariant derivative. The corresponding Gauss-Codazzi equations are obtained too.

1. Introduction

Consider a space Ly of asymmetric affine connection with a torsion (in local coordinates) T;k = L;k - L};],.
Spaces with asymmetric affine connection and their properties were studied by many authors [1, 11]. A

submanifold Xy C Ly is defined by equations
X=X, ..., uM) = xu®), i=1,N. (1.1)

Partial derivatives Bl = % (rank(Bi,) = M) define tangent vectors on Xy.

Consider N — M contravariant vectors qu (A,B,C,...,e (M +1,...,N}) defined on Xy and linearly

independent, and let the matrix (g;:) be inverse for the matrix (B, CZ) provided that the following conditions
are satisfied [10]: I

a)BLB’ =), b)B.CA=0; c¢)B:C,=0;

, o i (1.2)
d) C,C7 = 8 e) BuB} +C,C} = 0);

The magnitudes B, Bf are projection factors (tangent vectors), and the magnitudes C',,C/ are affine
pseudonormals [4, 10].
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The induced connection on Xy, is [4, 10, 11]:

“L’gy = B{(B}, + Li;BB}), (13)

where B; , = BB;, ow = 3*x'|duPdu . Because L is asymmetric by virtue of j k, L is asymmetric in B, too.

The submanifold X, endowed with L becomes Ly and we write Ly C Ly.
The set of pseudonormals of the submanifold X3 C Ly makes a pseudonormal bundle of Xj;, and we
note it X%_M. We have defined in [4] induced connection of pseudonormal bundle with coefficients

o
Ly, = C/(Cp, + L}k-kCéBy)' (1.4)
2 ]

As the coefficients L,I,E are generally asymmetric, we can define four kinds of covariant derivative for a
tensor, defined in the points of X). For example:

i0A  _ gidA i A 7P gaA | Ta pfnA _Tn gdaA | TA gaP _ TP siaA
Fisy = Fign Lpmtipn = Lintoss + Lt = Lt + Erutipn = Lputjse- (1.5)
1 m, mj T b 2 2
pm mi L B 1 2
Z mp /”; um /‘5;1 2 1

In this manner four connections Z on X C Ly are defined. We shall note the obtained structures (X); C Ly,
Z,G ef{l,...,4}).

2. Integrability conditions of derivational equations for tangents

2.0 From (2.17,17’) in [4], we have a derivational equations for tangents

B;y[:sgiyc;, Bj, =Qp,C, 0€1,2}, .1)
0

and from (3.19, 19’) for pseudonormals

= A a
C%i}‘u - _%;’[in;T' Cil}y - _%n‘uB:?/ 6 € {1/2} (22)
So, one obtains
' _(OP iy _ OP ' P i
Buyuy = QuCo)iy = Qi Co + GGy,

— _OP Or pi P i
(23) %ay%Pan—i_%anCP’

where ” o " signifies “equal with respect to (2.2)”. In this manner

By = Bhioyy = Q5,00 ~ 05, Q0B +(©F,, ~ OF,,)Ch, 2.3)

alulv alvip eaylv eavly
0 w w 0 @ @

and by analogous procedure:

¢ _ P e P A oy e P ’
B?lylv - Bixlvly - (ga)ﬂy%;v - 9771/&9)%;1)B? + ((ngMV - %l);vly)ci ’ (23 )
0 o w 6 w w
where [4]
Q= C7(Byy, + Ly BuBy), 2.4)

2 mp
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clzgy = C}(Bffy - Lmengj ) (2.4)
2

mi

Based on the Ricci type identities [1, 2]

Biupy = Bapy = RpmiBOBYBY ~ Ry Br+ (“D'TLLBy, 6 € (1,2) (2.5)
where

Rl = L = Ly * Ly Lion = L, Ly (2.6)

Rl = Linjn = Lj + LiyiLip = Ly Lo 2.7)

R%  are curvature

are curvature tensors of the 1% respectively the 2" kind of the Ly and, analogously, Tli"éw, R

tensors of Ly C Ly, obtained in the same manner by connection Zgy

2.1 Taking (2.3) 0 = w € {1, 2}, equalizing the right sides of obtained equation and (2.5) and exchange Bf)zln

0
with respect of (2.1), we get the 1°* and the 2™ kind integrability condition of derivational equation (2.1):

IéipmnBZB;"]Bg = (Iggpv + %gygelgv - %gvggy)B;
e - (2.8)
+ (%5#gv - selgvl# +(-1)? 1Tgvs6)§n)c1 , 0e{l,2.

a) Composing that equation with B;‘ and taking into consideration (1.2), we obtain

JG@W = 15;"1”3?3’;3;733 + gg@gv - g@){jvgzgy, 0 e{1,2). (2.9)

which are Gauss equation of the 1 and the 2 kind (6 = 1,2) for Ly C Ly.

b) If one composes (2.8) with C{f, we get

R} CBLBBL = QL - O +(—1)9*1'f;}v%25n, 0 € {1,2). (2.10)

0 a‘u(lgv 0 av{lay
and that are the 1% Codazzi equation of the 1* and the 2" kind (6 = 1,2) for Ly C Ly.

2.1’ Starting from the Ricci type identities (2.3") for 0 € {1, 2}

-B%, =-Rb BIB"B!+R% BT +(-1)°TT, B¢
6

ilvig — imnOp v v wv=i|ms
ot 0 0

a
Bilplv
0 6

0 € (1,2). 2.5")

substituting B{ into (2.5") by virtue of (2.1), we get the 1¢ and the 2" integrability condition of derivation
equation (2.1'):

gljmntBZiBly/l = (Zg%uv - %5#%2%1/ + %gv%gy)Bf
— — ~ (2.8)
+(=Qp,, + Oy + CDTRORIC, 0 €11,2).
0 0

a’) By composing the previous equation with B; one gets

~ oy . P = P =
Iéapv - IézmntBi\BZlBZ + %Ay%gv - %x\v%gy’ 0e {1’2}’
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and that equation by exchanges @ <> A, p < i becomes (2.9).
b’) Composing (2.8") with Ci, it follows that

+ngly (-1, Q¢

Ln’

R C/ByB}B; = —Q° 0e{1,2], (2.10")

g imn 14 Lylv

which is the another form of the 1 Codazzi equation of the 1% and the 2" kind for Ly C L.

2.2 By application of the corresponding Ricci type identity [1, 2], one obtains

B;\y\v B;lvly Rlp,uva ngvBl ’ (2.11)
where
1§ZW = (L = Ly + L Ly = L L) BUBY + T, (B, — Lr,Bm), (2.12)

is the 3" kind curvature tensor of Ly relating to Ly, and

1% +L7I1* —T*L% +L°T" (2.13)

a — a
R L VB pu—vm v Ve mp

3B T By
is the 3" kind curvature tensor of the subspace Ly C Ly.
On the other hand, putting at (2.3) 0 = 1,w = 2, and comparing the obtained equation with (2.11), we
have the 3" integrability condition of derivational equation (2.1).

R’WVBF’ RT;WB; (ngQP Qﬂ QP BL + (QW - gzzgvl H)c;;. (2.14)
a) By composing with B?, from here is obtained
R = Riyo Bl B + QF,0, - OF ng, (2.15)
which is Gauss equation of the 3 kind for Ly C Ly.
b) Composing (2.14) with CZ.L, one gets
Ctph =Qt —-QFf (2.16)

PW aulv 5 lel
and this is 1* Codazzi equation of the 3" kind for Ly C Ly.
2.2" For BY, using the Ricci type identity [1, 2], it is

BZX

i - B =-R’ BY+R%,BF, (2.17)

7|V|H 3 iuvp T Ty

Putting into (2.3') 0 = 1,w = 2, by comparing the obtained equation and (2.11’), we obtain the 3"
integrability condition of derivational equation (2.1").

_R;:WBZ[ + R(;("HVBR = (QI;:“Qa (2)%()“ )BH + (QPHIV PVI,U)CP (2-14/)

Therefrom, analogously to previous case, we have

wa  _ pP ani P a P o
R/\yv Rz;lvBPB +Q/\yQ glﬂvglle'
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Doing an exchange of indices a & A,p < i, we see that this equation reduce to (2.15).
By composing (2.14") with C;,, one obtains

P — 0O ’
Rzyvcl B, = _Qiml Qlit]\v’ (216 )

and this is another form of the 15 Codazzi equation of the 3" kind for Ly € Ly.
Based on exposed, the following theorems are valid.

Theorem 2.1. The 1% and 2" kind integrability conditions of derivational equations (2.1) and (2.1") for submanifold
X C Ly with the structure (Xp C Ly, Z, 0 € {1,2}), where the connections Z are defined in (1.5), are given in (2.8)

and (2.8') respectively. The 3" kind integrability conditions for the mentioned equations are (2.14) and (2.14").

Theorem 2.2. Gauss equations of the 15 and the 2" kind are given in (2.9), and of the 3 one in (2.15). The 1%
Codazzi equations of the 1°' and the 2™ kind are given in (2.10), and of the 3" kind in (2.16). The equations (2.10"),
(2.16") are another forms of (2.10) and (2.16) respectively.

3. Integrability conditions of derivational equations for pseudonormals

3.0 In order to obtain integrability conditions for derivational equations of pseudonormals, we treat
analogously to the case of tangents. From (2.2,1) one obtains

qulw C?wm (QAW AW)B’ (Q” QP Q” QPP)CZ (3.1

and from (2.2’,1'):
A A A I A b A O P ’
Cll,ulv CllVlfJ (Qnylv nVIp)B (QnyQ Q QPH)CZ. . (3.1)

By virtue of the Ricci type identity from [2] is

i i i P pm n_
C CAlVW_RpmnCABHB Aw

AI;LIV Cl +( 1)6Tn C.lAlnf 0¢€ {1/2}/ (32)

and also one can prove based on (1.5) that

A A A TA 0T ~A /
Clupy = Civge = ~Ri G BUBY + R CF + CTLCl, 0€(1,2), (32)
where [1]
TA TA
RB[J.V = %%pv Lva + LP LA - Lp LI?)V/ 0 €({1,2} (3.3)

are the 1* and the 2" kind curvature tensors of Ly with respect to the pseudonormal submanifold XN

3.1 If one substitutes 6 = w € {1, 2} into (3.1) and equalizes the right sides of obtained equation and (3.2),

exchanging previously C A with help of (2.2), one obtains

Ry C4BLBY = [(-1)T}, Q% waw + wam]Biz

(3.4)

+(R Aw‘%n Q. +Q” QPH)C 0e{l,2],

and this are the 1% and 2" kind integrability conditions for pseudonormals of derivational equation
(2.2).
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a) If one composes (3.4) with B?, it is obtained that by virtue of (1.2):

AP pmpn 070 A Ry A
pmnB C,B./B) = (-1) T, Q _QAplv +QAVW
Exchanging herei & p, A & L, A & a, 0 & 1, we obtain (2.10").
b) Composing (3.4) with C.L and using (1.2) it follows that
pmnchp BmB" AHV QZ‘LLQL + QW Q%H’ 0 €{1,2}. (3.5)

The equation (3.5) is the 2" Codazzi equation of the 1* and the 2" kind for Xy C Ly.

3.1’ Taking 6 = w € {1, 2} in (3.1), substituting in (3.2’) the corresponding value of Cl./l‘77 and equalizing the
0

right sides of mentioned equations we have

R Gy BUBL = (=D To Qs + Gy, — Gy 1B ,
+ R, + Q8,05 - Qn08)CT, 0e(1,2), eo
which is the 1° and the 2" kind integrability conditions (6 = 1,2) of derivational equation (2.2').
a) Composing the previous equation with B, we get
R’jmnc;jBl BBl = —(-1)°Tg, QA + Qg‘w QQV”,
and that is, exchanging some indices, the equation (2.10).
b) If one composes (3.4") with C;, it follows that
R’jmnc;;‘(:l BB} = Lw + Q;;‘y%z’gv QA Q’gy,
and that is (3.5).
3.2 With respect of (3.9) in [11] is
Cj‘l\mv Cj‘llvnt = Rlﬂ#vcp Awq” (3-6)
where 13? is given in (2.12) and ([11], the equation (3.10)):
ng = EBHV Lgv ot Lgngv L?VLQH + LV l(L gg,g (3.7)

is the third kind curvature tensor of the space Ly with respect of X,
On the other hand, putting at (3.1) 6 = 1, w = 2, and equalizing the right sides of the obtained equation
and (3.6), we get

P}WCP 1§11)4;1VC ( Aylv Avly)Bl (Qn QP KZQZV?I;#)C}” (38)

and that is the 3" kind integrability condition for pseudonormals of derivational equation (2.2).
a) By composing (3.8) with B}, we get

A _ on
HVCZBL _(QAHW gz)Avly)’ (3.9)
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and by substitution p <> i, A < a, one obtains (2.16").
b) Composing (3.8) with CZ.L, we have

RL _pi (L o) L _Oor Ol
1§Ayv - I??lpyvci CZ} + KPZygznv - glgvgzny (3.10)

what, comparing with (3.5) we call the 2" Codazzi equation of the 3" kind.
3.2" Analogically to (3.6), can be proved that the Ricci-type identity
Ci.,—Ci =Rp,CP—R (3.6

ilulv ilv Puv*>i i ’
e~ i = S = i

is valid, where E, 1§ are given in (3.7) and (2.12) respectively.

If one takes 0 = 1, w = 2 in (3.1’) and compares the obtained equations with (3.6’), one obtains

P ~A_RA P _ A A A O A O P ’
1§ipvcp - 1§Pyvci - (Qnylv - gzlm/ly)B? + (Qn,u%)gv - an%)gy)cf (38 )

which is 3" kind integrability condition of derivational equation (2.2").
As in previous cases, from (3.8") one gets

P oApi A (A
1§iyvcp B/\ - 9/\;1;/ gzliwlly’

Further, from (3.8"), we obtain (3.10).

Based on exposed in this section, we have following theorems:

Theorem 3.1. The 1% and the 2" kind integrability conditions of derivational equations (2.2), and (2.2') for
pseudonormals of a submanifold Xy C Ly with structure (Xy C Ly, Z,@ € {1,2}), where the connections Z

are defined in (1.5), are given in (3.4) and (3.4') respectively. The 3" kind integrability conditions for these equations
are (3.8), (3.8").

Theorem 3.2. The 2" Codazzi equation of the 1% and the 2" kind is given by (3.5), and of the 3" one by (3.10).
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