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Abstract. In this paper, we firstly give a general integral identity for once differentiable mapping involving
Hadamard fractional integrals. Secondly, we use this integral identity to derive some new generalization
of fractional Hermite-Hadamard inequalities through GA-convex functions via power means and integrals
GG-convex functions via power means. Some applications to special means of real numbers are given.

1. Introduction

The concept of fractional calculus appeared in 1695 in the letter between L’Hospital and Leibniz. Since
then, further development in this area has been explored by many mathematicians and we recommend
to read the study of Riemann, Liouville, Caputo, and other famous mathematicians. Fractional calculus
played an important role in various fields such as electricity, biology, economics and signal and image
processing [1–4].

The classical Hermite-Hadamard inequality gives a lower and an upper estimations for both right-
hand and left-hand integrals average of any convex function defined on a compact interval, involving the
midpoint and the endpoints of the domain. For more information, see [5, 6] and the references therein. It
seems that Set [7] firstly investigate fractional Ostrowski inequalities involving Riemann-Liouville fractional
integrals. Then, Sarikaya et al. [8] studied Hermite-Hadamard type inequalities involving Riemann-
Liouville fractional integrals. Inspired by the above interesting works, our group go on studying fractional
version Hermite-Hadamard inequality involving Riemann-Liouville and Hadamard fractional integrals for
all kinds of convex functions [9–12] and Işcan [13]. For other recent applications of fractional derivatives
and fractional integrals, one can see [14–19].

Recently, Işcan [20] presented a general and interesting integral identity for twice differentiable functions
involving Riemann-Liouville fractional integrals as follows:
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Lemma 1.1. (see Lemma 2.1, [20]) Let f : I ⊆ R→ R be a twice differentiable function on I◦ (the interior of I) such
that f ′′ ∈ L[a, b], where a, b ∈ I with a < b. Then for all x ∈ [a, b], λ ∈ [0, 1] and α > 0 we have:

R f (x, λ, α, a, b) =
(x − a)α+2

(α + 1)(b − a)

∫ 1

0
t
(
(α + 1)λ − tα

)
f ′′(tx + (1 − t)a)dt

+
(b − x)α+2

(α + 1)(b − a)

∫ 1

0
t
(
(α + 1) − tα

)
f ′′(tx + (1 − t)b)dt,

where

R f (x, λ, α, a, b)

= (1 − λ)
[ (x − a)α + (b − x)α

b − a

]
f (x) + λ

[ (x − a)α f (a) + (b − x)α f (b)
b − a

]
+
( 1
α + 1

− λ
)[ (b − x)α+1

− (x − a)α+1

b − a

]
f ′(x) −

Γ(α + 1)
b − a

[Jαx− f (a) + Jαx+ f (b)
]
,

and Γ denotes Euler Gamma function.

By using of Lemma 1.1, the author established some new estimates on Hermite-Hadamard type and
Simpson type inequalities for s-convex involving Riemann-Liouville fractional integrals.

However, to our knowledge, the interesting integral identity for once differentiable functions involving
Hadamard fractional integrals have not been reported. To fix this gap, in the present paper, we firstly derive
a general integral identity (see Lemma 2.1) for once differentiable mapping involving Hadamard fractional
integrals. Then, we use this integral identity to derive some new generalization of fractional Hermite-
Hadamard inequalities (see Theorems 3.4, 3.5, 3.6, and 3.7) through GA-convex functions via power means
and integrals GG-convex functions via power means. Finally, some applications to special means of real
numbers are given.

2. A General Integral Identity Involving Hadamard Fractional Integrals

In this section, we derive a general integral identity for once differentiable functions involving Hadamard
fractional integrals.

For f ∈ L[a, b], the Hadamard fractional integrals [1] H Jαa+ f and H Jαb− f of order α > 0 with a ≥ 0 are
defined by

H Jαa+ f (x) =
1

Γ(α)

∫ x

a
(ln

x
t

)α−1 f (t)
dt
t
, x > a,

and

H Jαb− f (x) =
1

Γ(α)

∫ b

x
(ln

t
x

)α−1 f (t)
dt
t
, x < b,

respectively, where Γ(·) is the Gamma function.
Let f : I ⊆ R+ be a differentiable function on I◦ where I◦ denotes the interior of I. Denote

I f (x, λ, α, a, b) = λ
[ (ln b − ln x)α−1 f (b) + (ln x − ln a)α−1 f (a)

ln b − ln a

]
−(1 + λ)

[ (ln b − ln x)α−1 + (ln x − ln a)α−1

ln b − ln a

]
f (x)

+
Γ(α + 1)

ln b − ln a

[
H Jαx+ f (b) +H Jαx− f (a)

]
,

where a, b ∈ I with a < b, x ∈ [a, b] and λ ∈ [0, 1].
In order to prove our main results, we present the following general identity.
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Lemma 2.1. Let a > 0 and f : [a, b]→ R be a once differentiable mapping such that f ′ is integrable. For 0 ≤ λ ≤ 1,
the following equality for fractional integrals holds:

I f (x, λ, α, a, b) =
(ln b − ln x)α

ln b − ln a

∫ 1

0
(sα + λ) f ′(e(1−s) ln b+s ln x)e(1−s) ln b+s ln xds

−
(ln x − ln a)α

ln b − ln a

∫ 1

0
(sα + λ) f ′(e(1−s) ln a+s ln x)e(1−s) ln a+s ln xds.

Proof. Denote

U f (x, λ, α, a, b) =
(ln b − ln x)α

ln b − ln a

∫ 1

0
(sα + λ) f ′(e(1−s) ln b+s ln x)e(1−s) ln b+s ln xds,

V f (x, λ, α, a, b) = −
(ln x − ln a)α

ln b − ln a

∫ 1

0
(sα + λ) f ′(e(1−s) ln a+s ln x)e(1−s) ln a+s ln xds.

By integration by parts twice and changing the variable, we have

U f (x, λ, α, a, b)

=
(ln b − ln x)α−1

ln b − ln a
λ f (b) −

(ln b − ln x)α−1

ln b − ln a
(1 + λ) f (x)

+
(ln b − ln x)α−1

ln b − ln a

∫ 1

0
αsα−1 f (e(1−s) ln b+s ln x)ds

= λ
(ln b − ln x)α−1

ln b − ln a

[
f (b) − f (x)

]
−

(ln b − ln x)α−1

ln b − ln a
f (x)

+
Γ(α + 1)

Γ(α)(ln b − ln a)

∫ b

x

(
ln

b
t

)α−1 f (t)
t

dt

= λ
(ln b − ln x)α−1

ln b − ln a

[
f (b) − f (x)

]
−

(ln b − ln x)α−1

ln b − ln a
f (x) +

Γ(α + 1)
ln b − ln a

H Jαx+ (b).

Similarly, we get

V f (x, λ, α, a, b)

= −λ
(ln x − ln a)α−1

ln b − ln a

[
f (x) − f (a)

]
−

(ln x − ln a)α−1

ln b − ln a
f (x) +

Γ(α + 1)
ln b − ln a

H Jαx− f (a).

From above two equalities, we have

I f (x, λ, α, a, b) = U f (x, λ, α, a, b) + V f (x, λ, α, a, b).

The proof is finished. �

3. Main Results

The following definitions and result will be used to derive the main results in this section.

Definition 3.1. (see [21]) A function f : [0,+∞)→ R is said to be GA-convex if x, y ∈ [0,+∞), 0 ≤ α ≤ 1,

f (x1−αyα) ≤ (1 − α) f (x) + α f (y).

Definition 3.2. (see [22]) A function f : [0,+∞)→ R is said to be GG-convex if x, y ∈ [0,+∞), 0 ≤ α ≤ 1,

f (x1−αyα) ≤ f (x)1−α f (y)α.
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Lemma 3.3. (see Lemma 2.1, [11]) For α > 0 and k > 0,we have

I(α) =

∫ 1

0
tα−1ktdt = k

∞∑
i=1

(−1)i−1 (ln k)i−1

(α)i
< +∞,

where (α)i = α(α + 1)(α + 2) · · · (α + i − 1).

Now we are ready to present our main results in this section.

Theorem 3.4. Let f : [a, b] → R be a differentiable mapping on (a, b) with 0 ≤ a < b. If | f ′| is integrable and
GA-convex on [a, b], then for 0 ≤ λ ≤ 1, x ∈ (a, b) and α > 0, the following inequality holds:

|I f (x, λ, α, a, b)|

≤
(ln b − ln x)α

ln b − ln a

∣∣∣∣∣x| f ′(b)|
∞∑

i=1

(−1)i−1 (ln x
b )i−1

(α + 1)i
− x[| f ′(b)| − | f ′(x)|]

∞∑
i=1

(−1)i−1 (ln x
b )i−1

(α + 2)i

+
λ

ln x − ln b

[
x| f ′(x)| − 2λ| f ′(b)| + b| f ′(x)|

]∣∣∣∣∣
+

(ln x − ln a)α

ln b − ln a

∣∣∣∣∣x| f ′(a)|
∞∑

i=1

(−1)i−1 (ln x
a )i−1

(α + 1)i
− x[| f ′(a)| − | f ′(x)|]

∞∑
i=1

(−1)i−1 (ln x
a )i−1

(α + 2)i

+
λ

ln x − ln a

[
x| f ′(x)| − 2λ| f ′(a)| + a| f ′(x)|

]∣∣∣∣∣.
Proof. By using Definition 3.1 and Lemma 3.3, we have

|I f (x, λ, α, a, b)|
≤ |U f (x, λ, α, a, b)| + |V f (x, λ, α, a, b)|

≤
(ln b − ln x)α

ln b − ln a

∣∣∣∣∣b| f ′(b)|
∫ 1

0
sα(

x
b

)sds − b| f ′(b)|
∫ 1

0
sα+1(

x
b

)sds

+b| f ′(x)|
∫ 1

0
sα+1(

x
b

)sds + λb| f ′(b)|
∫ 1

0
(
x
b

)sds − λb| f ′(b)|
∫ 1

0
s(

x
b

)sds

+λb| f ′(x)|
∫ 1

0
s(

x
b

)sds
∣∣∣∣∣

+
(ln x − ln a)α

ln b − ln a

∣∣∣∣∣a| f ′(a)|
∫ 1

0
sα(

x
a

)sds − a| f ′(a)|
∫ 1

0
sα+1(

x
a

)sds

+a| f ′(x)|
∫ 1

0
sα+1(

x
a

)sds + λa| f ′(a)|
∫ 1

0
(
x
a

)sds − λa| f ′(a)|
∫ 1

0
s(

x
a

)sds

+λa| f ′(x)|
∫ 1

0
s(

x
a

)sds
∣∣∣∣∣

≤
(ln b − ln x)α

ln b − ln a

∣∣∣∣∣x| f ′(b)|
∞∑

i=1

(−1)i−1 (ln x
b )i−1

(α + 1)i
− x[| f ′(b)| − | f ′(x)|]

∞∑
i=1

(−1)i−1 (ln x
b )i−1

(α + 2)i

+λ
1

ln x
b

[
x| f ′(x)| − 2λ| f ′(b)| + b| f ′(x)|

]∣∣∣∣∣
+

(ln x − ln a)α

ln b − ln a

∣∣∣∣∣x| f ′(a)|
∞∑

i=1

(−1)i−1 (ln x
a )i−1

(α + 1)i
− x[| f ′(a)| − | f ′(x)|]

∞∑
i=1

(−1)i−1 (ln x
a )i−1

(α + 2)i

+λ
1

ln x
a

[
x| f ′(x)| − 2λ| f ′(a)| + a| f ′(x)|

]∣∣∣∣∣.
The proof is done. �



Z. Zhang, W. Wei, J. Wang / Filomat 29:7 (2015), 1515–1524 1519

Theorem 3.5. Let f : [a, b]→ R be a differentiable mapping on (a, b) with 0 ≤ a < b. If | f ′|q, q > 1 is integrable and
GA-convex on [a, b], then for 0 ≤ λ ≤ 1, x ∈ (a, b) the following inequality holds:

|I f (x, λ, α, a, b)| ≤
(ln b − ln x)α

ln b − ln a

∣∣∣∣∣(xq
∞∑

i=1

(−1)i−1 (ln( x
b )q)i−1

(qα + 1)i

) 1
q
(
| f ′(b)| + | f ′(x)|p

2

) 1
p

+
(
(λb)q 1

q ln x
b

(
x
b

)q
− (λb)q 1

q ln x
b

) 1
q
(
| f ′(b)| + | f ′(x)|p

2

) 1
p
∣∣∣∣∣

+
(ln x − ln a)α

ln b − ln a

∣∣∣∣∣(xq
∞∑

i=1

(−1)i−1 (ln( x
a )q)i−1

(qα + 1)i

) 1
q
(
| f ′(a)| + | f ′(x)|p

2

) 1
p

+
(
(λa)q 1

q ln x
a

(
x
a

)q
− (λa)q 1

q ln x
a

) 1
q
(
| f ′(a)| + | f ′(x)|p

2

) 1
p
∣∣∣∣∣.

Proof. By using Definition 3.1 and Lemma 3.3 and Hölder inequality, we have

|I f (x, λ, α, a, b)|
≤ |U f (x, λ, α, a, b)| + |V f (x, λ, α, a, b)|

≤
(ln b − ln x)α

ln b − ln a

∣∣∣∣∣( ∫ 1

0
bqsqα(

x
b

)qsds
) 1

q
( ∫ 1

0
(1 − s)| f ′(b)|pds

+

∫ 1

0
s| f ′(x)|pds

) 1
p

+
( ∫ 1

0
(λb)q(

x
b

)qsds
) 1

q

( ∫ 1

0
(1 − s)| f ′(b)|pds +

∫ 1

0
s| f ′(x)|pds

) 1
p
∣∣∣∣∣

+
(ln x − ln a)α

ln b − ln a

∣∣∣∣∣( ∫ 1

0
aqsqα(

x
a

)qsds
) 1

q
( ∫ 1

0
(1 − s)| f ′(a)|pds

+

∫ 1

0
s| f ′(x)|pds

) 1
p

+
( ∫ 1

0
(λa)q(

x
a

)qsds
) 1

q

( ∫ 1

0
(1 − s)| f ′(a)|pds +

∫ 1

0
s| f ′(x)|pds

) 1
p
∣∣∣∣∣

≤
(ln b − ln x)α

ln b − ln a

∣∣∣∣∣(xq
∞∑

i=1

(−1)i−1 (ln( x
b )q)i−1

(qα + 1)i

) 1
q
(
| f ′(b)| + | f ′(x)|p

2

) 1
p

+
(
(λb)q 1

q ln( x
b )

(
x
b

)q
− (λb)q 1

q ln x
b

) 1
q
(
| f ′(b)| + | f ′(x)|p

2

) 1
p
∣∣∣∣∣

+
(ln x − ln a)α

ln b − ln a

∣∣∣∣∣(xq
∞∑

i=1

(−1)i−1 (ln( x
a )q)i−1

(qα + 1)i

) 1
q
(
| f ′(a)| + | f ′(x)|p

2

) 1
p

+
(
(λa)q 1

q ln( x
a )

(
x
a

)q
− (λa)q 1

q ln x
a

) 1
q
(
| f ′(a)| + | f ′(x)|p

2

) 1
p
∣∣∣∣∣.

The proof is done. �

Theorem 3.6. Let f : [a, b] → R be a differentiable mapping on (a, b) with 0 ≤ a < b. If | f ′| is integrable and



Z. Zhang, W. Wei, J. Wang / Filomat 29:7 (2015), 1515–1524 1520

GG-convex on [a, b], then for 0 ≤ λ ≤ 1, x ∈ (a, b) the following inequality holds:

|I f (x, λ, α, a, b)|

≤
(ln b − ln x)α

ln b − ln a

∣∣∣∣∣x| f ′(x)|
∞∑

i=1

(−1)i−1
(ln x| f ′(x)|

b| f ′(b)| )
i−1

(α + 1)i
+ λ

1

ln x| f ′(x)|
b| f ′(b)|

(
x| f ′(x)| − b| f ′(b)|

)∣∣∣∣∣
+

(ln x − ln a)α

ln b − ln a

∣∣∣∣∣x| f ′(x)|
∞∑

i=1

(−1)i−1
(ln x| f ′(x)|

a| f ′(a)| )
i−1

(α + 1)i
+ λ

1

ln x| f ′(x)|
a| f ′(a)|

(
x| f ′(x)| − a| f ′(a)|

)∣∣∣∣∣.
Proof. By using Definition 3.2 and Lemma 3.3, we have∣∣∣∣∣ (ln b − ln x)α

ln b − ln a

∫ 1

0
(sα + λ) f ′(e(1−s) ln b+s ln x)e(1−s) ln b+s ln xds

−
(ln x − ln a)α

ln b − ln a

∫ 1

0
(sα + λ) f ′(e(1−s) ln a+s ln x)e(1−s) ln a+s ln xds

∣∣∣∣∣
≤ |U f (x, λ, α, a, b)| + |V f (x, λ, α, a, b)|

≤
(ln b − ln x)α

ln b − ln a

∣∣∣∣∣b| f ′(b)|
∫ 1

0
sα

(x| f ′(x)|
b| f ′(b)|

)s

ds + λb| f ′(b)|
∫ 1

0

(x| f ′(x)|
b| f ′(b)|

)s

ds
∣∣∣∣∣

+
(ln x − ln a)α

ln b − ln a

∣∣∣∣∣a| f ′(a)|
∫ 1

0
sα

(x| f ′(x)|
a| f ′(a)|

)s

ds + λa| f ′(a)|
∫ 1

0

(x| f ′(x)|
a| f ′(a)|

)s

ds
∣∣∣∣∣

≤
(ln b − ln x)α

ln b − ln a

∣∣∣∣∣x| f ′(x)|
∞∑

i=1

(−1)i−1
(ln x| f ′(x)|

b| f ′(b)| )
i−1

(α + 1)i

+λ
1

ln x| f ′(x)|
b| f ′(b)|

(
x| f ′(x)| − b| f ′(b)|

)∣∣∣∣∣
+

(ln x − ln a)α

ln b − ln a

∣∣∣∣∣x| f ′(x)|
∞∑

i=1

(−1)i−1
(ln x| f ′(x)|

a| f ′(a)| )
i−1

(α + 1)i

+λ
1

ln x| f ′(x)|
a| f ′(a)|

(
x| f ′(x)| − a| f ′(a)|

)∣∣∣∣∣.
The proof is done. �

Theorem 3.7. Let f : [a, b]→ R be a differentiable mapping on (a, b) with 0 ≤ a < b. If | f ′|p, p > 1 is integrable and
GG-convex on [a, b], then for 0 ≤ λ ≤ 1, x ∈ (a, b) the following inequality holds:

|I f (x, λ, α, a, b)|

≤
(ln b − ln x)α

ln b − ln a

∣∣∣∣∣(1
p
| f ′(x)|p − | f ′(b)|p

ln | f ′(x)| − ln | f ′(b)|

) 1
p
[(

xq
∞∑

i=1

(−1)i−1 [ln( x
b )q]i−1

(qα + 1)i

) 1
q

+
(
λq

q
xq
− bq

ln x − ln b

) 1
q
]∣∣∣∣∣

+
(ln x − ln a)α

ln b − ln a

∣∣∣∣∣(1
p
| f ′(x)|p − | f ′(a)|p

ln | f ′(x)| − ln | f ′(a)|

) 1
p
[(

xq
∞∑

i=1

(−1)i−1 [ln( x
b )q]i−1

(qα + 1)i

) 1
q

+
(
λq

q
xq
− aq

ln x − ln a

) 1
q
]∣∣∣∣∣.
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Proof. By using Definition 3.2, Lemma 3.3 and Hölder inequality, we have

∣∣∣∣∣ (ln b − ln x)α

ln b − ln a

∫ 1

0
(sα + λ) f ′(e(1−s) ln b+s ln x)e(1−s) ln b+s ln xds

−
(ln x − ln a)α

ln b − ln a

∫ 1

0
(sα + λ) f ′(e(1−s) ln a+s ln x)e(1−s) ln a+s ln xds

∣∣∣∣∣
≤ |U f (x, λ, α, a, b)| + |V f (x, λ, α, a, b)|

≤
(ln b − ln x)α

ln b − ln a

∣∣∣∣∣(bq
∫ 1

0
sqα(

x
b

)qsds
) 1

q
(
| f ′(b)|p

∫ 1

0
(
| f ′(x)|
| f ′(b)|

)psds
) 1

p

+
(
(λb)q

∫ 1

0
(
x
b

)qsds
) 1

q
(
| f ′(b)|p

∫ 1

0
(
| f ′(x)|
| f ′(b)|

)psds
) 1

p
∣∣∣∣∣

+
(ln x − ln a)α

ln b − ln a

∣∣∣∣∣(aq
∫ 1

0
sqα(

x
a

)qsds
) 1

q
(
| f ′(a)|p

∫ 1

0
(
| f ′(x)|
| f ′(a)|

)psds
) 1

p

+
(
(λa)q

∫ 1

0
(
x
a

)qsds
) 1

q
(
| f ′(a)|p

∫ 1

0
(
| f ′(x)|
| f ′(a)|

)psds
) 1

p
∣∣∣∣∣

≤
(ln b − ln x)α

ln b − ln a

∣∣∣∣∣(1
p
| f ′(x)|p − | f ′(b)|p

ln | f ′(x)| − ln | f ′(b)|

) 1
p
[(

xq
∞∑

i=1

(−1)i−1 [ln( x
b )q]i−1

(qα + 1)i

) 1
q

+
(
λq

q
xq
− bq

ln x − ln b

) 1
q
]∣∣∣∣∣

+
(ln x − ln a)α

ln b − ln a

∣∣∣∣∣(1
p
| f ′(x)|p − | f ′(a)|p

ln | f ′(x)| − ln | f ′(a)|

) 1
p
[(

xq
∞∑

i=1

(−1)i−1 [ln( x
b )q]i−1

(qα + 1)i

) 1
q

+
(
λq

q
xq
− aq

ln x − ln a

) 1
q
]∣∣∣∣∣.

The proof is done. �

4. Applications to Special Means

Consider the following special means (see [23]) for arbitrary real numbers x, y, x , y as follows:

(M1) A(x, y) = x + y, x, y ∈ R.
(M2) H(x, y) = 1

ln |x|−ln |y| , x, y ∈ R \ {0}.

(M3) K(x, y) = 1
1
|x|−

1
|y|
, x, y ∈ R \ {0}.

(M4) G(x, y) =
√

xy.

(M5) L(x, y) =
y−x

ln |y|−ln |x| , |x| , |y|, xy , 0.

We give some applications to special means of real numbers.

Proposition 4.1. Let a, b ∈ R+
\ {0}, 0 ≤ a < b, x ∈ [0, b]. Then
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(i)
∣∣∣∣∣λA(b, a)H(b, a) − (1 + λ)H(b, a)G(x, x) + 2L(b, a)

∣∣∣∣∣
≤

ln b − ln x
ln b − ln a

∣∣∣∣∣| f ′(b)|
x(ln x − ln b) − x + b

(ln x − ln b)2 + λ
1 − b

ln x − ln b

∣∣∣∣∣
+

ln x − ln a
ln b − ln a

∣∣∣∣∣| f ′(a)|
x(ln x − ln a) − x + a

(ln x − ln a)2 + λ
1 − a

ln x − ln a

∣∣∣∣∣;
(ii)

∣∣∣∣∣λA(b, a)H(b, a) − (1 + λ)H(b, a)G(x, x) + 2L(b, a)
∣∣∣∣∣

≤
ln b − ln x
ln b − ln a

∣∣∣∣∣[bqI(q + 1)
] 1

q

+
[ (λx)q

− (λb)q

q(ln x − ln b)

] 1
q
∣∣∣∣∣

+
ln x − ln a
ln b − ln a

∣∣∣∣∣[aqI(q + 1)
] 1

q

+
[ (λx)q

− (λa)q

q(ln x − ln a)

] 1
q
∣∣∣∣∣;

(iii)
∣∣∣∣∣λA(b, a)H(b, a) − (1 + λ)H(b, a)G(x, x) + 2L(b, a)

∣∣∣∣∣
≤

ln b − ln x
ln b − ln a

∣∣∣∣∣| f ′(b)|
x(ln x − ln b) − x + b

(ln x − ln b)2 + λ
x − b

ln x − ln b

∣∣∣∣∣
+

ln x − ln a
ln b − ln a

∣∣∣∣∣| f ′(a)|
x(ln x − ln a) − x + a

(ln x − ln a)2 + λ
x − a

ln x − ln a

∣∣∣∣∣;
(iv)

∣∣∣∣∣λA(b, a)H(b, a) − (1 + λ)H(b, a)G(x, x) + 2L(b, a)
∣∣∣∣∣

≤
ln b − ln x
ln b − ln a

∣∣∣∣∣[bqI(q + 1)
] 1

q

+
[ (λx)q

− (λb)q

q(ln x − ln b)

] 1
q
∣∣∣∣∣

+
ln x − ln a
ln b − ln a

∣∣∣∣∣[aqI(q + 1)
] 1

q

+
[ (λx)q

− (λa)q

q(ln x − ln a)

] 1
q
∣∣∣∣∣.

Proof. Applying Theorems 3.4, 3.5, 3.6, and 3.7, for f (x) = x, λ ∈ [0, 1] and α = 1, one can obtain the results
immediately. �wei

Proposition 4.2. Let a, b ∈ R+
\ {0}, 0 ≤ a < b, x ∈ [0, b]. Then

(i)
∣∣∣∣∣λA(a−1, b−1)H(b, a) − (1 + λ)H(b, a)G(x, x) + 2H(b, a)K−1(a, b)

∣∣∣∣∣
≤

ln b − ln x
ln b − ln a

∣∣∣∣∣x(ln x − ln b − x) + b
b2(ln x − ln b)2 + (λ − 2)(

1
x2 −

1
b2 )

x(ln x − ln b − x) + b
(ln x − ln b)2

+x(
1
x2 −

1
b2 ) +

λ

b2

(x − b)
ln x − ln b

∣∣∣∣∣ +
ln x − ln a
ln b − ln a

∣∣∣∣∣x(ln x − ln a − x) + a
a2(ln x − ln a)2

+(λ − 2)(
1
x2 −

1
a2 )

x(ln x − ln a − x) + a
(ln x − ln a)2 + x(

1
x2 −

1
a2 ) +

λ

a2

(x − a)
ln x − ln a

∣∣∣∣∣;



Z. Zhang, W. Wei, J. Wang / Filomat 29:7 (2015), 1515–1524 1523

(ii)
∣∣∣∣∣λA(a−1, b−1)H(b, a) − (1 + λ)H(b, a)G(x, x) + 2H(b, a)K−1(a, b)

∣∣∣∣∣
≤

ln b − ln x
ln b − ln a

∣∣∣∣∣ I 1
q (q − 1)

bx2 (
x2p + b2p

2
)

1
p +

λ(xq
− bq)

1
q

(ln x − ln b)b2x2 (
x2p + b2p

2
)

1
p

∣∣∣∣∣
+

ln x − ln a
ln b − ln a

∣∣∣∣∣ I 1
q (q − 1)

ax2 (
x2p + a2p

2
)

1
p +

λ(xq
− aq)

1
q

(ln x − ln a)a2x2 (
x2p + a2p

2
)

1
p

∣∣∣∣∣;
(iii)

∣∣∣∣∣λA(a−1, b−1)H(b, a) − (1 + λ)H(b, a)G(x, x) + 2H(b, a)K−1(a, b)
∣∣∣∣∣

≤
ln b − ln x

b(ln b − ln a) ln x| f ′(x)|
b| f ′(b)|

∣∣∣∣∣(1 + λ −
1

ln x| f ′(x)|
b| f ′(b|

)
x| f ′(x)|
b| f ′(b)|

+
1

ln x| f ′(x)|
b| f ′(b)|

− λ

∣∣∣∣∣
+

ln x − ln a

a(ln b − ln a) ln x| f ′(x)|
a| f ′(a)|

∣∣∣∣∣(1 + λ −
1

ln x| f ′(x)|
a| f ′(a)|

)
x| f ′(x)|
a| f ′(a)|

+
1

ln x| f ′(x)|
a| f ′(a)|

− λ

∣∣∣∣∣;
(iv)

∣∣∣∣∣λA(a−1, b−1)H(b, a) − (1 + λ)H(b, a)G(x, x) + 2H(b, a)K−1(a, b)
∣∣∣∣∣

≤
ln b − ln x
ln b − ln a

∣∣∣∣∣bI
1
q (q − 1)

[ 1

b2p ln | f
′(x)|
| f ′(b)|

(
|
f ′(x)
f ′(b)
|
p
− 1

)] 1
p

+
[

λ
ln( x

b )q

(
xq
− bq

)] 1
q
[ 1

b2p ln | f
′(x)|
| f ′(b)|

(
|
f ′(x)
f ′(b)
|
p
− 1

)] 1
p
∣∣∣∣∣

+
ln x − ln a
ln b − ln a

∣∣∣∣∣aI
1
q (q − 1)

[ 1

a2p ln | f
′(x)|
| f ′(a)|

(
|
f ′(x)
f ′(a)
|
p
− 1

)] 1
p

+
[

λ
ln( x

a )q

(
xq
− aq

)] 1
q
[ 1

a2p ln | f
′(x)|
| f ′(a)|

(
|
f ′(x)
f ′(a)
|
p
− 1

)] 1
p
∣∣∣∣∣.

Proof. Applying Theorems 3.4, 3.5, 3.6, and 3.7, for f (x) = x−1, λ ∈ [0, 1] and α = 1, one can obtain the
results immediately. �
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