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Abstract. In this paper, first we prove the equivalence of the Frechet and the Jordan-Neumann relations
in normed spaces. Next, we will present some characterizations of the inner product spaces and we will
show their equivalence. Finally, we will prove some consequences of our main results.

1. Introduction

The problem of finding necessary and sufficient conditions for a normed space to be an inner product

space has been previously investigated by many mathematicians. The first results were obtained by M.
Frechet [6] in 1935.

Proposition 1.1. (Frechet) A complex normed space (X, ||'l|) is an inner product space if and only if

e+ v+ 2l el + [Jy” + 0 = [+ ]+ [l + 2]+ 2+ o]

forallx,y,z € X.

In the same year, Jordan and von Neumann [9] have given another characterization of the inner product
spaces. This result is also known as "the parallelogram law”.

Proposition 1.2. (Jordan, von Neumann) A complex normed space (X, ||-||) is an inner product space if and only if

o ol + e = ol = 2002 + 2

forallx,y e X.
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These two characterizations are equivalent, as we will see in the next paragraph. More similar results
are known today. A large collection of the results can be found in [2]. In this paper we want to present
other characterizations of inner product spaces. The results will be detailed in the third section and they
are more general than most of those mentioned in the bibliography. Finally, we will present a consistent lot
of consequences.

2. The Equivalence of the First Two Characterizations

The characterizations described in the Propositions 1.1 and 1.2 are the best known at this moment. But
these results are equivalent and this equivalence exists in any normed spaces, not necessarily inner product
spaces.

Proposition 2.2. Let (X, ||-|]) be a real or complex normed space. The next two statements are equivalent:
(FR) ||x +y+ z”z + |Ix|1? + ”y”2 +lzI? = ”x + sz + Hy + z”2 + ||z + y( 2 ,
ON) [+ o + [l = y|* = 210 + 2 Jy]*

forallx,y,z € X,

forallx,y € X.

Proof. (FR)=(JN) If we choose z = —y in (FR), we observe that we obtain (JN).
(JN)=(FR) We apply (JN) three times and we obtain

ety + 2l + iR = 2 o+ g+ 2ff o+ 3 ly+ 2ff
and , ,
2 2 2
il + 11l = 5 fly + 2"+ 5 fly = =If"-
But 1 1 1 1
5 2x+y -+ + 5 lv-=|" = 5 [+ y)+@+2)| + 5 [+ y)-@+2)| =

= e+ y|* + e+ 212

By adding these equalities, we obtain (FR). [

3. Main Results

In this section we present six characterizations of an inner product space. These results are presented in
Theorem 3.1. Firstly, we consider (X, ||]|) a real or complex normed space.

Theorem 3.1. The following seven statements are equivalent:
a) X is an inner product space;
b) Foralln e N, n > 2, forall ay,a, ...,a, € Rand for any x,x1,x2, ..., X, € X

n n 2 n n
2 2
[Z ﬂk]x - Z axx|| = [Z ﬂk] Z a |lx — xl|” = Z aay |l — xill”;

k=1 k=1 k=1 k=1 1<k<iI<n

c) Forallne N, n > 2, forall ay,a,, ...,a, € Rand for any x1,x2, ..., x, € X

n 2

R

k=1

n
2 2
=@ +m+ e ) ald? - ) aal - P

k=1 1<k<I<n
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n
d) Foralln e N, n > 2, forall ay,ay, ...,a, € R, with Y, ax = 1 and for any x1,x2, ..., x, € X

k=1
n 2 n
— 2 2,
Y an =Y aldP = ) b - xid?;
k=1 k=1 1<k<i<n

n
e)ForallnelN, n >2,forall ay,ay,...,a, € R* with Y, ax # 0 and for any x1,x2, ..., X, € X
k=1

2 2
Dol 1| 1 laex = aju|
o Z Tl = aa; /
P W | = Y ay 1<k<lzn k=)
k=1 k=1

f) Foralln € N, n > 2 and for any x1,xy, ..., X, € X

2
n
1
2 2
=) Ml == lloer = xell”
n
k=1

1<k<I<n

n

>

k=1

1
n

g) (Hlawka) For all n € N, n > 2 and for any x1,x2, ..., X, € X

2 n
+(n-2) [Z el
k=1

n

ZXk

k=1

2
= Y I+

1<k<I<n

Proof. We will prove the next implications :
a)=>b)=>c)=d)=e) > f)=>g)=>a)

a) = b) We use the identity,

(x-—yx—-z)y+{(x—z,x-y)= ||x—y||2+||x—z||2—||y—z”2,

which is true for all x, y,z € X. Then, we obtain
2 2

ar (x = x)
=

n
(@1+ay+..+a,)x— Zakxk
k=1

n
2
Zﬂiﬂx—xkll + Z axay {x — X, X — xp) + Z axay (X — X1, X — X)

k=1 1<k<I<n 1<k<iI<n
n
2
=Y @+ Y @ ((r - xx - x0) + (x - x,x - )
k=1 1<k<I<n
n
2 2 2 2
=Y @l —xd? + aiaty (|l = il + Il = 2l = Il = 1)
k=1 1<k<I<n
n
— 2 2 2
=1 %t Z aray + Z agay | [lx = xl” ~ Z agay [l = xil
1<i<ks<n 1<k<I<n

k=1 1<k<l<n

1589
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n n
2 2
=[Zak]2aknx—xku = Y aal -l

k=1 ) k=1 1<k<lzn
b) = ¢) We choose x = 0.
¢) = d) It is obvious from the statement c).
d) = e) Firstly, we make the substitution

k=1
The relation from d) becomes

n 2

>

k=1

n

1 2 1 2
== z A ||l — ———= z aray |1 — xell
n

k=1 1<k<l
k§1 ay kzl a <k<I<n

1
w \2
k=1

. 1
2
& ) arlul? -
k=1 Y. ax
k=1

n 2

2 o

k=1

1 2
= — Z agay ||x; — xill” .

Z A 1<k<l<n
k=1

Now, we replace x; with * and the conclusion follows immediately.
e) = f) We apply the relations from d) in the case a; =a, = ... =a, = 1.
f) = g) Firstly, we apply f) for any x; and x;, with n = 2. We obtain

1 2 2 2 1 2
5 e+ 2all™ = el + Ibell™ = = ey = el

Then, the relation from f) becomes

n 2

yo

n

=n ) kP = Y (20 + 20l = [+ xilP)

k=1 k=1 1<k<I<n
n
2 2 2 2
=n Y =2 ) (bl +l?) + Y e+
k=1 1<k<I<n 1<k<I<n
n n
2 2 2
=n Y kP =200 - 1) ) bl + )l + il
k=1 k=1 1<k<I<n

and we obtain the conclusion.
g) = a) If we choose n = 3, we obtain

2 2 2 2 2 2 2
[lxr + x2 + 2x3]17 + [l || + [Pe2ll” + llxall” = g + x2ll” + |lx2 + x3]1° + [lxg + x3]|

for all xq,x2,x3 € X. Proposition 1.1 concludes our proof.
|

Remarks.

1. The characterizations from b), c) or d) are more general than other characterizations of the same
type because the coefficients a1, 45, ..,4, do not have to be nonnegative numbers. For example, the char-
acterizations from b), but in more restrictive conditions, represents the main result from [14] (see Lemma
2.3)

2. The characterizations from e) represents a transformation for a normed space of the Theorem 3 from
[15].

3. The characterizations from f) or g) are known but are very useful for our chain of implications.
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4. Consequences

In this final section we want to show the usefulness of the results from the previous section. We will
present some results from our references, but with solutions that use the Theorem 3.1. We will start with
Corollary 2.2 from [12] and we will give it in the next improved form:

Corollary 4.1. A real or complex normed space (X, || - 1) is an inner product space if and only if

llax + byl + llbx — ayl? = @ + b*)(IxIP + [lyIP),
foranyx,y € Xanda,b € R.
Proof. If the normed space X is an inner product space we have, from c), Theorem 3.1, the next identity

llax + byl> = (a + b)(allxI + bllyl) - abllx — yI?, (1)
for any x,y € X and a,b € R. This is equivalent to
llax + byl = allxI? + Byl + ab (Il + lyI? = I = yIF). (2)

If we replace in (1), y with —y and reverse a with b we obtain

lIbx = ayl* = (b + a)(lixI* + allyl?) - abllx + yI?,

= |lbx — ayl? = BlixI + a®llyll? + ab (| + lyl? = Il + yIP). (3)

If we choose a = b = 1 in (1) we obtain "the parallelogram law”. Now, the conclusion follows if we add the
relations (2) and (3).
The second part of the proof is obvious, if we choose 2 = b = 1 in the hypothesis. [

The next results are represented by Corollary 2.2. from [13]. We recall its content here, but we will
present a different solution.

Corollary 4.2. (Moslehian, Rassias) A real or complex normed space (X, || - ||) is an inner product space if and only

if
n n 2
Yl Y axlt= ) {||x1||+2ai||xinJ,
} i=2 } i=2

L‘liE{l,—l ﬂie{l,—l

foranyn € N, n > 2 and for all x1,xy, ..., x, € X.

Proof. Firstly, it is easy to observe that

n 2 n
Y [||x1||+Zai||xi||] =21 Y Il ()
i=2 i=1

a;e{1,-1}
Now we apply ¢) from Theorem 3.1. and we obtain
n n n
by + Y il = [1 + Zai] [uxluz +Y az-nxiuZ) -
i=2 i=2 i=2

n

=Y e =l - Y aali - xR

i=2 2<i<j<n
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We do the summation for a; € {1, -1} and we obtain

n n
b+ Yl =277 ) .
i=2 i=1

We use (*) and we obtain the conclusion for the first part.
The second part is obtained if we choosen =2. [

The results from Proposition 4.3 and 4.4. can be considered as an extension for “the distance formula” in
the inner product space.

n n
Proposition 4.3. Let X be an inner product space and ay, ay, ..., 4, € R, b1, by, ..., b, € Rwith ), a; = 1and ), b; = 1.
i=1 i=1
n n
Let be x1,%2, ..., xn € X. If u,v € X so that u = ), a;x; and v = Y, b;x; then
i=1 i=1

llu —ol* = - Z (bj - ﬂj) (bi — @) “Xj - Xi||2

1<i<j<n

Proof. Using various properties we obtain the following:

2”: biu - Zn“ bixi
i=1 i=1

2

2
llu —olI” =

n
=Y bilu—xtp = Y byl -
i=1

1<i<j<n
2
n n 5
= Y b a =l = Y bl — x|
i=1 j=1 1<i<j<n
n n n 2 2
=Y b Y = Y af = Y bibilly - x
i=1 i=1 =1 1<i<j<n
- - 2 2 2
=Y u| Yol =l = Y x| - Y bl -
=1 \j=1 1<i<j<n 1<i<j<n
S 2 2 2
= biajllej =l = Y, aiall =l = Y vt~
i=1 j=1 1<i<j<n 1<i<j<n
= — Z (bj—uj)(bi—a,')||x]~—x,-|2,
1<i<j<n

ged. O
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n
Proposition 4.4. Let X be an inner product space and aj,a, ...,a, € R with ), a; # 0. Let x1,x2,...,x, € X and
i=1

n n
Y1, Y2, Y € X Ifu,v € Xsuch that u = Y, aix; and v = Y, a;y; then
i=1 i=1

n

a0l = Y aia i - il - Y, o (Hx,- —x + lvi - nyZ)-

ij=1 1<i<j<n

n
Proof. Firstly, we will prove the result in the case }| a; = 1. Then

i=1
n n 2
2
llu —olI” = Zaiu - Z a;yi
i=1 i=1

n
=Y ailu-yll = Y, awlyi-ylf
j=1

1<i<j<n
n n 2
2
o 31 ) T R e P
j=1 i=1 1<i<j<n
n n n 2 2
o 31 ) R 3 I W T
=1 i=1 i=1 1<i<j<n
- - 2 2 2
=) ai| )il -yl - Z aiaj |l = xj{|"| = Z aiaj [lyi = il
j=1 i=1 1<i<j<n 1<i<j<n
n
=Yl - Y (-l + - )
i,j=1 1<i<j<n
Next, we consider the general case, so i a; # 0. We assume now by, by, ..., b, € R so that b; = fL for
i=1 a;
i=1

n n
alli € {1,2,.,n}. It is easy to observe that ), b; = 1. Now, we consider #’,v’ € X so that ¥’ = ) bjx; and
i=1 i=1

n
v' = Y. biy;. Then w’ = 1-u and v’ = -1-v. By using first part of the proof, we obtain
Y a

i=1 Y ai
i=1 i=1

I =P = Y bl =yl = 3, vty (= + i)
i,j=1 1<i<j<n

Then

n 2
2 2
e - ol = [Zai] '~ ')

i=1

S 4 ai  a
DL W R R R
0=l Y, a; Y, a 1<i<j<n ) a; ) a;

=1 =1 =1 =1

Il
—
N B
A

=2
~—
o
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n
= Yol l = Y (=l - ).

ij=1 1<i<j<n

O

As a consequence of Proposition 4.4., we obtain a very short proof for the next corollary. This result
represents another characterization of the inner product spaces and it is known as a version of ”the generalized
parallelogram law” (see [11], pag. 3).

Corolarry 4.5. (Moslehian) Let (X, ||]|) be a real or complex normed space. Then the norm is provided from an inner
product space if and only if

3 I+ Y-l =2 -l -2

i,j=1 i,j=1 i,j=1

2

7

Z(xz )

forany x1,%xy, ..., X, € Xand y1, Y2, ..., yn € X.

n n
Proof. Letu =Y, x;and v = ), x;. Then

g(xi —vi) 2 = |l - ol
IR W R Ty
= Y=o -5 2 ol <l
= Lo+ K-l =2 -l 2|3 -0

For the reverse implication , we choose n = 2 and y; = y» = 0 and we obtain
2 2 2 2 2
ller = 22l” + ez = 21l = 4l + 4 lleal[” = 2 + 2217

Now, our proof is ready due to Proposition 1.2. [

Another version of "“the generalized parallelogram law” could be considered the Corollary 2.7. from [11].
In this paper we will give another proof for this result.

Corollary 4.6.(Moslehian) The real or complex normed space (X, ||-||) is an inner product space if and only if for any

n € IN,n > 2 we have
7i i
x, - x] % R 3/]
1<z<]<n !
T
ﬂ x,— V y] (xl_]/i)

forall x1,x9, ..., %y € X, Y1, Y2, ., Y € Xand r1, 12, .., 1, € (0, oo).

1<1<}<n

7

i,j=1



D. § Marinescu et al. / Filomat 29:7 (2015), 1587-1599 1595

Proof. We apply Proposition 4.4. and for i = 1,1, we replace a; = rli, x; with r;x; and y; with r;;. We obtain

1 1
Z ;}.”’z‘xf—rjxf||2+ Z fr].Hfiyi—waz:

1<i<j<n 1<i<j<n

-y —||rzxz il -

i,j=1

T
\riry ( /lx, A= x])
Fi 1<1<]<n i ]
- 2
e U
il'j rj i 7 i

We perform the simplification in the left term an we obtain the conclusion.
Second part of the proof follows the same idea from the proof of the previous proposition. We choose
n=2y=y=0andr =rn=0. O

2

7

f(fixi —1iYi)

which is equivalent to

Y

1<i<j<n firy

2
ri ri
\/’irf(,/;yi - \/},—],yf)
] 1

" 2
Z(xi - Vi)
=

i,j=1

Remark. In fact, the Corollary 4.6. represents a more general result than the previous. If we choose
=1, =..=r, =1we obtain

Y =l + 3 - will —lexz—yfll -

1<i<j<n 1<i<j<n i,j=1

_yl

4

which is equivalent to the identity from Corollary 4.5.

A very interesting applications of the main result is Corrolary 4.8. We will give a version for an inner
product space for an inequality of G. Dospinescu (see pag. 31 from [3]). Firstly, we will prove the next
useful lemma:

Lemma 4.7. Let (X,|| - ||) a real or complex normed space and n € IN,n > 2. For any aj,ay, .. € (0, 0),
X1,X2, ..., Xy € Xand p € [1, o) we put

k

Yo

=1

k
s = ) aillull -
(@ + a2+ .. + )

i=1

Then
stk + 1) > s(k),

forallke({1,2,3,..,n—1}.

Proof. We evaluate the diference s(k + 1) — s(k) and we obtain

s(k+1)—s(k) =

P p

k+1

Y

i=1

k

E aiXi

i=1

1
-1
(m +a+ ... +ap)

1
(@1 +ay + .. + )"

= Ak llxeallf — +
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Because the function
x|

is convex, we obtain

k+1 14 k+1 k+1 P
1 Zi:1 aiXi
p-1 mxi| = i [
(1 + a2+ ... + a41) i=1 i=1 Yoy i
k+1 k P
B Za' ‘ Lic1 GiXi | Gre1Xpe1
- ! k+1 k+1
i=1 Yo ai Yo ai
k+1 k k P
_ Vi1 @i Yiioq @i Afe+1
- ai 1 vk t ot ke
i=1 Zi:1 a; 21‘:1 a; Zi=1 a;
k+1 k k P
Yic1 8i || iy 4ii An+1 P
< ail|l S . + g Xl
i=1 Zi:1 a; 21:1 a; 21:1 a;
k k P
Yiz1 Ai%i »
=2 alll—= || + % llxnsall
i=1 Zi:1 a;
k P
1 14
= =] Z aiXi|| + age Xkl
(a1 +ar + ... +ay) =
and the conclusion follows. O
Corollary 4.8. Let X an inner product space and n,k € N so that 1 < k < n. Then
n
2 2
Y l-xiP =g Y k-l
1<i<j<n 1<i<j<k
for any x1,x2, ..., x, € X. Moreover, the number 7 is the best possible.
Proof. First, let a € R so that
2 2
Y lk-xiPza Y lwi- P,
1<i<j<n 1<i<j<k
for any x1,x2, ..., x, € X. If we choose x; # 0 and x, = x3 = ... = x, = 0 we obtain that a < . Now, we want

to prove the validity of the inequality for a = %.
We apply the point c) of Theorem 3.1. and we obtain

n 2

2 2
Y =it =n ) Il -

1<i<j<n i=1

Xi
i=1

Then, the inequality which we want to prove is equivalent to
n
2

n 2 k
112 > 2k 12 = .
n Y Il > 2 [k Il %
i=1 i=1 i=1 i
2
k
- 2 1 2 1
&) Ikl -~ > ) Il -
i=1 i=1

From previous Lemma, the last inequality is true because is equivalent to s(1) > s(k) in the case p = 2 and
M=am=..=a,=1. 010

N

n

in

i=1
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The result from the next proposition represents a version for an inner product space of a Hayashi’s
inequality. (see [7] or [10], pag. 297)

Proposition 4.9. Let X be an inner product space. Then

Y 2=zl iz =2l - llz1 = 220l > llz1 = 2l 121 = 2311 llz2 = 231l
cyclic

forall z,z1,25,z3 € X. The equality holds if z € {z1, 2>, z3} or

||21 Z2||

||Zl Z3||

|1z — zsl|
Iz = z1l

—(z-2)+ ————(z—-23)=0.

(z—2z1)+

Proof. The case of equality for z € {z1, 25, z3} is evident. From this consideration, we choose z,z1,2»,23 € X,
but z ¢ {z1, 22, z3} and we apply b) from Theorem 3.1. for n = 3. We obtain

3
||Z‘ak(z—zk>||2 (Z ][Zak||z—zk||2]— Y aajlz-zl?,

k=1 k=1 1<k<j<3

for any ay,a,,a3 € R. Then

[iﬂk][iﬂk”Z—ZkW]Z Z P

k=1 k=1 1<k<I<3
_ llzo—zsll _ lzi—zll _ llzi—2ll
With a; = a2 = el and a3 = o e have
lIzj = zll lzj =zl lzj — zll
2
Y Nz =zl Nz - zell > : 2k - 2l
1z =zl Iz =zl Iz = zll
lIzj = zill
Yz =zl iz -
Nz =zl
llz1 — zall - llz1 — z3ll - lz2 — z3ll -
> llzj — zill - llz — zll
Iz — zqll - Iz = z2|| - Iz — za]|
llzj —zill _ llz1 = zall - llz1 =zl - llz2 — 3|
lz =zl = llz=zill - llz = za2ll - Iz — zsl|

which is equivalent to conclusion. From the proof we also obtain the equality in the case

ar(z—z) =0

o~
1l W
—_

which is equivalent to

Iz — z3l|

llz =zl

llz1 — zall ||Z1 Zz||
——(z—2)+

ezl C T )

(—3)—
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Finally, we will use the Theorem 3.1. to give a short proof for the next result. It represents the version
for the inner product space of Zarantonello’s inequality and it can be found in [17].

Proposition 4.10. (Zarantonello) Let X be a Hilbert space and f : X — X a function such that ” fx)—f (y)” <

n
“x — y“forull x,y € X. Letben € N,n > 2. Then, forall ay,a, ...,a, = Qwith Y, ar = L and forany x1,x, ..., x, € X
k=1

we have:

2

||f[zn: ajxj] - anﬂif (xi)
j=1

i=1

< 3 sl -y - )

1<i<j<1

Proof. We have

2

=
o
2
~~
—_—
-
=
)
S~
=
Ny
N
|
I\ B
o
=2
-
—~
=
)
N
1

ai [f {Z aij] -f (xi)J
i=1 =1

2
\f [ “jx]']_f (x;) Z aia; | Fx) - Fp|f
j

1<i<j<n

=

Il
=2

Now it is sufficient to prove that

n 2 n
2
FIY i |= feol| < Yl -l
j=1 j=1
But
2 2
n n
f aixj| = f(x)|| < Z ajxj — X
j=1 =1
2 2
n n n
= ajxj—Zujxi = a]-(x]-—x,-)
j:l j=1 j=1
Using the statement d) of Theorem 3.1. we obtain
2
n n 5
Za;’ (x = )| < Z”f”x] x|
j=1 =1
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